A NOTE ON: RECTANGULAR SCHRODER PARKING
FUNCTIONS COMBINATORICS

JEAN-CHRISTOPHE AVAL AND FRANCOIS BERGERON

ABSTRACT. We study Schréder paths drawn in a (m, n) rectangle,
for any positive integers m and n. We get explicit enumeration
formulas, closely linked to those for the corresponding (m, n)-Dyck
paths. Moreover we study a Schroder version of (m,n)-parking
functions, and associated (g, t)-analogs.
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1. INTRODUCTION

Many objects are enumerated by Schroder numbers:
1,2,6,22,90, 394, 1806, . . . (sequence A006318 in [13]),

but the most classical are probably paths from (0,0) to (n,n) with
steps either (1,0), (0,1) or (1,1), never going below the diagonal (al-
though they may touch it). These are generalizations of Dyck paths
(for which only the first two types of steps are allowed), well-known
to be enumerated by the Catalan numbers. The aim of this work is
to investigate properties of an analogous notion for m x n-rectangle,
rather than in the n X n-square which corresponds to the classical case.
Our (m,n)-Schroder paths (defined in Section 2) have the same kind
of steps, but we change the endpoint to (m,n), and use the diagonal
of the rectangle to crop the set of allowed paths. Partial results are
already known, in the case where m and n are coprime, in particular
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when m = rn+1 (see [14]). We first obtain (see Corollary 2) a symmet-
ric function enumeration formula for the general case (no coprimality
condition). This result, as well as the methods used to obtain it, closely
parallels the case of Dyck paths studied in [2]. Next, we consider the
notion of Schroder parking functions, i.e. labeled rectangular Schroder
paths, and investigate associated g-analogs and (g, t)-analogs of our
enumeration formulas; with the parameter ¢ accounting for the area
between the path and the diagonal.

2. SCHRODER PATH ENUMERATION

Schréder paths. Our (m,n)-Schréder paths are sequences

(0,0) = (%0, %0), (x1,91); - -, (TN, yn) = (M, n)

with (zg, yx) in N x N, and such that

b (xk-i-lvyk—i-l) = (ajlmyk)_'_(sa t)? with (Sat) € {(Oa 1)7 (17 1)7 (L O)}a
e such that my, — nx, > 0, for all k.

Depending on (s,t) being equal to (0,1), (1,1) or (1,0) in the first
condition, we say that we have an up, diagonal, or right step. The
inequality of the second condition ensures that the paths does not go
below the diagonal.

Schroder polynomials. Recall that the enumerating polynomials for
(n,n)-Schroder paths are given by the formula

s.00=% —1 (1) (") o )

k=0

with Sy = 1. These “Schroder polynomials” have a long and interest-
ing history. The coefficient of 4*, denoted by S}Lk), enumerates Schroder
paths having £ “diagonal steps” (relevant definitions are recalled be-
low). Hence, the case k = 0 corresponds to the usual notion of Dyck
paths, well-known to be counted by the Catalan numbers

g0) _ 1 [2n
n n+1\n/
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Small values of these polynomials are

Sl (y) =1 + Y,

Sa(y) =2+ 3y +y7,

Sa(y) =5+10y +6y° + ¢,

Sy(y) =14+ 35y + 309> + 10> + o,

Ss(y) = 424 126y + 1405 + 70> + 15y + /5.
We consider here a (m, n)-rectangular analog of these polynomials, for
any pair (m,n) of positive integers. Just as for Dyck paths, the case
when m and n are coprime is somewhat simpler. To make this more
apparent notation-wise, we often write our pairs of integers in the form
(m,n) = (ac,be), with (a,b) coprime. Hence ¢ is the greatest common
divisor of m and n. In particular, the (a,b)-case corresponds to the

coprime situation. We recall that the number of (a,b)-Dyck paths is
simply given by the formula

1 f(fa+b
Cop = .
. a+b< a )

The general case of (m,n)-Dyck path enumeration, C,,,, giving the
number of such paths, is probably best coined in generating series for-

mat as
1 [(ja+jb\ 27
d _
> Cagpaz® = exp (Z a( ja ) 7) (2)

d>0 j>1

The proof of this formula, going back to 1954, is due to Bizley [7], who
attributes it to Grossman [10].

Sequence encoding. It will be practical to encode our paths as se-
quences « = agay - - - a,_1 of barred or unbarred integers, with one a; for
each up or diagonal step on the path, reading them from top to bottom.
For up steps we set a; = k, whereas diagonal steps are encoded a; = k
(barred steps). In both cases, k is equal to to the number of entire
“cells” that lie to the left of the unique up (or diagonal) step at height
n — 1. The a; are the parts of a. In this encoding, o = agay - - a,_1
corresponds to an (m, n)-Schroder path if and only if

(1) ap<a; <...<a, 1, (with the order 0 <0 < ...k < k),
(2) if a; = k, then necessarily a; < a;;1, and

(3) for each i, we have a; < [im/n].
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FIGURE 1. The (12,9)-Schroder path 000022237.

Each unbarred k, between 0 and m, occurs with some multiplicity' ny
in a path . Removing 0-multiplicities, we obtain the (multiplicity)
composition y(«) of the sequence «, reading these multiplicities in
increasing values of k. For example,

~(001172444) = (1,2,1,2).

Clearly v(«) is a composition of n — k, where k stands for the number
of diagonal steps in «. The parts of y(«) may be understood as the
lengths of risers (also called vertical runs) in the path. These are
maximal sequences of consecutive up-steps.

Any (m,n)-Schréder paths may be obtained by either barring or not
the rightmost part of a given size in the analogous word encoding of
an (m,n)-Dyck path. As we will see this makes the enumeration of
Schroder easy, once we setup the right tools.

Symmetric function weight. As we will come to see later, it is
interesting to consider a weighted enumeration of Schroder paths, with
the weight lying in the degree graded ring

A:@Ad

d>0

Ipossibly equal to 0.
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of symmetric “functions” (polynomials in a denumerable set of vari-
ables ® = x1, 29, 3,...). Recall that the degree d homogeneous com-
ponent A, affords as a linear basis the set

{eu(e) [ ptdj,

of elementary symmetric functions, with

eu(®) = e (®)ep, () -+ ey, (2),

for ;1 = p1pas . . . pe Tunning over the set of partitions of d. In turn, each
factor ey () is characterized by the generating function identity

Z ep(x) 2k = H(l +x; 2).

with eg(x) := 1. It easily follows that

ex(x +y) = ex(x) +er1(x) y, (3)

where x + y means that we add a new variable y to those occurring in
x.

With these notions at hand, we now simply set

Simn(2;Y) ::Za(w)ydiag(a), with  a(x) = H ex(xz), (4)
)

et kevy(a

and where the sum is over the set of (m,n)-Schroder paths «, with
diag(«) denoting the number of diagonal steps in «. Likewise, we
denote by

diag(c) =k

the symmetric function enumerator of (m,n)-Schroder paths with ex-
actly k diagonal steps, so that S,,,(xz;y) = >, S,(,]f)n(a:) y*. For exam-
ple, we have,

Sii(wy) = ei(x) +y,

Saa(;y) = (en () + ex(x)) +3er(z) y + 37,

Sss(x;y) = (e () + 3ea(x) + e3(x))

+(6er1(x) +4dea(x))y +6er(x)y? +1°.

Observe that, for all » and n, we have

Srn—l—l,n(w; y) = Srn,n(w; y)v (5)
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since the last step of (rn+1,n) must necessarily be a right step, and the
coprimality of rn + 1 and n implies that staying below the (rn+ 1,n)-
diagonal insures as well that we stay below the (rn,n)-diagonal. Hence
we get the same set of paths.

To make some expressions more compact, we shall use “plethystic no-
tation”, recalling that we have

culm] 1= 3 (~1) 1) e A2, (6)

with m considered as a “constant” in the calculation of plethysm. This
means that pjma] = mp(x]. Recall that it is usual, for any partition
v of n, to denote its length by ¢(v); and to use the notation

2, = 14d,12%2d,) .. ndd,!,

where d; is the number of copies of the part i in v.

Main results. Recall from [2] that we have a Bizley-like formula for
the symmetric function enumeration

Con(@) = > alz),
diag(a)=0

of (m,n)-Dyck paths, namely

Z Cadpa(T) 27 = exp (Z epljax] %) , (7)

d>0 j=1

with a and j considered as constants in the plethysm. We can exploit
this formula to get one for our weighted enumeration of Schroder paths.

Indeed,
Proposition 1. For all m and n, we have

Sm,n(m§ y) = Cmm(w +y). (8)

Proof. Let us fix the dimensions m,n of the rectangular box. Recall
that, for any given k& > 0, S,(,lf)n stands for the set of (m,n)-Schroder

paths with exactly k diagonal steps. We denote by C,,,, the set S,(,??n
of (m,n)-Dyck paths.

For 8 € Cpn, let us denote by v(8) = (71,...,7;) the composition
giving the lengths of the vertical runs of 5. In view of (4) and (3), we



SCHRODER COMBINATORICS 7

may write

Conle +y] = Z H ey + Y]

BECm,n i€ (B)

= > I (eulel +yeyafa))

BECm,n Vi E’Y(,B)

= 22D el )

BECm,n k>0

where the last sum is over all possible compositions d obtained by
reducing exactly k of the parts of (/) by 1

Let us now consider the projection
TSy (k — Com

which replaces any diagonal step by an North step followed by an East
step, ie. an (outer) corner. For a Dyck path 3, let us denote by

ng%(ﬁ) := 7 1(B) the inverse image of 3 under 7. It is clear that the
sets Sr(r’f%(ﬁ), for f running over C, ., are the blocks of a partition of
SW%).. We may thus rewrite the inner sum in (9) as

dell= D> eyl

0 aes),.(8)
and get
Cm n iE + y Z Z Yy Z €5(a) [w]
Gcm n k>0 OcESUC) (B)
=Y 0" > eywla] = Smnl@;y)
k20 qeg)
as announced. O

From Equation (7) we may derive the following reformulation of Propo-
sition 1.

Corollary 2. The generating function of rectangular Schroder polyno-
maals 18:

Zsad,bd( 24 = = eXp (Z €gb ]a ] Z;) (10)

d>0 j>1



8 J.-C. AVAL AND F. BERGERON

For example, for any a and b coprime, we get

1
Susl@ +y) = ~afa(@+ ),
1 1 )
Sl +9) = 5-eul20 (@ +y)] + 55 @la (@ +y)P,

Ssag(® +9) = o-cal3a @+ )] + 55 eolo (@ + )] enf2a (@ + )]

1
+ @ €b[a (CE + y)}g

Recall the following well-known expansion” of (6) in terms of elemen-
tary symmetric functions

=5 () ()t

vkn

and (5(,: ) stands for the multinomial coefficient:

(%z?) . (dl, df,( V) . ,dn)’

with each d; equal to the multiplicities of the part ¢ in v. Using this
formula, we get

Sun(@:y) = ~arfa (@ + )

= % Z ep—ila x| exlay]

(s
“Zy > (1) (i) ()t an

vEb—k

Moreover, we may write the coefficient of y* in (11) as the following
integer coefficient linear combination of the e, (x):

sid) = 3 2(0) (i) (o))

2This is essentially an instance of the dual Cauchy Formula.
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Since (eu(®), > 50€5(x)) =1
k k
S = (8H@). > es@)).

>0

for all partition u, we immediately get

where (—, —) stands for the usual scalar product on symmetric func-
tion®. Otherwise stated, for a and b coprime,

S =2 ; (k) (e(%) (zéw)

In particular, in view of (5), this covers the classical case (m = n) as
well as the generalized version (m = rn) of [14]. One also deduces from
Proposition 1 the following generalization of a result of Haglund [9].

Proposition 3. For all m and n, we have

S8 = (Crnan(@), en-s(@he(@) ).

Proof. We start by recalling the symmetric function identity
fla+y)=> o fl), (12)
k>0

where hi- stands for the dual of the operator of multiplication by hy(x)
with respect to the symmetric function scalar product. Equation (12)
may be checked by computation for the basis element f = e, for A a
partition A = (Aq,...,\), by using the classical fact that

t
h’é_(e)\) = Z He/\i—pi7

Ipl=k i=1

where the sum is over sequences p such that 0 < p; < 1.

It follows directly from (8) that

Z S’S)’]f,)'n yk = <Cm,n(m +y), Z ek(w)>,
k

k>0

= (D i Conl@). Y es(@)).

k>0 >0

_ <Cm,n('r'c)7 Z Y hi(x) Z €j (w)>,

k>0 >0

=3 (Conl@), hu(@)en-i(@) ) o

k>0

3For which (PpusPv) = 2 6pu
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The last equality comes from the fact that C,,,(x) is homogeneous
of degree n, hence all terms of the wrong degree vanish in the scalar
product. Evidently we get the announced result by comparing same
degree powers of y in both sides of the identity obtained. 0

Area enumerator. The i*" row area of a path a in S,(f), is the integer
area;(a) := [im/n] — |a;l,

where we set |k| := k. Summing over all indices i, between 1 and n,
we get the area of a:

n—1
area(q) := Z area;(q).
i=0

This generalizes to (m,n)-Schroder paths a notion of area on Schroder
paths introduced for the case m = n in [8] (and further studied by
[3]). Following the presentation of [9], this may also be understood as
the number of “upper” triangles lying above the path and below the
diagonal line (as illustrated in Figure 1). These triangles are also called
area triangles. We have the area g-enumerator symmetric function

Sm,n(m; Yy, C]) = Z a(m) qarea(@)ydiag(a)‘

[0
Keeping up with our previous notation conventions, we also set
Sy(yf,)n(Q) — Z qarea(a)7 and

diag(a)=k

Con(x;q) == Z a(a:)qarea(a).

diag(a)=0
Proposition 4. For all m and n, we have
Smn (@39, @) = Cnp(T + Y3 9), (13)

and

S.(a) = (Crnl@; 4), €0 1(@)ha() ). (14)

Proof. This comes easily from the fact that the projection 7 in the
proof of Proposition 1 preserves the area. O

From a result of [11], it follows that Crni1n(®;q) = Crnn(x;q) =

V" (en)] ,_;» Where V is a Macdonald “eigenoperator” introduced in [5].
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By this, we mean that its eigenfunctions are the (combinatorial) ¢, ¢-
Macdonald polynomials. Thus, a special instance of (14) may be for-
mulated as

S8 a) = (V(ea)] s e i@ () ). (15)

In this way, we get back the case t = 1 of Proposition 1 in [9].

3. CONSTANT TERM FORMULA

The following constant term formula adds an extra parameter to our
story. We conjecture that it corresponds to a (g,t)-enumeration of
(m, n)-Schréder parking function, with ¢ accounting for a “dinv”-statis-
tic, still to be defined.

Conjecture 5.

Smn(T;y,q,t) =

1 Yrzl+yz),, (2 2)(z — gt )
CTZ 20 Q 7 1 )
(m 1T~ @z ]I

2 (B az) (s = )

where Q' (x;2) :== )1 ex() 2*, and 2z, = H?;l Zlim/n] -

We recall that some care must be used in evaluating multivariate con-
stant term expressions. Indeed, the order in which successive constant
terms are taken does have an impact on the overall result. This is why;,
in the above formula, the indices appearing after “CT” specify that
this should be done starting with z,,, and then going down to z,. For
example, we have

Son(x;y,q,t) = (5o + (¢ +1)s11)+(q+t+1)s19y+ 97,
So3(;y, q,t) = (521 + (¢ + 1) s100)+ (59 + (g + 1+ D)sin) y + 51977,
Soa(x;Y,q,t) = (522 + (¢ + 1) sa11 + (¢* + gt + 1) s1111)
+((g+t+1) s+ (@ +qgt+t2+q+1t)s11)y
Hs2+ (g +1)s11)y*.
We underline that Conjecture 5 is simply the evaluation at & + y of
a similar formula conjectured in [12] in relation with (m,n)-parking

functions. More precisely, it is conjectured in the mentioned paper,
that
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Conjecture 6 (Negut).
Cun(®iq,1) =

R 2 o (2 2) (5 — gt )
T Q/ .o~ J J
C sy 20 (Z H (w, Zz) H )

mn 37 % 4 i e (zi — qzj) (2 — tz))

from which it is clear that Conjecture 5 follows, using the equality
V(e +y;z) = (1+yz)(x;2;). One may readily show that the
specialization at ¢ = 1 of the right-hand side of Conjecture 5 does
indeed give back our previous Cp, (% + y;¢) = Sma(x;y,q), since the
relevant constant term formula is shown to hold in [6].

This, together with the results and conjectures that appear in [6], opens
up many new avenues of exploration. In particular, we may obtain ex-
plicit candidates for the (g, t)-enumeration of special families of (m,n)-
Schroder paths (say with return conditions to the diagonal), by the
simple device of evaluating at = + y analogous symmetric function
formulas for (m,n)-Dyck paths. Several questions regarding this are
explored in [4].

4. SCHRODER PARKING FUNCTIONS

An (m,n)-Schréder parking function is a bijective labeling of the
up steps of a (m,n)-Schroder path a by the elements of {1,2,...,n —
diag(a)}. One further imposes the condition that consecutive up steps
of same z-coordinate have decreasing labels reading them from top to
bottom. The path involved in this description is said to be the shape
of the parking function. For o an (m,n)-Schroder path, we denote by
P(«) the set of parking function having shape ae. When diag(a) = 0, we
get the “usual” notion of parking functions of shape « (an (m,n)-Dyck
path). The (m,n)-Schréder parking functions may be understood as
preference functions, with some of the parking places being closed to
parking (these correspond to diagonal steps). For f € P(«), we denote
by area;(f) the row area for the i*" row of the shape of f. Figure 2
gives an example of a parking function of shape 000011223.

As we did for paths, we consider the (m,n)-Schroder parking function
polynomial

Ponly,q) = Z (! n Yy~ Z IP(a greale) ydiag(a).
k

It is easy to derive from Corollary 4 that
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FIGURE 2. A Schréder parking function.

Corollary 7. For all m and n, we have

Prn(y.9) = <Cm,n(‘” T, #1(58)>

Equivalently, for all k

It follows from this, and the observation preceding (15), that
PO = (V ()] pa(@) () ).

Also, for a and b coprime, we have P;’Z) = (Z) a’*~1, which in the case

k = 0 reduces to a formula obtained in [I] for the number of parking
functions in the special case of Dyck paths, and a and b coprime.
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