Three dimensional self-avoiding convex polygons

M Bousquet-Mélou, LaBRI, Université Bordeaux I 351 cours de la Libération 33405 Talence Cedex, France and A J Guttmann Department of Mathematics, The University of Melbourne Parkville, Vic. 3052, Australia.

(November 14, 2001)

We calculate the generating function of three-dimensional self-avoiding convex polygons. This both adds to the very short list of exactly solved three-dimensional statistical mechanics systems, and illuminates the properties of self-avoiding polygons.

75.10.Hk, 61.41.+e, 64.60.Fr, 05.50.+q

Solutions of three-dimensional models in statistical mechanics have proved to be exceptionally difficult, with only a very small number of solutions to non-trivial problems known. These include staircase polygons [1], directed animals [2] and Zamoldchikov’s model and its N-component extension [3–5] and recently a 3-dimensional dimer model [6].

For self-avoiding walks and in particular their proper subset, self-avoiding polygons [7], exact solutions have focussed on simpler models [8,9], such as staircase, convex, row convex and three-choice polygons [10]. The aim of studying these simpler models is twofold. While they have intrinsic combinatorial interest, to physicists they appear to capture many of the important features of self-avoiding polygons, and additionally can be generalized to model collapse transitions [11] observed in vesicles and the like.

In this paper we obtain the perimeter generating function for three-dimensional self-avoiding convex polygons (SACP). This solution adds to the short list of exactly solved three-dimensional models, and also illuminates the increase in functional complexity as one moves from a two-dimensional to a three-dimensional system.

Of the previously solved three-dimensional systems, staircase polygons [1] are the least intrinsically threedimensional, being generated by a concatenation argument, which is essentially one-dimensional. The solution of the three-dimensional directed animal problem [2] is obtained by mapping it onto the two-dimensional hard hexagon model, so the solution is essentially that of a two-dimensional model, while Baxter’s work on the Zamoldchikov solution of the tetrahedron equations (which are a genuinely three-dimensional version of the star-triangle equations), also displays considerable two-dimensional character.

We find that while the solution of two-dimensional convex polygons [12,13] is algebraic, the three-dimensional solution is neither algebraic, nor even D-finite (expressible as a linear o.d.e. with polynomial coefficients), but is mostly simply given as the quotient of two D-finite functions.

The method of solution can, in principle, be generalised to higher dimensional SACP, though at the cost of greatly increased algebraic complexity. The solution is long and complex, and full details will be published elsewhere [14]. In this paper we only describe the central ideas of the solution, and give an outline of its derivation.

We will study families of polygons of increasing complexity without imposing the condition of self-avoidance. We then consider the different types of self-intersection, and systematically remove these by an inclusion-exclusion argument.

Proceeding backwards from our final result, we find that convex polygons (CP) can be expressed in terms of SACP, plus CP with loops of one, two or three dimensions. These are systematically evaluated in terms of a new class of polygon, called unimodal polygons (UP) defined below, and staircase polygons, whose generating functions have been previously obtained [1].

The UP are evaluated similarly, by eliminating loops of different types by use of the inclusion-exclusion principle. In this paper we first carefully establish our notation, then illustrate our technique with the simplest kind of UP, then develop other UP needed, then show how this method first gives two-dimensional SACP, then finally three-dimensional SACP.

I. DEFINITIONS

Let d ≥ 1, and let us consider the lattice ZZ^d, with its basis (e_1, . . . , e_d). An oriented rooted polygon of perimeter 2n is a (not necessarily self-avoiding) walk on the lattice of 2n steps with coincident origin and end-point. Such a walk will be encoded by a word u = u_1u_2 . . . u_{2n} on the alphabet A = {1, 2, . . . , d} ∪ {¯1, ¯2, . . . , d̄}, meaning that, if u_i = k (resp. k̄), then one goes from the i^{th} vertex to the next vertex by taking a step along the unit vector e_k (resp. −e_k). Denoting the number of occurrences of k in u as |u|_k, rooted polygons are equivalent to words satisfying |u|_k = |u|¯_k for 1 ≤ k ≤ d. The length |u| of a word u is its number of letters. The dimension of a polygon u is the dimension of its convex hull. An oriented polygon is an oriented rooted polygon defined up to a cyclic permutation of its vertices. (All the polygons we consider are oriented; hence the word “oriented” will often be omitted). A (rooted or unrooted) polygon is self-avoiding if no vertex (except the origin( is revisited. A non-empty SAP (resp. rooted SAP) will also be called a loop (resp. rooted loop).

We now define three important classes of polygons: the staircase, unimodal, and convex polygons. A rooted polygon is a rooted staircase polygon if it factors as vw, where v (resp. w) is a word on {1, . . . , d} (resp.

{¯1, . . . d̄}). This implies in particular that |v| = |w|.

Let k ≤ d. A rooted polygon is unimodal in direction k if it can be written vw (where now both v and w are words on {1, . . . , d} ∪ {¯1, . . . , d̄}), with |v|¯_k = |w|_k = 0. It is unimodal if it is unimodal in all directions. A polygon is unimodal if it can be represented by a unimodal rooted polygon (which is unique when it exists.)

A polygon is convex in direction k if it can be represented by a rooted polygon that is unimodal in direction k. It is convex if it is convex in all directions: for each k, there exists a rooted version of the polygon (usually depending on k) that is unimodal in direction k (for unimodal polygons, the same rooted polygon works for all directions). Equivalently, its perimeter is exactly twice the sum of the side lengths of its smallest bounding hyper-rectangle (its box). A unimodal polygon is naturally convex. More precisely, a unimodal polygon is a convex polygon that contains the vertex of minimal coordinates of its box. Similarly, a staircase polygon is a unimodal polygon that contains the vertex of maximal coordinates of its box.

Let I ⊂ {1, 2, . . . , d}, and let ℓ be a rooted loop of dimension |I| on the alphabet I ∪ Ī, with Ī = {k̄ : k ∈ I}. Let u be a (rooted or unrooted) polygon. If there exist two words v and w such that u = vℓw, we say that ℓ is a loop of u, and that u has a loop in I. Our method for counting convex SAP relies on the fact that, if ℓ_1, . . . , ℓ_i are i loops of a convex polygon u, then removing all the letters of u occurring in these i loops leaves another polygon. This is only true because two loops of a convex polygon never overlap.

A. First enumerative results

In this subsection we first enumerate rooted unimodal polygons on ZZ^d having no 1-dimensional loop. This illustrates our general technique. We then obtain the corresponding result for convex polygons. From this, we derive an asymptotic expression for the number of such polygons, which gives an upper bound on the number of convex SAP.

Let P be a set of (rooted or unrooted) polygons. The multi-perimeter generating function for the elements of P is ∑ u∈P x^{|u|1}_1 . . . x^{|u|d}_d , and the perimeter generating function is ∑ u∈P t^{|u|1+·+|u|d} = ∑ u∈P t^{|u|/2}.

We will have frequent occasion to perform a particular operation on a Laurent series, so we define an operator for this purpose. For I ⊂ {1, . . . , d}, we define an operator E_I that acts on Laurent series in the variables x_1, . . . , x_d with real coefficients. Its action can be described as retaining only terms of even powers in the subscripted subset I, which are then replaced with their respective square roots. For example, let f(x_1, x_2) = ∑ a_{n,m}x^n_1 x^m_2 . Then

E_{{1}}(f(x_1, . . . , x_d)) = ∑ a_{2n,m}x^n_1 x^m_2 .

If I is the the set of all indices {1, · · · , d} we delete the subscript.

We denote by f̄(t) the series f(t, . . . , t). We define Ē_I (f(x_1, . . . , x_d)) to be ḡ(t), where g(x_1, . . . , x_d) = E_I (f(x_1, . . . , x_d)).

We now give two lemmas, which illustrate two ingredients of this paper: the classical inclusion-exclusion principle and the use of the operator E. (We prove the first lemma. All subsequent proofs are omitted). The second lemma provides a very good asymptotic upper bound on the number of convex loops.

Lemma I.1 — The multi-perimeter generating function for rooted unimodal polygons of ZZ^d having no onedimensional loop is E [ (1 − x_1)(1 − x_2) . . . (1 − x_d) 1 − x_1 − x_2 − · · · − x_d ] .

Proof. In a rooted unimodal polygon, for k ∈ {1, . . . , d}, all occurrences of the letter k precede all occurrences of k̄. Hence, the rooted unimodal polygons (including the empty polygon) are in one-to-one correspondence with the words u on the alphabet {1, 2, . . . , d} such that |u|_k is even for all k ≤ d. Thus their multi-perimeter generating function is E [ 1 1 − x_1 − x_2 − · · · − x_d ] . More generally, given a set I ⊂ [1, . . . , d], the multi-perimeter generating function for rooted unimodal polygons having a factor kk̄ for all k ∈ I is

S_I = E [ ∏_{k∈I} x_k 1 − x_1 − x_2 − · · · − x_d ] . For k ≤ d, a unimodal rooted polygon has at most one occurrence of kk̄. Hence the inclusion-exclusion principle implies that the multi-perimeter gf for unimodal rooted polygons having no one-dimensional loop is ∑ I⊂[1,d] (−1)^{|I|}S_I ,

which concludes the proof.

By a similar, but more complicated argument we can prove the following result for convex polygons:

Lemma I.2 Let d ≥ 2. The multi-perimeter generating function for convex polygons of ZZ^d that have no onedimensional loop and are of dimension exactly d is

E [ (d − 1)!

x_1x_2 . . . x_d(1 − x_1)^2(1 − x_2)^2 . . . (1 − x_d)^2 (1 − x_1 − x_2 − · · · − x_d)^d ] . An asymptotic result can be derived from the above exact result:

Corollary I.3 The number of d-dimensional convex polygons on ZZ^d of perimeter 2n having no 1-dimensional loop is asymptotically equal to

(d − 1)^{2d} d^{3d} d^{2n}n^{d−1} (1 + O(1/n)) .

This gives an asymptotic upper bound for the number c^{(d)}n of d-dimensional convex loops of perimeter 2n:

lim sup n→∞ c^{(d)}_n d^{3d} (d − 1)^{2d}d^{2n}n^{d−1} ≤ 1. We remark that the number of d-dimensional convex loops is also asymptotic to (d − 1)^{2d}d^{2n}n^{d−1}/d^{3d}. This can be proved [38] via a probablistic argument similar to that used in [19]. In other words, a random d-dimensional convex polygon of large perimeter having no 1-dimensional loop is almost surely self-avoiding.

B. Staircase polygons

As shown in [1], the generating function for self-avoiding staircase polygons can be derived from the generating function of the square of the multinomial coefficient. In particular, let

Z_n(x_1, . . . , x_n) = ∑ (a_1,...,a_n)∈IN^n ( a_1 + · · · + a_n a_1, . . . , a_n )_{2 n}∏ i=1 x^{ai}_i .

Then the multi-perimeter generating function for (oriented) staircase loops on ZZ^d is

S_d(x_1, . . . , x_d) = 1 − 1 Z_d(x_1, . . . , x_d) .

In two dimensions we have

Z_2(x_1, x_2) = ∑ (a_1,a_2 )∈IN^2 ( a_1 + a_2 a_1, a_2

)_2

x^{a1}_1 x^{a2}_2 = 1 √ 1 − 2x_1 − 2x_2 − 2x_1x_2 + x^2_1 + x^2

. (1)

We will also consider the series Z̄_d(t) = Z_d(t, . . . , t), which is D-finite. For instance, Z̄_2(t) is, according to (1), equal to (1 − 4t)^{−1/2}, but it can alternatively be characterized by the initial condition Z̄_2(0) = 1 and the differential equation

(1 − 4t)Z̄^′_2(t) − 2Z̄_2(t) = 0.

Similarly, the series Z̄_3(t) is characterized by Z̄_3(0) = 1, Z̄^′_3(0) = 3 and

t(1 − t)(1 − 9t)Z̄^{′′}_3 (t) + (1 − 20t + 27t^2)Z̄^′_3(t) − 3(1 − 3t)Z̄_3(t) = 0.

The smallest singularity of Z̄_3 is 1/9, and around this point, Z̄_d(t) = A + B ln(1 − 9t)(1 + o(1)).

For a further study of the series Z̄_d(t), including their connections with lattice Green functions, Heun functions and elliptic integrals, see [18,1,31].

C. Unimodal self-avoiding polygons

Next we construct the multi-perimeter generating function U_d(x_1, . . . , x_d) for oriented, unimodal self-avoiding polygons on ZZ^d. This can be computed for arbitrary d by induction, but here we give the results for d = 2 and d = 3 only.

As a unimodal polygon is represented by a unique unimodal rooted polygon, we only need to handle rooted polygons, i.e., words. Our method is based on the following two observations: (i) a loop ℓ of a rooted unimodal polygon uℓv is unimodal; (ii) if a rooted unimodal polygon has a loop in I ⊂ [1, . . . , d] and a loop in J, then I ∩ J = ∅. That is, the two loops occupy orthogonal subspaces.

In two dimensions, if u is a rooted UP having no one-dimensional loop, it factorizes uniquely as vu^′w, where U^′ is a two-dimensional USAP and vw is a staircase polygon. Combining lemma 1.1 and * gives

E [ (1 − x_1)(1 − x_2) 1 − x_1 − x_2 ] = U_2(x_1, x_2)Z_2(x_1, x_2).

Hence

U_2(x_1, x_2) = 2 x_1x_2 √ 1 − 2x_1 − 2x_2 − 2x_1x_2 + x^2_1 + x^2

. (2)

This result was first obtained by Lin and Chang by a different method [13]. See also [46] for a third proof.

In three dimensions, if u is a rooted UP having no one-dimensional loop, we can have either a two-dimensional loop in one of 3 orthogonal planes, or a three-dimensional loop (but not both). In the latter case we have u = vu^′w where u^′ is a three-dimensional loop and vw is a staircase polygon. This gives a contribution U_3(x_1, x_2, x_3)Z_3(x_1, x_2, x_3).

In the former case, when the loop is in the (x_1, x_2) plane, it can be proved that the corresponding generating function is E_{{3}} [ 1 1 − x_3

Z_2 ( x_1 (1 − x_3)^2 , x_2 (1 − x_3)^2 )] U_2(x_1, x_2).

Using Lemma I and the above results, the series Z_3U_3 can be expressed as an algebraic series in x_1, x_2 and x_3. However we only need the perimeter generating function Ū_3, for three-dimensional unimodal loops, which is given by

Z̄_3(t)Ū_3 = 6t^2 1 − 9t − 3t^2 √ 1 − 4t [ [(1 − 3u)(1 + u)]^{−1/2} + [(1 + 3u)(1 − u)]^{−1/2} ] . (3)

with u = √ t. The logarithm in the asymptotic behaviour of Z̄_3(t) shows that 1/Z̄_3(t), and hence Ū_3, is not D-finite.

However, Z̄_3(t)Ū_3 is algebraic of degree 8. More generally, one can prove that Ū_d is a quotient of D-finite series [14].

D. Convex polygons

We now use all the above results to calculate the number of CSAP. Again we construct a simpler generating function which overcounts, and then we correct by use of the inclusion-exclusion principle. The situation is now more complicated, as (i) a loop of a convex polygon is convex, but not necessarily unimodal, and (ii)1 a convex polygon uℓ_1vℓ_2w may have a loop in I and a loop in J with I ∩ J ≠ ∅.

For two-dimensional CP, there is either no one-dimensional loop, in which case the CP is a SACP, or there are two rooted unimodal loops linked by a staircase polygon. More precisely, in this case we have u = vu_1wu_2 where u_1 and u_2 are unimodal and vw is a staircase polygon - and the symmetric case corresponding to a reflection of the entire structure. These considerations taken together imply that the multi-perimeter generating function for oriented convex self-avoiding polygons of dimension 2 is

C_2(x_1, x_2) = E_{[1,2]} [ x_1x_2(1 − x_1)^2(1 − x_2)^2 (1 − x_1 − x_2)^2 ] − 2Z_2(x_1, x_2)(U_2(x_1, x_2))^2,

that is

2x_1x_2 [ 1 − 3x_1 − 3x_2 + 3x^2_1 + 3x^2 + 5x_1x_2 − x^3_1 − x^3_2 − x^2_1x_2 − x_1x^2 − x_1x_2(x_1 − x_2)^2 ] Δ^2 − 8x^2_1x^2 Δ^{3/2}

where Δ = 1 − 2x_1 − 2x_2 − 2x_1x_2 + x^2_1 + x^2.

We remark that this result was first proved by Lin and Chang [13]. It is a refinement of the perimeter generating function, previously obtained by Delest and Viennot [12]. See also [46] and [32] for alternative proofs of these two results, as well as [26] or [46] for the expansion of the series C_2(x_1, x_2). Our proof provides a nice combinatorial interpretation of each of the two parts of the expression of C_2(x_1, x_2): the rational part counts convex polygons having no one-dimensional loop, and the algebraic part counts those that are not self-avoiding (i.e., have two loops).

For three dimensional CP we can perform the same type of construction. We note that a three-dimensional CP having no one-dimensional loop is either a SACP, or has two three-dimensional loops separated by a staircase polygon - giving rise to a term 4Z_3(x_1, x_2, x_3)(U_3(x_1, x_2, x_3))^2, or has one, two or at most three two-dimensional loops which can be unimodal or not. Careful consideration of the number of distinct ways such polygons can occur reveals that there are seven distinct types. The most difficult case being when there are three two-dimensional orthogonal loops.

These ingredients are then combined, as in the two-dimensional case, to yield our main result, which is that the perimeter generating function for 3-dimensional oriented convex self-avoiding polygons is, with u = √ t, C̄_3 = 8t^3(4 − 51t + 198t^2 − 135t^3) (1 − 9t)^3 + 96t^4(1 − 6t) (1 − 9t)(1 − 4t) − 24t^4(1 − t)(8 − 60t + 145t^2 − 120t^3 + 16t^4) (1 − 4t)^4

+ 96t^4 √ 1 − 4t [ (1 − t)(1 − 2t)(2 − 7t + 4t^2) (1 − 4t)^3 − 2(1 − 6t) (1 − 9t)^2 + 2t^2 (1 + t)^2(1 − 4t) ]

+ 24ut^4 1 − 4t [ 1 − t − 2u [(1 − 3u)(1 + u)]^{3/2} − 1 − t + 2u [(1 + 3u)(1 − u)]^{3/2} ] − 64t^6(5 − 4t) (1 + t)^2(1 − 4t)^{3/2} √ 1 − 8t

− 4 Z̄_3(t) [ 6t^2 1 − 9t − 3t^2 √ 1 − 4t [ [(1 − 3u)(1 + u)]^{−1/2} + [(1 + 3u)(1 − u)]^{−1/2} ]]^2 .

E. Conclusion

Note that the generating function for oriented convex self-avoiding polygons lying in ZZ^3 (but possibly having a smaller dimension) is naturally C̄_3 + 3C̄_2 + 3C̄_1 where C̄_1 = t is the generating function for 1-dimensional convex loops.

We note that the series C̄_3 is of the same nature as Z̄_3(t)^{−1}, and in particular, is not D-finite. However, Z̄_3(t)C̄_3 is D-finite (but not algebraic). If we write C̄_3 = A(t) + B(t)/Z̄_3(t), where A(t) and B(t) are algebraic series, then A(t) is algebraic of degree 16 and B(t) is algebraic of degree 8. This indicates that the order of the differential equation satisfied by Z̄_3(t)C̄_3 must be large.

The singularities of C̄_3 are at t = 1/9, 1/8, 1/4, 1 and −1. The singularities at 1/8 and −1 are unexpected, for they are not singularities of the generating function Ū_3 for three-dimensio nal unimodal loops. Both singularities come from polygons having three 2-dimensional loops.

The expression of C̄_3 provides the following asymptotic form for the number of three-dimensional oriented selfavoiding convex polygons of perimeter 2n (see [24]):

2^63^{2n−9}n^2 { 1 + c n + c_1 n ln n + c_2 n(ln n)^2 + · · · + c_k n(ln n)^k + o ( 1 n(ln n)^k )} . The generating function for the number of three-dimensional non-oriented self-avoiding convex polygons is naturally C̄_3/2. The above expression for C̄_3(t) can be readily expanded in t, which allowed us to confirm our results by comparing them with the known, unpublished data obtained previously by Enting and Guttmann.

Acknowledgements. We would like to thank Nick Wormald and Philippe Flajolet for helpful discussions, and Richard Brak and Aleks Owczarek for comments on the manuscript. MBM wishes to thank the Department of Mathematics of the University of Melbourne, where part of this work was carried out, for their hospitality. AJG would like to thank LaBRI at the University of Bordeaux I where part of this work was carried out, as well as the Australian Research Council for support.

[1] A. J. Guttmann and T. Prellberg, Phys. Rev. E 47 (1993) R2233. [2] D. Dhar, Phys. Rev. Lett. 51 (1983) 853. [3] A B Zamolodchikov, JETP 52 (1980) 325. [4] R. J. Baxter, Commun. Math. Phys. 88 (1983) 185. [5] V. V. Bazhanov and R. J. Baxter, J. Stat. Phys. 69 (1992) 453. [6] H. Y. Huang, V. Popkov and F. Y. Wu, Phys. Rev. Lett. (1997) to appear.

[7] N. Madras and G. Slade, The self-avoiding walk, Probability and its Applications, Birkhauser, Boston, 1993. [8] A. J. Guttmann, AIP Conf. Proc. 248 (1992) 12. [9] M. Bousquet-Mélou, Discrete Math. 154 (1996) 1–25. [10] A R Conway, M. P. Delest and A J Guttmann, [11] M. E. Fisher, A. J. Guttmann and S. G Whittington, J. Phys. A: Math. Gen. 24 (1991) 3095. [12] M.-P. Delest and G. Viennot, Theoret. Comput. Sci. 34 (1984) 169. [13] K. Y. Lin and S. J. Chang, J. Phys. A: Math. Gen. 21 (1988) 2635–2642. [14] M. Bousquet-Mélou and A. J. Guttmann, Ann. Combin. 1, 27, (1997) [15] R. Brak, A. J. Guttmann and I. G. Enting, J. Phys. A: Math. Gen. 23 (1990) 2319–2326. [16] M.-P. Delest, J. Combin. Theory Ser. A 48 (1988) 12–31. [17] J. Denef and L. Lipschitz, Math. Ann. 267 (1984) 213–238. [18] J. W. Essam, J. Phys. A: Math. Gen. 26 (1993) L8 63–L869.

[19] I. G. Enting, A. J. Guttmann, L. B. Richmond and N. C. Wormald, Random Structures Algorithms 3 (1992) 445–461. [20] J.-M. Fédou, http://www.labri.u-bordeaux.fr/ f̃edou.

[21] J.-M. Fédou and N. Rouillon, “Formal power series and algebraic combinatorics”, B. Leclerc and J.-Y. Thibon eds., Marne-la-Vallée, France, june 1995.

[22] S. Feretić, “Formal power series and algebraic combinatorics”, B. Leclerc and J.-Y. Thibon eds., Marne-la-Vallée, France, june 1995. To appear in Discrete Math.

[23] P. Flajolet, Pólya festoons, Research Report INRIA 1991, Rocquencourt, France. [24] P. Flajolet and A. Odlyzko, SIAM J. Discrete Math. 3 (1990) 216–240. [25] I. Gessel, Trans. Amer. Math. Soc. 257 (1980) 455–481. [26] I. Gessel, preprint 1990.

[27] J. M. Hammersley, Quart. J. Math. Oxford Ser. (2) 12 (1961) 250–256. [28] J. M. Hammersley and D. J. A. Welsh, Quart. J. Math. Oxford Ser. (2) 13 (1962) 108–110. [29] P. Henrici, Applied and computational complex analysis, Vol. 2. John Wiley and Sons, New-York, 1977. [30] B. D. Hughes, Random walks and random environments. Vol. 1: Random walks, Clarendon Press, Oxford, 1995. [31] G. S. Joyce, Proc. Roy. Soc. London Ser. A 445 (1994) 463–477. [32] D. Kim, Discrete Math. 70 (1988) 47-51. [33] L. Lipschitz, J. Algebra 122 (1989) 353–373.

[34] P. A. MacMahon, Combinatory analysis, 2 vols., Cambridge University Press, Cambridge, 1915–1916 (Reprinted: Chelsea, New-York, 1960).

[35] G. Pólya, J. Combin. Theory 6 (1969) 102–105.

[36] B. Salvy and P. Zimmermann, ACM Trans. Math. Software 20 (1994) 163–167. [37] R. P. Stanley, Europ. J. Combinatorics 1 (1980) 175–188.

[38] N. C. Wormald, Private communication. J. Phys A: Math. Gen. 26 (1993) 3085. [39] R J Baxter Exactly Solved Models in Statistical Mechanics (1982) (Academic, London). [40] R P Stanley, Europ. J. Comb. 1 (1980) 175. [41] I G Enting, Ph.D thesis, Monash University (1971). [42] F Y Wu and H Y Huang, Lett. Math. Phys. 29, 105 (1993). [43] Jaekel, J P Maillard, J Oitmaa and M Velgakis, J. Stat. Phys, 3 (1987) 23. [44] A J Guttmann and I G Enting, Nucl. Phys. B, Proc. Supp, (to appear). [45] R. J. Baxter, Phys. Rev. Lett. 53 (1984) 1795–1798. [46] M. Bousquet-Mélou, Discrete Appl. Math. 48 (1994) 21.