Enumeration of directed animals on an infinite family of lattices

Mireille Bousquet-Mélou^�

LaBRI, Université Bordeaux 1 351 cours de la Libération 33405 Talence Cedex, France bousquet@labri.u-bordeaux.fr

Andrew R. Conway^y

LaBRI, Université Bordeaux 1 351 cours de la Libération 33405 Talence Cedex, France.

Abstract

We prove algebraic equations satisfied by the area generating function for directed animals on an infinite family of regular, non-planar, two-dimensional graphs.

1 Introduction

A directed animal A on an oriented graph having an origin O is a finite set of sites containing O such that each point of A is connected to O through an oriented path of the graph having all its vertices in A. The area of A is the number of its vertices. Typically, the graph in question is a regular lattice with the orientation of the bonds corresponding to some preferred direction. Examples are given in the next section.

Directed animals are geometrical entities whose properties have been extensively studied over the past fifteen odd years due to their interest in both combinatorics and statistical physics. Few exact results are known. In 1982, Dhar, Phani and Barma gave two conjectures on the number of directed animals on the square and triangular lattices [1]. These conjectures can be restated in the form of quadratic expressions for the corresponding generating functions, and were then proved in several ways [2, 3, 4, 5, 6]. Dhar [6] also solved the enumeration problem on a three-dimensional lattice through a correspondence with the hard hexagon model solved by Baxter [7]. The associated area generating function is again algebraic, but of degree 12 [8].

Directed animals on other lattices have been enumerated by computer with the aim of finding algebraic generating functions, with a marked lack of success other than for two families of decorated lattices [9, 10, 11]. These studies include many variations on the theme of animals, like bond-animals and trees (animals of cyclomatic index zero), but no algebraic generating function has been found for them. Recent work may provide some reasons for this [12].

The properties of directed animals have also been studied extensively. This was mostly done by computer enumeration and numerical techniques, although some rigorous results were also obtained. Properties associated with the shape of directed animals have been studied in e.g. [13, 14, 15, 16, 17, 18, 19]. Their perimeter and their cyclomatic index were studied in e.g. [11, 19, 20].

All the two-dimensional directed animals mentioned above seem to fall into the same universality class. Closely related to the study of directed animals, but distinguished by significantly different properties (and thus a very different universality class) are undirected animals (connected sets on a graph) also called sometimes polyominoes by combinatorialists. Surveys can be found be found in [21, 22, 23].

The most successful method for proving a formula for the generating function of directed animals has been to use, following Dhar [6], an equivalence to a hard particle gas model [10, 11]. The heaps of pieces

�Partially supported by EC grant CHRX-CT93-0400 and PRC “Mathématiques et Informatique”. Part of this work was conducted during a visit to the University of Melbourne.

yPartially supported by CIES. Permanent address: Department of Mathematics, The University of Melbourne, Parkville, Victoria 3052, Australia. arc@maths.mu.oz.au

approach [4, 21, 24] of Viennot works in a more intuitive manner for the square and triangular lattices, and has also been successful in other polyomino problems [25].

Using Dhar’s method, we prove in this paper algebraic equations satisfied by the area generating functions for directed animals on an infinite family of regular lattices. We derive from these equations the asymptotic behaviour of the number of animals having k vertices, thus proving that all these models belong to the same universality class as the square lattice directed animal model. The lattices are defined in Section 2, in which we also state our results, and the proof is given in Section 3.

2 Results

We define an oriented lattice L_n indexed by an integer n ≥ 2. The vertices of L_n are labeled by the elements of IN^2, and from each vertex (i, j) there are n emerging edges leading to the vertices (i + r, j + 1), for 0 ≤ r < n. The origin is O = (0, 0). Note that L_2 is simply the oriented square lattice. More examples are shown in Figure 1.

Figure 1: The lattices L_2, L_3 and L_4 (all the edges are oriented upwards).

Alternatively, one can construct L_n as follows. Start from the directed square lattice, and keep only one out of every (n − 1) rows, that is the first row, the row n , the row 2n − 1, and so on (a row is perpendicular to the preferred direction). Add an edge between two vertices of two consecutive rows if these vertices were linked by an oriented path in the original square lattice. This leaves the lattice L_n. As the number of vertices at distance at most r from the origin grows like r^2, the lattice is said to be two-dimensional.

Figure 2: A directed animal on L_3 (black vertices).

Let n ≥ 2. We prove in this paper that the area generating function S_n for directed animals on L_n, defined by S_n = ∑ {A:A is an animal on Ln} t^{|A|}, (1) satisfies the following algebraic equation:

t^2(1 + t)^{n−1} [1 + (n + 1)S_n]^{n+1} − [1 + t + (n − 1)S_n]^{n−1} (t − 2S_n)^2 = 0. (2)

Note that S_n = 0 is an irrelevant solution of this equation. Moreover, when n is odd, say n = 2m + 1, the polynomial on the left-hand side of (2) can be factored and S_n satisfies the following simpler equation:

t(1 + t)^m [1 + (n + 1)S_n]^{m+1} + [1 + t + (n − 1)S_n]^m (t − 2S_n) = 0.

Hence, S_n is algebraic of degree (at most) n if n is even, and algebraic of degree (at most) (n + 1)/2 if n is odd.

Here are the first few equations satisfied by the series S_n:

(1 − 3t)(S_2 + 1)S_2 − t = 0,

(1 − 4t − 4t^2)(2S_3 + 1)S_3 − t(1 + t) = 0, (27 − 135t − 275t^2 − 125t^3)(S_4 + 1)S^3_4 + (9 − 54t − 110t^2 − 50t^3)S^2_4 + (1 + t)(1 − 12t − 10t^2)S_4 − t(1 + t)^2 = 0, 2(4 − 27t − 54t^2 − 27t^3)(2S_5 + 1)S^2_5 + (1 + t)(1 − 12t − 9t^2)S_5 − t(1 + t)^2 = 0.

All other (non-trivial) exactly known results for generating functions for directed animals on twodimensional lattices (square, triangular, decorated square and triangular [11]) have been expressible as an algebraic equation, quadratic in the generating function. Furthermore, in each case the generating function diverges near the critical point t = 1/μ with a behaviour like (1 − μt)^{− 12} for some lattice dependent μ. This means that the number of animals with k sites grows like k^{− 12} μ^k. Numerical analysis of other two-dimensional lattices, for which one does not have explicit generating functions, has indicated the same asymptotic behaviour (e.g. [9]).

This common behaviour indicates that all these models belong to the same universality class, and it might be expected that the directed animals on L_n exhibit the same behaviour despite the higher degree of the algebraic equation satisfied by S_n. This is true and can be proved as follows.

Let T_n be the series defined by T_n = t − 2S_n 1 + (n + 1)S_n

. (3)

Since S_n = t + o(t), we have T_n = −t + o(t). Moreover, (2) implies that f_n(t) = f_n(T_n) where f_n(u) is the polynomial u^2(1 + u)^{n−1}. A study of f_n (see Figure 3) shows that T_n is an analytic function of t for −2/(n + 1) < t < t_n where t_n is the positive solution of

f_n(t_n) = f_n ( − 2 n + 1 ) = 4 (n − 1)^{n−1} (n + 1)^{n+1} . Moreover, T_n cannot be continuously defined in the neighbourhood of t_n. As t_n < 2/(n + 1), the smallest singularity of T_n is t_n. When t −→ t^−_n , then T_n −→ −2/(n + 1)^+.

Figure 3: A typical (n = 3) graph of f_n(u) = u^2(1 + u)^{n−1}.

Inverting (3) leads to S_n = t − T_n 2 + (n + 1)T_n , which proves that t_n is also the smallest singularity of S_n. Applying Taylor’s formula around −2/(n + 1) and t_n gives f_n ( v − 2 n + 1 ) = 4(n − 1)^{n−1} (n + 1)^{n+1} + v^2 2 f^{′′}_n ( − 2 n + 1 ) + o(v^2) and f_n(t_n − u) =

4(n − 1)^{n−1} (n + 1)^{n+1} − uf^′_n(t_n) + o(u). This shows that as t −→ t^−_n ,

T_n = − 2 n + 1 + √ −2f^′_n(t) f^{′′}_n (−2/(n + 1)) (t_n − t) + o(t_n − t). Hence, up to a multiplicative constant (which can be made explicit), S_n ∼ (t_n − t)^{−1/2} (meaning that √ t_n − t S_n tends to a constant when t tends to t_n). Thus the number of k-site animals on L_n is asymptotically equivalent to A_nk^{− 12} μ^k_n as expected, with

(1 + μ_n)^{n−1} μ^{n+1}_n = 4 (n − 1)^{n−1} (n + 1)^{n+1}

. (4)

Let v_n = μ_n/(n + 1). We can derive from (4) that (v_n)_n is an increasing positive sequence. Let v be its limit in IR ∪ {+∞}. From (4) we derive exp(v^{−1} + 2) = 4v^2, which gives v = 1.79556... Hence μ_n ∼ 1.79556...n as n −→ ∞. 3 Proof

We use a similar argument to that used by Dhar in [6]: we prove that the generating function S_n is the negative of the density of the hard particle model of activity −t/(1 + t) on the lattice formed with the first two rows of L_n .

Let n ≥ 2 be fixed. For N ≥ 2, consider the lattice L^{(N)}_n , which is similar to L_n but has a finite width N and cyclic boundary conditions. In other words, its set of vertices is [N ] × IN where [N ] = ZZ/N ZZ = {1, 2, . . ., N }, and the edges still go from (i, j) to (i + r, j + 1) for 0 ≤ r < n. The lattice L^{(8)}_3 is drawn in Figure 4 (edges being oriented away from the center). As indicated on this figure, the vertices are labeled with 1, 2, . . ., N on each row. A subset of vertices of a row will often be denoted by the set of corresponding labels.

We consider in this section animals that may have a source formed of several vertices. Let C ⊂ [N ] be a subset of vertices of the first row. A directed animal A of source C is a finite set of vertices containing C such that any vertex of A can be reached from a vertex of C through an oriented path having all its vertices in A (see Figure 4).

Figure 4: The cyclic lattice L^{(8)}_3 and an animal of source {1, 3, 8}.

Let S^{(N)}_C be the area generating function for animals of source C on L^{(N)}n . We clearly have lim N→∞ S^{(N)}_{{1}} = S_n (5)

where S_n is the generating function for animals on L_n, defined by (1). Moreover, removing the bottom row of an animal gives another animal. This remark provides a finite set of recurrence relations defining the series S^{(N)}_C , for C ⊂ [N ]: S^{(N)}_C = t^{|C|} ∑ D⊂N (C) S^{(N)}_D (6)

where S^{(N)}_∅ = 1 and N (C) is the set of “upper” neighbours of C:

N (C) = ⋃ i∈C {i, i + 1, . . . , i + n − 1}. (Remember that i + N = i in ZZ/N ZZ.)

Now, consider the lattice R_0 ∪ R_1 formed with the first two rows of L^{(N)}_n (see Figure 5), and suppose that a distribution of cells is given on the exterior row R_1. For D ⊂ R_1, let g_D be the probability that all the vertices of D are occupied, and let G_D be the probability that D is exactly the set of occupied vertices. From the cell distribution on R_1 we derive a cell distribution on the inner row R_0, obtained as follows: a vertex i lying on R_0 will be occupied by a cell

• with probability p if all its neighbours (on R_1) are empty (0 < p < 1),

• with probability 0 if at least one of its neighbours is occupied.

This transition is schematised in Figure 5, in which a black vertex denotes an occupied site.

Figure 5: The lattice R_0 ∪ R_1 and the transition from R_1 to R_0 (for n = 3).

For C ⊂ R_0, we define f_C to be the probability that the vertices of C are occupied, and F_C to be the probability that C is exactly the set of occupied vertices of R_0. We clearly have

f_C = p^{|C|}Prob (N (C) empty) .

Using the inclusion-exclusion principle, this can be rewritten as follows: f_C = p^{|C|} ∑ D⊂N (C) (−1)^{|D|}g_D. (7)

We can also express F_C in terms of G_D:

F_C = ( p 1 − p )_{|C|} ∑ D⊂R1\N (C) (1 − p)^{N−}|^{N̄ (D)}|G_D (8) where N̄ (D) is the set of “lower” neighbours of D:

N̄ (D) = ⋃ i∈D {i, i − 1, . . ., i − n + 1}.

Note that |N̄ (D)| = |N (D)| for all D ⊂ [N ].

The cell distribution on R_1 is said to be stationary if it is the same as the induced cell distribution on R_0. The theory of Markov chains implies that our transition has a unique stationary distribution. For this distribution, Equation (7) becomes: g_C = p^{|C|} ∑ D⊂N (C) (−1)^{|D|}g_D.

Comparing this equation with (6) shows that, when t = −p,

S^{(N)}_C = (−1)^{|C|}g_C .

In particular, the generating function S^{(N)}_{{1}} for one-source directed animals on L^{(N)}_n is the negative of the density of the stationary distribution (with t = −p). The density is, by definition, ρ_N = g_{{1}}. According to (5), the generating function for directed animals on L_n is

S_n = −ρ_∞ = − lim_{N→∞} ρ_N .

The stationary distribution is easy to describe in this case: as in [6], it is the marginal distribution of the hard particle distribution of activity p/(1 − p) on R_0 ∪ R_1. More precisely, one can easily check, using (8), that the distribution given by

G_D = 1 Z_N ( p 1 − p )_{|D|} (1 − p)|^{N̄ (D)}|, (9)

with Z_N = ∑ D⊂R1 ( p 1 − p )_{|D|} (1 − p)|^{N̄ (D)}|, is stationary. Thus we need to compute the density ρ_N of this one-dimensional gas-model, or at least its limit ρ_∞.

We are actually going to solve a more general model, depending on two variables a and b, and given by

G_D = 1 Z_N a^{|D|}b|^{N̄ (D)}|. The partition function is Z_N = ∑ D⊂[N] a^{|D|}b|^{N̄ (D)}|, and the density is ρ_N = 1 N 1 Z_N ∑ D |D|a^{|D|}b|^{N̄ (D)}| = a N Z_N ∂Z_N ∂a . In what follows, the state of the vertices i, i + 1, . . . , i + n − 1 is described by a vector σ_i ∈ {0, 1}^{n−1} for all i ∈ [N ]. The partition function can then be rewritten as

Z_N = ∑ σ1,...,σN (_N ∏ i=1 V (σ_i, σ_{i+1}) ) where σ_i runs over {0, 1}^{n−1} for all i ≤ N , and V = (V (σ, τ ))_{σ,τ} is a square matrix defined as follows: if σ = (s_1, . . . , s_{n−1}) and τ = (t_2, . . ., t_n) (note the different numbering schemes), then

V (σ, τ ) = 0 if (s_2, . . . , s_{n−1}) ≠ (t_2, . . . , t_{n−1}), ab if (s_2, . . . , s_{n−1}) = (t_2, . . . , t_{n−1}) and s_1 = 1, b if (s_2, . . . , s_{n−1}) = (t_2, . . . , t_{n−1}), s_1 = 0 and τ ≠ (0, 0, . . ., 0), 1 otherwise.

Going back to Z_N , we have Z_N = tr ( V^N ) = λ^N_1 + · · · + λ^N_2n�1 where λ_1, . . . , λ_2n�1 are the eigenvalues of the matrix V . The density of the model is thus

ρ_N = a ∑ i λ^{N−1}_i λ^′_i ∑ i λ^N_i where λ^′_i denotes ∂λ_i/∂a. When N tends to infinity, it tends to

ρ_∞ = a λ^′ λ (10)

where λ is the dominant eigenvalue of V . The characteristic polynomial of V , denoted P (x), can be calculated exactly:

P (x) = x^2 n�1_{−n} ( x^n − x^{n−1}(1 + ab) + a(1 − b) n−2∑ k=0 x^kb^{n−1−k} ) . Equivalently, P (x) = x^2 n�1_{−n} b − x [ ab^n(1 − b) − x^{n−1}(x − 1)(x − b − ab) ] . Thus the dominant eigenvalue λ of V satisfies λ ≠ b and ab^n(1 − b) = λ^{n−1}(λ − 1)(λ − b − ab). Differentiating with respect to a leads to

λ^′ = λ(λ − 1)(λ − b) a [(n − 1)(λ − 1)(λ − b − ab) + λ(2λ − 1 − b − ab)] . (11)

We finally obtain the limit of the density by combining (10) and (11):

ρ_∞ = (λ − 1)(λ − b) (n − 1)(λ − 1)(λ − b − ab) + λ(2λ − 1 − b − ab) . In particular, the density of the model given by (9) tends to

ρ_∞ = λ + p − 1 (n + 1)λ − (n − 1) when N → ∞, where λ satisfies p^2(1 − p)^{n−1} = λ^{n−1}(λ − 1)^2.

As S_n = −ρ_∞ when t = −p, Equation (2) follows.

References

[1] D. Dhar, M. K. Phani, and M. Barma. Enumeration of directed site animals on two-dimensional lattices. J. Phys A: Math. Gen., 15:L279–L284, 1982.

[2] D. Dhar. Equivalence of the two-dimensional directed site animal problem to Baxter’s hard-square lattice-gas model. Phys. Rev. Lett., 49:959–962, 1982.

[3] D. Gouyou-Beauchamps and X. G. Viennot. Equivalence of the two-dimensional directed animal problem to a one-dimensional path problem. Adv. in Appl. Math., 9:334–357, 1988.

[4] J. Bétréma and J.-G. Penaud. Modèles avec particules dures, animaux dirigés et séries en variables partiellement commutatives. Technical Report 93-18, LaBRI, Université Bordeaux I, 1993.

[5] J. Bétréma and J.-G. Penaud. Animaux et arbres guingois. Theoret. Comput. Sci., 117:67–89, 1993. [6] D. Dhar. Exact solution of a directed-site animals-enumeration problem in three dimensions. Phys.

Rev. Lett., 51:853–856, 1983.

[7] R. J. Baxter. Exactly solved models in statistical mechanics. Academic Press, 1982. [8] G. S. Joyce. On the Dhar directed site animals enumeration problem for the simple cubic lattice. J.

Phys. A: Math. Gen., 22:L919–L924, 1989.

[9] A. R. Conway, R. Brak and A. J. Guttmann. Directed animals on two-dimensional lattices. J. Phys.

A: Math. Gen., 26:3085–3091, 1993.

[10] A. A. Ali. Enumeration of directed site animals on the decorated square lattices. Physica A, 202:520– 528, 1994.

[11] M. Bousquet-Mélou. New enumerative results on two-dimensional directed animals. To appear in Discrete Math.

[12] A. J. Guttmann and I. G. Enting. On the solvability of some statistical mechanical systems. To appear in Phys. Rev. Lett.

[13] S. Redner and Z. R. Yang. Size and shape of directed lattice animals. J. Phys. A: Math. Gen., 15:L177–L187, 1982.

[14] J. L. Cardy. Directed lattice animals and the Lee-Yang edge singularity. J. Phys. A: Math. Gen., 15:L593–L595, 1982.

[15] J. P. Nadal, B. Derrida and J. Vannimenus. Directed lattice animals in 2 dimensions: numerical and exact results. J. Physique, 43:1561–1574, 1982.

[16] V. Privman and M. Barma. Radii of gyration of fully and partially directed lattice animals. Z. Phys.

B, 57:59–63, 1984.

[17] D. Dhar. Longitudinal size exponent for two-dimensional directed animals. J. Phys. A: Math. Gen., 21:L893–L897, 1988.

[18] A. R. Conway and A. J. Guttmann. Longitudinal size exponent for square-lattice directed animals. J.

Phys. A: Math. Gen., 27:7007–7010, 1994.

[19] A. R. Conway. Some exact results for moments of 2d directed animals. Preprint. [20] J. A. M. S. Duarte and H. J. Ruskin. The perimeter in site directed percolation. Mean perimeter expansions. J. Physique, 47:943–946, 1986.

[21] M. Bousquet-Mélou. Polyominoes and polygons. In Jerusalem Combinatorics 93, H. Barcelo and G. Kalai eds., Contemporary Mathematics (AMS), 178:55–70, 1994.

[22] X. G. Viennot. A survey of polyominoes enumeration. Proceedings of the fourth Conference “Formal power series and algebraic combinatorics”, P. Leroux and C. Reutenauer eds., Montréal, june 1992, pp. 399–420.

[23] M. Delest. Polyominos and animals: some recent results. J. Math. Chem., 8:3–18, 1991.

[24] X. G. Viennot. Heaps of pieces I: Basic definitions and combinatorial lemmas. In Combinatoire énumérative, G. Labelle and P. Leroux eds., Lecture Notes in Mathematics, 1234:321–350, 1986.

[25] M. Bousquet-Mélou and X. Viennot. Empilements de segments et q-énumération de polyominos convexes dirigés. J. Combin. Theory Ser. A, 60:196–224, 1992.