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T he Ising model on a graph

N vertices .
Spin up H o; = 1

spin down % o; — —1

v frustrated edge

e Partition function:

J H .
Zi(GQ) = 3 exp @Hmﬂﬁ.+wﬂm.ﬂ (physics)

c=(01s0sopy )




T he Ising model on a graph

N vertices -

Spin up H o; = 1 -~

spin down % o; — —1

Vg frustrated edge

e Partition function:

J H
Zi(G) = > exp | > oi05+ T > o (physics)
=010y ) i—j i
=Y Ho@.nﬁ . (combinatorics)
o

with

cmon (). ymon(A). um ()



T he Ising model on a graph

N vertices
Spin up H o; = 1 O
spin down H o; = —1
frustrated edge
e Partition function:
J H )
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e When H = 0 (no field), then z =y and
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T he hard-particle model on a graph

occupied vertex @

vacant vertex O

Two adjacent vertices

cannot be both occupied

e Partition function:

Zpp(G) =) z%y*



Classical statistical physics
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Aim Compute the following sum, over all possible configurations of spins:

Z(N) = M ' y® w7t
conf.

(Only solved in 2D, when =z =y...)



Statistical physics on planar maps

Two-dimensional quantum gravity:

1. replace the regular 2D grid by a random planar graph (or more precisely a
random planar map)

2. average the partition function over all maps of a given size.

[t'Hooft, Brezin, Itzykson, Parisi, Zuber, Kazakov, Duplantier, Kostov...]
[Knizhnik, Polyakov, Zamolodchikov 88]




Map (rooted, planar): proper embedding of a connected planar graph in the
plane. One edge is oriented, with the infinite face on its right.
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Example: the Ising model on 4-valent maps

Partition function:

(@ y,u) = 3 Y eyt
M o

where f is the number of frustrated edges.

|[Kazakov 86, Boulatov-Kazakov 87]: solution via matrix integrals
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H, K: hermitian N x N matrices



Example: the Ising model on 4-valent maps

Partition function:

(@ y,u) = 3 Y eyt
M o

where f is the number of frustrated edges.

|[Kazakov 86, Boulatov-Kazakov 87]: solution via matrix integrals

— [(x,y,u) is an algebraic function of z,y, u
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Algebraic power series

Def. The generating function S(z1,z>,...,x;) = S(x) is algebraic if there exists
a polynomial ¢ such that

Qe1, ...,z S(x)) = 0.



Algebraic power series

Def. The generating function S(z1,z>,...,x;) = S(x) is algebraic if there exists
a polynomial ¢ such that

Qe1, ...,z S(x)) = 0.

Example: the generating function A(z) for rooted trees (embedded in the
plane) is algebraic.

A(z) =) ana”

where an Is the number of trees with n vertices.

— @& +
= A(z) =z + A(x)?




Enumeration of planar maps

Arques Bauer Bedard Bender Bernardi Bessis Bodirsky Bousquet-Melou
Boulatov Bouttier Brezin Brown Canfield Chauve Cori Di Francesco
Duplantier Fusy Gao Goupil Goulden Guitter t'Hooft Itzykson Jackson
Jacquard Kazakov Kostov Labelle Lehman Leroux Liskovets Liu Machi Mehta

Mullin Parisi Poulalhon Richmond Robinson
Schaeffer Strehl Tutte Vainshtein VVauquelin Visentin Walsh Wanless
Wormald Zinn-Justin Zuber Zvonkine...
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Planar maps (tend to) have algebraic generating functions




Algebraicity for planar maps of bounded degree

T heorem [Bouttier—Di Francesco—Guitter 02]

Fork =2, let M(xq,z5,...,x;) bethe generating function of maps with vertices
of degree at most k (z; counts vertices of degree ).

T his series is algebraic.

(Quantum gravity: maps with no matter.)

Example: 4-valent maps (all vertices have degree 4)

M(z)=P —zP3 where P=1+43zP°.



Three approaches for counting maps

e [Tutte 60’'s]: recursive decompositions of maps, functional equations, quadratic
method

[Bender, Canfield 94], [MBM, Jehanne 05]

e [Brezin, Itzykson, Parisi, Zuber 78]: matrix integrals
[Bouttier, Di Francesco, Guitter 02]
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H: hermitian N x N matrix

e [Schaeffer 97]: bijection with trees
[BDG 02]



