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A (complete) binary tree

n internal vertices, called nodes (size n)

n+ 1 external vertices, called leaves



An incomplete binary tree

n nodes (size n)



A plane tree

Each node has a (possibly empty) ordered sequence of children

n edges, n + 1 nodes (size n)



What is the shape of a large binary tree?




VWhat is the shape of a large binary tree?

A random complete binary tree with 985 vertices

Random generation in linear time



The (horizontal) profile of a binary tree

height &

A binary tree of height 4 (or 5...)



The horizontal profile of a plane tree

A plane tree of height 3.



NEW! The vertical profile of a binary tree
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A binary tree of right width 3,
and vertical profile [2,2;4,2,1, 1].



Limit results on the shape of trees: general approach

e Enumerative combinatorics (decompositions of trees, recurrence rela-
tions, generating functions...)

e Singularity analysis [Flajolet-Odlyzko 90]: extract from the generating
functions the asymptotic behaviour of their coefficients



Decomposition and enumeration of binary trees

Let an be the number of binary trees with n nodes (internal vertices):
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Let A(t) .= M ant™ be the associated generating function:
n=0

A =14+ tA@R)?.

A(D) = 1 T tA@)?



Decomposition and enumeration of plane trees

Let af be the number of plane trees with n edges (n 4 1 vertices):
( ;m = 1
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Let A*(t) .= M a;t™ be the associated generating function:
n.z0

A*(t) = 1 4 tA* (1>,

m2 n—m—1

= 1 + tAY(2)?



The Catalan numbers

There are as many binary trees with n nodes as plane trees with n edges:

an = a,,

The associated generating function is

A(t) = A*(t) =) ant”

It satisfies
1—-—+1—4¢ 1 2
A(t) = 1+ tA@)? = A(t) = = ( ).
2t noo " +1'n
Hence
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is the nth Catalan number.



The height of binary trees: Experiments and observations




T he height of binary trees: recurrence relations

Let h, ; be the number of binary trees of size n and height j. Let h, <; be
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T he average height of binary trees

Consider the average height of binary trees with n nodes:

E(Hn) i= — 3 h(r) = — 3" jhn;

N\ =n “n j>0
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The average height of trees

Consider the average height of binary trees with n nodes:

E(Hn) i= — 3 h(r) = — 3" jhn;

N\ =n “n j>0

Theorem: As n — oo,
E(H»)
» 2 :
N

[Flajolet-Odlyzko 82], [Brown-Schubert 84]
Similarly, the average height of plane trees satisfies:

E(H7)
NG

. T

[de Bruijn, Knuth, Rice 72]

Convergence of the mean of the (normalized) height




T he distribution function of the height

The number of trees of size n and height at most j is h, <;. For = = 0,

consider
Hi:, 1
Fo(z) =P |<\m x| = H:?ﬁ_ﬂHexm,

the proportion of trees of size n having height at most z./n. It is the
probability that a random tree of size n has height at most z,/n.

Graph of F,(x) :

[-F [-F Bl i [-E}




T he distribution function of the height

Let F,(x) be the probability that a random tree of size n has height at most

Theorem: As n — oo,
Hx

Fro(x)=1TF
() h\m

< Hv — F(x/2).

where

o~ k252 2.2
F(x) = M e T (1 —-2k"x7).
k——0oo
[Kemp 79], [Flajolet-Odlyzko 82]
Similarly, the height of plane trees satisfies:

I*
H?|:mmH|f__d..H.
A,\m v ()

[Flajolet-Odlyzko 82|, [Brown-Schubert 84]

Convergence in law of the (normalized) height




Limit results on the shape of trees: general approach

e Enumerative combinatorics: Using a recursive decomposition of trees,
write equations for the relevant generating functions and solve them...

e Use the results (or the technique) of singularity analysis [Flajolet-Odlyzko
90] to extract from these series the asymptotic behaviour of their coefficients

— Results: “If B(t) = >, byt™ behaves like this in the neighborhood of its
dominant singularity ts, then its coefficients b, behave asymptotically like
that.”

— Technique: Cauchy’s formula

1 dt
b, — — | B(t
" 2im Je, :ﬁil

for a carefully chosen contour C,.




Generating functions of trees of bounded height

Let mﬁﬁv = H<; be the generating function of binary trees of height at
most j:

Hej= ) hypojt"

n=0
mmmc =]
_—
He; =1+ ﬁm,mu_ru_ T
Let m,m,m_.@v = ,,ML_. be the generating function of plane trees of height at
most j, where t counts edges.
<o =1
o= 1FtHg 1 Hg =




The (right) width of binary trees

Let Ewm.m_.@v = %ﬁ be the generating function of binary trees of right width
at most j.

For 3 =0, gwmu_. =14 wﬂﬁwﬁ;m+H%ﬂ;mIH




Trees of bounded height or bounded width: functional equations

Family of trees

Bounded height

.mmmc — H
.mmﬁ — H I_I memIH

Hzy=1
= Ll+thHg Hg,

Bounded (right) width

=z =



Trees of bounded height or bounded width: functional equations

Family of trees

Bounded height

.mmmc — H
.mmﬁ — H I_I memIH

Hiy=1

< =1 TtHg H

-

ﬁ Induction on j ;

Bounded (right) width

=z =



Generating functions for trees of bounded height /width

Proposition: The generating function of plane trees of height < j is:
1 — itl

1 — Qit2

where A counts plane trees and Q = A — 1 [de Bruijn, Knuth, Rice 72].




Generating functions for trees of bounded height /width

Proposition: The generating function of plane trees of height < j is:
1 —qitl

1 —Qite

where A counts plane trees and Q = A — 1 [de Bruijn, Knuth, Rice 72].

dq < ¢ = P

Proposition [mbm 05]: The generating function of binary trees of right
width < j is:

(1 — N,T_.MVQ _ m,m_.l_.J

(1 — ziT4)(1 — ziT5)’

where A counts binary trees and Z = Z(t) is the unique series in t such that

We; = A

2
(147
1 -2+ 22
But. . . why? [Bouttier et al. 03]

Z =t and Z(0)=0.




Limit results for the height of trees

Convergence of the moments: Let H! be the (random) height of a plane
tree with n edges. As n — oo,

E(Hz)

*w.
Y-S ,\m, Hm va Liw|51$5_ﬂ_§ E;ww

Convergence in law:

vn
where
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F(x) = —- coth(zv —2)v —ze *dz . H
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[Flajolet-Odlyzko 82|, [Brown-Schubert 84]
-+ similar results for binary trees



Limit results for the right width of binary trees [mbm 05]

Convergence of the moments: Let W, be the (random) right width of a
binary tree with n nodes. Then, as n — oo,

Eémv,me\m Ezm L
nl/* 21 (3/4) - ?Ev oV

W, \*\  247kI(k— 1)
: ?H?v TV (k-2 T
Convergence in law:
Wi,
P Aﬁbﬁ = Hv — G(x)
'l
H. H
G(z) = e V—ze dz =1 \ -

i/ Jn sinh®(z(—2z1*//2)) 0




Height and width of binary trees




What about the profiles?




Gallery of (horizontal and vertical) profiles
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Horizontal profiles of random binary trees with 1000 nodes.

ol .N | O _ J A_

Vertical profiles of random binary trees with 1000 nodes.



The average (horizontal and vertical) profiles

Average horizontal profile of plane trees of size 10, 20, 30, 40, 50:

Average vertical profile

=a

of binary trees of size 5, 10, 20:
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T he horizontal profile

A tree of size n has, on average, height O(y/n). How many nodes are there
at a given (horizontal) level?

?277



T he horizontal profile

A tree of size n has, on average, height O(y/n). How many nodes are there
at a given (horizontal) level?

About /n.



T he horizontal profile

A tree of size n has, on average, height O(y/n). How many nodes are there
at a given (horizontal) level?

About /7.

Let X:(j) be the number of nodes located at height j in a random plane
tree with n edges.

We study the guantity
X5 ([Avn])
Ve




The vertical profile

A binary tree of size n has, on average, width DA:HEV. How many nodes
are there on a given (vertical) layer?

About n3/%.

Let Yn(j) be the number of nodes located at abscissa 7 in a random binary
tree with n nodes.

We study the guantity

Yn( ?EE_E._ )
3/4 .

Ly



One new ingredient: bivariate generating functions

Before: Given j, how many plane trees of size n have height at most 57

= series HI.(t) =) h,;t"
i

Now: Given j, how many plane trees of size n have exactly k£ nodes at height
77
: . k
= series  PI(t,u) =) p,; t"u

n,k



The number of nodes at height ;7 (plane trees)

Let muw = ﬁiﬁﬁv be the generating function of plane trees, counted by edges
(variable t) and by the number of nodes at height j (variable u):

Pt = uA(t)
P! =1+tP' P = o 1

Proposition [777, mbm 04]:
1 — MQJ
Huw = A @ I
1 — MQit
where A counts plane trees, Q = A — 1 and

A —u — tuA?

M = T A —w) T twA2(1— )




The number of nodes at abscissa j (binary trees)

Let V; = 5@, u) be the generating function of binary trees, counted by nodes
(t) and by the number of nodes at abscissa j (variable u).

Vo = 1 + utV?
Vi=1+tVinVia T |
J J

Proposition [mbm 05]: the series V; are algebraic. Moreover,

v g (L +MZHA + MZITP)
T T (A4 MZit2)(1 4 MZi+3)

For 7 = O,

where A counts binary trees,
2
(1+2?)
Z =t “
1-—Z+4 Z°
and M = M(t,u) is the unigque power series in t such that
M= (u—1) Z(14+ MZ2)4(1+ MZH(1 4+ MZ9
B (L+2)2(1+ Z+ 22)(1 — 2)3(1 — M2Z5)




The average horizontal profile of plane trees

Proposition :
g (XnlAVRDY oy a2
Vn Af\

On average, there are about mym|pm<\m nodes at height
|A/n] in a plane tree having n edges.

da o wdar - - BT - - cgmc ot  cEac

Average profile of plane trees of size 10, 20, 30, 40, 50:

+ Convergence in law (and as a process) of the horizontal profile [Drmota-
Gittenberger 97|



The average vertical profile of binary trees

Proposition [mbm 05]: Let Yn(j) be the (random) number of nodes at
abscissa j in a binary tree having n nodes. Then

H_m_“_ i .

n3/% V2w :WMD m! 4 4
This gives the average number of nodes at abscissa
?:iﬁ in a random binary tree having n nodes. -

Y. ([Anl/4]) 1 (=/2|A\)™ o (mA D AE + J -

Average vertical profile of binary trees of size 5, 10, 20 :
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+ Convergence in law (and as a process [mbm-Janson 05])



Why study the vertical profile?

2 2 o 2 1 1
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A binary tree of right width 3,
and vertical profile [2,2;4,2,1, 1].



Why study the vertical profile?

Because the vertical profile of (random) binary trees, seen as the histogram
of a (random) probability distribution, converges to the ISE.
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Did you say “ISE"?

The Integrated SuperBrownian Excursion!

The ISE is a (random) probability distribution that occurs (almost) every-
where. At least, as soon as a branching structure (tree) is combined with
an embedding of the nodes in the space (Z here). The ISE describes how
the space is occupied by the nodes [Aldous 93], [Marckert-Mokkadem 03].
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Convergence in law: A special case

Theorem [mbm 05| : The random variable

Y»(0)

which gives the (normalized) number of nodes at abscissa 0, converges in
law to a variable Y(0) such that

k
E(Y(0)F) = imv T(1 +3k/4)

3 r(1+k/2)
Hence

V2
3,/Tx/3

Y (0) =

where 15,3 follows a unilateral stable law of parameter 2/3.

mmmlnﬂmﬁv — mlnmxm pour a = 0.

Merci Alain Rouault !
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