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√
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∑
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A(t) =
1

(1 − µt)k

� �� � k ∈ � � � � µ ∈ � + �� ��
A(t) =

∑

n≥0

(n + k − 1

k − 1

)

µntn =
∑

n≥0

(n + 1)(n + 2) · · · (n + k − 1)

(k − 1)!
µntn

�� ��

a(n) =
nk−1

(k − 1)!
µn (1 + O(1/n)) .
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A(t) =
N(t)

D(t)

� �� � D(t) =
d
∏

i=1

(1 − µit)
ki

• 
 � �� � �%  � ��� � � � �� � � � � � � � �
A(t) = P (t) +

d
∑

i=1

ki
∑

k=1

ci,k

(1 − µit)k

• � µ = |µ1| = · · · = |µj| > |µj+1| ≥ · · · ≥ |µd| � � � e = max(k1, k2, · · · , kj),

a(n) = O(µnne−1)

� ( � � � � � � � e = k1 > k2 ≥ ... ≥ kj $

a(n) = c1,1
ne−1

(e − 1)!
µn
1 (1 + O(1/n)) .
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� µ = |µ1| = · · · = |µj| > |µj+1| ≥ · · · ≥ |µd| � � � e = max(k1, k2, · · · , kj),

a(n) = O(µnne−1)
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�� � � � �% � � � � � � � e �� � � � � � � � µi

� � $ 1 ≤ i ≤ j+

/ C � B .
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a(n)tn

�� � � � � � " � � � � � � � � * �� � � � A(z) � � sup{r > 0 :
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a(n)rn� � � � � � * �� }
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�� zc+ �� �� � � $ � � � � � � �� � ��� �
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• � � � � � � � �� � �� 
 � ' � � � � � � � � ) ( �� �� � � � �� � � � � " � � � � � � � � � � � �� � � � � � �� � � �

� � ( �% � � �% * �� � � � ��� % � * � ��� � ( � � 	  " � � � � � � � $� ) � � � �% % )

S(z) =
1

(1 − t)α

(

1

t
log

1

1 − t

)β

⇒ s(n) =
nα−1

Γ(α)
(logn)β (1 + O(1/ logn))

• � � � � �  � �� � � � � � ( �� � � � � � � � �� � � � � ) � �� � �� � � $ �  $ � � � � � � � � *� � � �� � � � � �� �

� � ( � � � � � � � � *" % � ��� ) zc �� " � � � � � �� � � � " � � !" � 	 $

A(z) = S(z) + O(R(z)) � � z → zc,

�� � � � R(z) � � � � ( �% � $� � � � ��� � ( �� � � � � � �� � � � �  � � � �� � � � � � � � �� � ��

a(n) = s(n) + O(r(n)) � � n → ∞.

• � � ( �% � � �� �� � ( �� � � �� � o(R(z)) � � � o(r(n)) � � �� � � � � O(R(z)) � � � O(r(n))+



� � 
 � �� �� � � 
 � 
 �� 
	 � 	 � � � � 
 / � � �� � � � � � � 
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A(z) =
1 − z −

√

(1 + z)(1 − 3z)

2z2
.

• 	 � ( � � � � � � � � *" % � ��� ) �� zc = 1/3+ � � z → zc $

A(z) = 3 − 33/2
√

1 − 3z + 15/2(1 − 3z) +O((1 − 3z)3/2)
= S(z) +O(R(z))

• �
� �� � �� $  � � n% � � * � $

a(n) = [zn]
(

−33/2
√

1 − 3z
)

+ O
(

[zn](1 − 3z)3/2
)

= − 33/2

Γ(−1/2)
3n n−3/2 + O(3nn−5/2)

�� � � � � � � �% � � � � � � � �  " % % ) � � � � � � � � � ) � � �% ) � � � *� � � � " (

a(n) =
∑

k

n!

k!(k + 1)!(n − 2k)!
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• 	 � ( � � � � � � � � *" % � ��� ) �� zc= 3 − 2
√

2+ � � z → zc $

A(z) = c0 + c1(1 − z/zc)
1/2 + o((1 − z/zc)

1/2)
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� �� � ��

an =
c1

Γ(−1/2)
(3 + 2

√
2)nn−3/2 + o(z−n

c n−3/2)
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Sk(z) =
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log
1

1 − z
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�� � � � � � � � ( �% � �% * �� � � � ��� % � * � ��� � ( � �  " � � � � � � �

sk(n)

n!
∼ 1

(k − 1)!
n−1 (logn)k−1

• 	 � � �� * � ( �� � ��

D(z) =
e−z

1 − z
∼ e−1

1 − z
⇒ d(n)

n!
∼ e−1
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S(z) =

1

(1 − t)α
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t
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1 − t

)β

=⇒ s(n) =
nα−1

Γ(α)
(logn)β (1 + O(1/ logn))
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• �  α = 0,−1,−2,−3, . . . $� � �� 1/Γ(α) = 0 �� �� � � � � � � " % � � � � � � �

s(n) = O
(

nα−1(logn)β−1
)

� �� " �% % )

[zn](1 − z)k
(

1

t
log

1

1 − t

)β
= (−1)kβk!n−k−1(logn)β−1 (1 + O(1/ logn))
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A(z) = O(R(z)) � � z → 1,
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a(n) = O(r(n)) � � n → ∞.
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� � � � � � *� � � �� � � � � � �� � � � ( � � �� � � � � *" % � ��� ) zi $

A(z) = Hi(z) + O((1 − z/zi)
α) � � z → zi,

�� � � � Hi � � � � �% )� � � � � � " � � zi $� � ��

a(n) = O(nα−1) � � n → ∞.
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ez

√

1 − z2

�� � � � � � �� � � � � ( � � �� � � � � *" % � ��� � �� $ ±1+

A(z) =
e

√

2(1 − z)
+ O(

√
1 − z) � � z → 1,

A(z) =
e−1

√

2(1 + z)
+ O(

√

1 + z) � � z → −1.

� �� � �

a(n) =
e√
2πn

+
(−1)ne−1
√

2πn
+ O(n−3/2).
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A(z) = z exp(A(z))

• �� � � � % ) � � ( � � � � � � � � *" % � ��� ) � � �� zc = 1/e $ �� � A(zc) = 1+

• A(z) � � �� �% )� � � �% % ) � �- � � � � � � ∆� � � ( � � �

• � � � *" % � � � �� � � � � " � � A(z)+
A(z) = 1 −

√
2
√

1 − ze + o(
√

1 − ze) � � z → 1/e

� �� � �

a(n)

n!
∼ −

√
2

Γ(−1/2)
enn−3/2 ∼ enn−3/2

√
2π
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• � �� A(z) =
∑

n a(n)zn� � � � � � � � � � �� �� � �� � � � � � � � * �� � � � � � �� � � �� � � �� �

� � � � " � � � � + ρ+ �� ��
a(n) ≤ A(x)

xn

 � � �% % 0 < x < ρ

• � �� r = x� � � � � � �� � � � � � � ( � � � ( � � � A(x)/xn�

rA′(r)
A(r)

= n �� � � �% �� � � � � � � !#" �� � � � 	

�� ��

a(n) ≤ A(r)

rn
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• � �� r = x� � � � � � �� � � � � � � ( � � � ( � � � A(x)/xn�

rA′(r)
A(r)

= n �� � � �% �� � � � � � � !#" �� � � � 	

�� ��

a(n) ≤ A(r)

rn
.

� � � ( �% �� � � � � � � � � �� � � �%

� �' � A(z) = ez =
∑

zn/n!+ �� �� A′(z) = ez = A(z) � � � r = n

1
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≤
(

e

n

)n

�  + �� � �% � � *� �  � �( " % �

1

n!
=

(

e

n

)n 1√
2πn

(1 + O(1/n))
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a(n) ≤ A(r)

rn

� �� � rA′(r)
A(r)

= n.

�� � � � � ( + � � � � � � " �� � � % � � � � � �� � � � � �+ + + 	

a(n) ∼ A(r)

rn
√

2r2πG′′(r)

� �� � G(z) = log A(z)
zn
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θn

a(n) =
1

2iπ

∫

C

A(z)

zn

dz

z

A(z)

zn
= exp (G(z))

=
1

2π

∫ π

−π

exp(G(reiθ))dθ
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• � � � z = rneiθ ��� � �� θ ∈ [−θn, θn] � �� � � � � � � �� �
 � � ��� �� �� �� � � � � �	 �� �

G(z) = G(rn) −
1

2
r2n θ2 G′′(rn) + o(1)

• θ�� 	 �� � � �� � � �� � � 
 �� �	 �� � �� � � � � � � � �	 � � � � � �� � � � � � � � � � � �	

r2n θ2
n G′′(rn) → ∞
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• �� � �% " � � � � �
A(z) = exp(z + z2/2)

• � �% % � " ( � � �� �� �� � � �� �� � � � � 	

A(z) = exp(ez − 1)

• �  � �� * � � � � � * � � � *" % � �  " � �� � � �
A(z) = exp

(

z

1 − z

)

• �� � � * � � � � �� �� � � � �

A(z) =
1

(1 − z)(1 − z2)(1 − z3) · · ·

� � �% � � � � � � � � �  � � ) � " + + + � � % * �% � � �
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 � � � � � � �

	 � + �� � � � �� �� A(t) � � �% * �� � � � � �  � � � � � � � � �� � � � � � � � �� � � �% � �% )� � ( � �% P (·, ·)

� " � � � � �� P (t, A(t)) = 0

� � � ( �% �� 	 )� ' � �� � �� A(t) = 1 + t2A(t)2

/ C � B .

• 
� + �% � � �% �� � � � � + � � � * � � � � ' $ � � �% )� � � � � ( � � � �� � �� � � $ �� � �� � � 
 � �

� � � �� � � �% * � + � � �� �+  � ��� � � �% �� � 
 " � % � � �� � � � � � � � �' � +� � ( %



� � � �� � � � � 	 �� � �	 � � � 	 � 
 � �� �� � � 
 � 
 �� 
	 � 	

� �� A(t)� � � � �% " � � � � � P (A(t)) = 0+

• �� � � � � *" % � ��� � �� � A(t) � � �  � " � � � ( � � *�

�� � � � � �� � � � � � � � ( � � �� � � � �� � � �� � � P

�� � � � � �� � � � � � � � � � �� ( � � �� � � P

• �� � � � � � � *� � � �� � � � � � � � � *" % � ��� ) zc $ A(z) � � ( �� � � % � � �% � � � �� � � � � � � � �

 � �(

A(z) =
∑

k≥k0

bk(1 − z/zc)
k/d

� �� � k0 ∈ � �� � d ∈ {1,2, . . .}

• �� � ��� � �	 � 
 � �� � � �
� � � �

a(n) ∼ bk0
z−n
c

nk0/d−1

Γ(k0/nd)
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� ��� �� � � � 	 � �� A(t)� � ��� � � � 
 � � � � 
� � � 
� � � �� � �� � � �	 ��� � 	 �� 
� � � � � � � 
� � � � � 
�

 � � ��� �! � � � " � �# "� �� 
� �
Pe(t)A

(e)(t) + · · · + P1(t)A
′(t) + P0(t)A(t) = 0

$ � � � % � � �� 
 � �& 
� � � � �� �� " � a(n)� � 
� � � �� � �� � � �	 	 � "� 	 	 �� " � 	 � � � 
� � � � � 
�  � � ��

� �! � � � " � �# "� �� 
�

Q0(n)a(n) + Q1(n)a(n − 1) + · · · + Qd(n)a(n − d) = 0

/ C � B .

•' � " � & $� (� ) 	 �� � �	 � � �� � 	 �� 
� � � $ � � � 
� � � � � � � % � 	 * � + �� " � 
� � � � & , � � - � 	. &

/ 01 1 �

• 2 � !  &43 � 576 �� � + � 	 � � 	 & �� 8 �� � 	 	 � " 
� � � 
� � �� �!  
 � 
� "� � � �� � � �	 	 � "� 	 	 �� " �� �
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 � � 
� ��� � �� �
 �
 � � 
 �

( �� A(t) + � ��� �< �� ��

Pe(t)A
(e)(t) + · · · + P1(t)A

′(t) + P0(t)A(t) = 0

• � � �� �< ��� = :� �� � �� � � A :� � � � � < � :! �< � � � � � � � � � � � Pe(t)

•' < � � � < � � �� + � � � � � � � � : � � ��� = :� � � � � zc � � Pe& � � �� � = � � � �< � � � � � � ) � $ � : % �

: � � ��� = :� = � " : = ��  :< � � �< � � � ! � � � � � � � ! �

(1 − z/zc)
σ log

(

1

1 − z/zc

)i

•' < � � � < � � �� + � � � � � � � � : �� � � �� = :� � � � � zc � � Pe& � � � ��  :< � � �< � ! : � �< % � = % �

� � � ! � � � � � � � � � !

exp(P (1/w))R(w)

�� � � � R �� � � ��� = :� & P �� :  � = �< �! � : = :< � w = (1 − z/zc)1/d


