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Philippe's favourite topi
: dis
rete random obje
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The ALEA and AofA 
ommunities

Combinatori
s, probability theory, theoreti
al 
omputer s
ien
e, statisti
al physi
s

⋆ ALEA: randomness (in Fren
h); di
e (in Latin)
⋆ AofA: Analysis of Algorithms
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Analysis of Algorithms and Analyti
 Combinatori
s[Ph. Flajolet, R. Sedgewi
k℄



Analyti
 Combinatori
s: ContentsPart A. Symboli
 methods

• Combinatorial stru
tures and ordinary generating fun
tions

• Labelled stru
tures and exponential generating fun
tions

• Combinatorial parameters and multivariate generating fun
tions

Part B. Complex asymptoti
s
• Complex analysis, rational and meromorphi
 asymptoti
s

• Appli
ations of rational and meromorphi
 asymptoti
s

• Singularity analysis of generating fun
tions
• Appli
ations of singularity analysis
• Saddle-point asymptoti
s

Part C. Random stru
tures

• Multivariate asymptoti
s and limit laws



An example: Enumeration of {0,±1}-ex
ursions in the 1970s

A re
urren
e relation. Let a(n) be the number of ex
ursions of length n. Then:

a(n) = a(n− 1) +
n−2
∑

k=0

a(k)a(n − k − 2)with a(0) = 1.

n− 1 k n− k − 2



An example: Enumeration of {0,±1}-ex
ursions in the 1970s

Re
urren
e relation 













a(n) = a(n− 1) +
n−2
∑

k=0

a(k)a(n − k − 2)

a(0) = 1Generating fun
tion A(z) =
∑

n≥0

a(n)zn

Fun
tional equation A(z) = 1+ zA(z) + z2A(z)2

Expression of the GF A(z) =
1− z −

√

(1 + z)(1− 3z)

2z2

Expression of the numbers a(n) =

n/2
∑

k=0

n!

k!(k +1)!(n− 2k)!Asymptoti
 study of the sum a(n) ∼ 3
√
3

2
√
π

3nn−3/2



An example: Enumeration of {0,±1}-ex
ursions nowadays

Generating fun
tion A(z) =
∑

n≥0

a(n)zn

Fun
tional equation A(z) = 1+ zA(z) + z2A(z)2

Expression of the GF A(z) =
1− z −

√

(1 + z)(1− 3z)

2z2Singularity analysis a(n) ∼ 3
√
3

2
√
π

3nn−3/2
(

1− 39

16n
+

2665

512n2
+O(1/n3)

)



Let a 
omputer do the job!

• The Algolib library [Maple℄
◦ The pa
kage 
ombstru
t: enumeration and random generation of 
om-binatorial stru
tures
◦ The equivalent fun
tion: asymptoti
s of the 
oe�
ients from the gener-ating fun
tionhttp://algo.inria.fr/libraries/



Part A. Symboli
 methods



Write dire
tly equations from the re
ursive des
ription of the obje
tsConstru
tion Generating fun
tionUnion A = B ⊔ C A(t) = B(t) + C(t)

Produ
t A = B × C A(t) = B(t) · C(t)

|(β, γ)| = |β|+ |γ|Sequen
e A = Seq(B) A(t) = 1
1−B(t)Set A = Set(B) A(t) = exp

(

B(z)−B(z2)/2 +B(z3)/3− · · ·
)

Multiset A = MSet(B) A(t) = exp
(

B(z) +B(z2)/2+B(z3)/3+ · · ·
)

Cy
le A = Cyc(B) A(t) = log 1
1−B(z)

+ 1
2 log 1

1−B(z2)
+ · · ·Constru
tible obje
ts



An example: rooted trees

Ordered (plane) Non-ordered

T(z) = z + T(z)2 T(z) = z exp
(

T(z) + T(z2)/2+ T(z3)/3+ · · ·
)

+= =



An idea in the spirit of times

Flajolet: symboli
 
ombinatori
sBender-Goldman: prefabs (1971)Foata: 
omposé partitionnel (1978)Formal languages in theoreti
al 
omputer s
ien
eJoyal: theory of spe
ies (1980)



Part B. Analyti
 methods



Singularity analysis of generating fun
tions[Flajolet, Odlyzko 90℄

A general 
orresponden
e betweenthe singular expansion of a series A(z) near its dominant singularitiesandthe asymptoti
 expansion of the nth 
oe�
ient a(n) of this series

Example: If the dominant singularity has modulus ρ, then the 
oe�
ients satisfy

lim sup a(n)1/n = 1/ρ.



Singularity analysis of generating fun
tions

• Asymptoti
 expansions for the 
oe�
ients of some �simple� series of a stan-dard s
ale, for instan
e
(1− z)−α

(

1

z
log

1

1− z

)β

(Example: nα−1/Γ(α) when β = 0)
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• Transfer theorem: under 
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.),
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hy's formula and Hankel 
ontours



Singularity analysis of generating fun
tions

• Asymptoti
 expansions for the 
oe�
ients of some �simple� series of a stan-dard s
ale, for instan
e
(1− z)−α

(

1

z
log

1

1− z

)β

(Example: nα−1/Γ(α) when β = 0)
• Transfer theorem: under 
ertain hypotheses, if A(z) has a unique dominantsingularity at 1, and, as z → 1,

A(z) = S(z) +O(R(z)),then, with obvious notation (a(n) = [zn]A(z), et
.),
a(n) = s(n) +O(r(n)).Proof: Cau
hy's formula and Hankel 
ontours

• Several singularities: add up the 
ontributions



Example: walks on the slit plane
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√
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√
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2(1− 4z)3/4



Example: walks on the slit plane

$j$
$i$

A(z) =
(1 +

√
1+ 4z)1/2(1 +

√
1− 4z)1/2

2(1− 4z)3/4

• As z → ±1/4,
A(z) = A±(z) +O

(

(1± 4 z)3/4
)where

A+(z) :=

√

1+
√
2

2 (1− 4 z)3/4
+

√

1+
√
2

4(1− 4 z)1/4
−

(

2
√
2+ 1

)

(1− 4 z)1/4

16
√

1+
√
2and

A−(z) :=

√

1+
√
2

27/4
+

√

1+
√
2 (1+ 4 z)1/2

211/4
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• Consequently,

[zn]A(z) = [zn]A1(z) + [zn]A2(z) +O(4nn−7/4)

=

√

1+
√
2

2Γ (3/4)

4n

n1/4

(

1+

√
2Γ (3/4)2

4π
√
n

−
√
2

32n
− Γ(3/4) (−1)n

211/4
√
πn5/4

+O

(

4n

n7/4

))



Bumps in the road

• When there is a fun
tional equation for A(z), but noexpli
it expression (impli
it fun
tions)

• Che
king the assumptions may be tri
ky
• When the fun
tion is entire (→ saddle-point methods)

• When there is no singular behaviour of the form
A(z) = S(z) +O(R(z)),with S and R �simple�.An example: 3-sided prudent self-avoiding polygons[Beaton, Flajolet, Guttmann 11℄



Self-avoiding polygons



Self-avoiding polygons

• Awfully hard to 
ount

• Conje
tured asymptoti
s: for polygons of area n,
pn ∼ κµnn0,where the exponent depends only on the dimension



An easier family: 3-sided prudent polygons

Prudent walks: a step never points towards a vertex it has already visited

Prudent polygon Three-sided prudent polygon[Turban-Debierre 86℄, [Préa 97℄, [Santra-Seitz-Klein 01℄, [Du
hi 05℄, [De-thridge, Guttmann, Jensen 07℄, [mbm 08℄, [Be�ara, Friedli, Velenik 10℄, [S
hw-erdtfeger 08℄, [Beaton, Flajolet, Guttmann 11℄...



An easier family: 3-sided prudent polygonsThree-sided prudent polygons de
ompose into bars, bargraphs, and separating
ells [...℄ and their area generating fun
tion is

P(z) =
2z(3− 10z +9z2 − z3)

(1− 2z)2(1− z)
+

2z3(1− z)2

(1− 2z)2

∑

m≥1

(−1)m+1z2m

(1− 2z)m(1− z − zm+1)

m−1
∏

k=1

1− z − zk + zk+1 − zk+2

1− z − zk+1



Asymptoti
s

• The series:
P(z) =

2z(3− 10z +9z2 − z3)

(1− 2z)2(1− z)
+

2z3(1− z)2

(1− 2z)2

∑

m≥1

(−1)m+1z2m

(1− 2z)m(1− z − zm+1)

m−1
∏

k=1

1− z − zk + zk+1 − zk+2

1− z − zk+1

• A beautiful singularity analysis yields a very unusual asymptoti
 behaviour inthe study of latti
e models:
Pn = κ(logn) 2nnγ +O(logn2nnγ−1)where the exponent γ is irrational

γ = log2 3and κ(x) is a periodi
 fun
tion of x.[Beaton, Flajolet, Guttmann 11℄



Part C. Random stru
tures and limit laws



The study of additional statisti
s

size : A → N s : A → Z

a 7→ |a| a 7→ s(a)

When obje
ts of size n are taken uniformly at random, the statisti
 s be
omesa random variable Sn:
P(Sn = k) =

a(n, k)

a(n)where a(n, k) is the number of obje
ts of size n for whi
h the additional statisti


s equals k.Examples: the number of 
onta
ts in an ex
ursion, or the area under it



Bivariate generating fun
tions

• Let a(n, k) be the number of obje
ts of size n for whi
h the statisti
 s is k,and let
A(z, u) =

∑

n,k

a(n, k)znuk.



Bivariate generating fun
tions

• Let a(n, k) be the number of obje
ts of size n for whi
h the statisti
 s is k,and let
A(z, u) =

∑

n,k

a(n, k)znuk.

• The jth moment of Sn is
E(Sn

j) =

[zn]
(

u ∂
∂u

)j
A(z, u)

∣

∣

∣

∣

u=1

[zn]A(z,1)

Idea: Study [zn]
(

u ∂
∂u

)j
A(z, u)

∣

∣

∣

∣

u=1

for a generi
 j using the analyti
 te
hniquesof Part B. Combine the results with a theorem on the 
onvergen
e of momentsto obtain a limit law for Sn.



Bivariate generating fun
tions

• Let a(n, k) be the number of obje
ts of size n for whi
h the statisti
 s is k,and let
A(z, u) =

∑

n,k

a(n, k)znuk.

• The probability generating fun
tion of the random variable Sn is

pn(u) :=
[zn]A(z, u)

[zn]A(z,1)

Idea: Study [zn]A(z, u) with u as a real parameter using the analyti
 te
h-niques of Part B. Combine the results with 
ontinuity theorems on probabilitygenerating fun
tions to obtain a limit law for Sn.



Example: 
onta
ts in a {0,±1}-ex
ursion

• GF of ex
ursions by length (z) and 
onta
ts (u):

A(z, u) =
1

1+ z(1− 2u) +
√

(1 + z)(1− 3z)

• Singularity analysis: For u ∈ (0,2),
[zn]A(z, u) ∼ 33/2

2
√
π(2− u)2

3nn−3/2so that

pn(u) :=
[zn]A(z, u)

[zn]A(z,1)
→ 1

(2− u)2
=

∑

k≥0

k +1

2k+2
uk.

⇒ Convergen
e to a dis
rete limit law (negative binomial)



Example: area under a {0,±1}-ex
ursion

• GF of ex
ursions by length (z) and area (u):

A(z, u) = 1+ zA(z, u) + z2uA(z, u)A(zu, u)

• Repeated di�erentiations of the equation

⇒ ∂jA
∂uj

(z,1) is always quadrati
 and
(

u
∂

∂u

)j

A(z, u)

∣

∣

∣

∣

∣

u=1

=
∑

n
zna(n) E(Sn

j) ∼ cj

(1− 3z)(3j−1)/2with

c0 = −3
√
3, cj =

j(3j − 4)

4
√
3

cj−1 +
1

6
√
3

j−1
∑

i=1

(j

i

)

cicj−i

• Singularity analysis

E





(

Sn

n3/2

)j


 ∼ cj

c0

Γ(−1/2)

Γ((3j − 1)/2)Moments of the Airy distribution ⇒ Convergen
e in law
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The quasi-power theorem [Hwang 98℄

• Assume that, uniformly in a neighborhood of u = 1,

pn(u) :=
[zn]A(z, u)

[zn]A(z,1)
= A(u)B(u)βn (1 +O(1/κn))where A(u) and B(u) are analyti
 at u = 1, A(1) = B(1) = 1 and βn, κn → ∞.Assume moreover

vB := B′′(1) +B′(1)−B′(1)2 6= 0.

• Then

E(Sn) = βnmB + mA +O(1/κn), V(Sn) = βnvB + vA +O(1/κn),where mA = A′(1), and the normalized random variable

Sn − E(Sn)
√

V(Sn)
onverges to a standard normal distribution.



One of Philippe's tables

A(z, u) for u ∼ 1 type of law methods and s
hemassing. & exp. �xed dis
rete sub
riti
al 
ompositionsub
riti
al sequen
e, set...sing. moved, exp. �xed Gaussian (n, n) super
riti
al 
ompositionmeromorphi
 perturbation(rational fun
tions)sing. analysis perturbation(algebrai
, impli
it fun
tions)sing. �xed, exp. moves Gaussian (logn, logn) (exp-log stru
tures)(di�. equations)sing. & exp. move Gaussian [Gao-Ri
hmond℄essential singularity often Gaussian saddle-point perturbationdis
ontinuous type non-Gaussian various 
asesstable 
riti
al 
ompositionFig. IX.4. A rough typology of bivariate generating fun
tions A(z, u) andlimit laws studied in this 
hapter, based on the way singularities and exponentsevolve for u ∼ 1.
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The 
ore of a random planar map

[Banderier, Flajolet, S
hae�er, Soria 01℄



The 
ore of a random planar map



The 
ore of a random planar map

• Generating fun
tions: Let M(z) be the generating fun
tion of planar maps:

M(z) =
(1− 12z)3/2 − 1+ 18 z

54z2
.De�ne C(z) by

M(z,1) = C(zM(z,1)2)Then the generating fun
tion of planar maps 
ounted by edges (z) and the sizeof the 
ore (u) is

M(z, u) = C(zuM(z,1)2).

• Criti
al 
omposition ⇒ non-gaussian, bimodal limit law



Bimodal limit law

• Left region, k �xed: dis
rete limit law (total probability 1/3):

P(Sn = k) → p(k) as n → ∞

• Central region, k = 2n/3+xn2/3: 
ontinuous limit law (total probability 2/3;lo
al version)
P(Sn = k) ∼ κn−2/3A(3x/2)where A is expli
it, related to the Airy fun
tion.



Part D. Uniform random generation



Re
ursive approa
hes for 
onstru
tible obje
ts

• Exa
t size: an ex
ursion of size 1000 in 7 se
onds[Flajolet, Zimmermann, Van Cutsem, 94℄



Re
ursive approa
hes for 
onstru
tible obje
ts

• Exa
t size: an ex
ursion of size 1000 in 7 se
onds[Flajolet, Zimmermann, Van Cutsem, 94℄

• Approximate size (�Boltzmann generation�): an ex
ursion of size > 10000 in3 se
onds[Du
hon, Flajolet, Lou
hard, S
hae�er 04℄
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Appli
ations of Boltzmann sampling

• Uniform random sampling of planar graphs in linear time (approximate size)[Fusy 09℄ (100,000 verti
es in a few se
onds)

• Plane partitions in time O(n logn3) (approximate size) and O(n4/3) (exa
tsize) [Bodini, Fusy, Pivoteau 10℄ (10,000 
ubes in a few se
onds)

0

0.05

0.1

0.15
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0.25

proportion

2 4 6 8 10 12 14

degreeVertex degrees in random planar graphs Plane partition of size ∼ 15,000



Part E. Software



Let a 
omputer do the job!

• The Algolib library [Maple℄
◦ The equivalent fun
tion: asymptoti
s of the 
oe�
ients from the gener-ating fun
tion [Salvy℄
◦ The pa
kage 
ombstru
t: enumeration and random generation of 
om-binatorial stru
tures
◦ gfun: guess and handle holonomi
 generating fun
tions [Salvy, Zimmer-mann, Murray℄http://algo.inria.fr/libraries/



Please ask questions...but read the book!


