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Let S be a finite subset of Z9 (set of steps) and pg € Z9 (starting point).

Example. S = {10,10, 11,11}, po = (0,0)
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Let S be a finite subset of Z9 (set of steps) and pg € Z9 (starting point).

A path (walk) of length n starting at py is a sequence (po, p1,- - -, Pn)
such that pjy1 — p;i € S for all /.

Example. S = {10,10, 11,11}, po = (0,0)



Let S be a finite subset of Z9 (set of steps) and pg € Z9 (starting point).

A path (walk) of length n starting at py is a sequence (po, p1,- - -, Pn)
such that pjy1 — p;i € S for all /.

Let C be a cone of RY.

Example. § = {10,10,11,11}, po = (0,0) and C = R3.



What is the number a(n) of n-step walks starting at py and
contained in C?

For i = (i1,...,ig) € C, what is the number a(i; n) of such walks
that end at i?

Example. S = {10,10,11,11}, po = (0,0) and C = R3.




Take S = {10,10,11,11}, pp = (0,0) and C =R%
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Take S = {10,10,11,11}, pp = (0,0) and C =R%

A?

If n=2m+ 4, with § € {0,1},

!

nl'(n+1)!

) = o m T Dl (m + ) (m + 6+ DI

Moreover, if n =2m + i,

(i 4+ 1)+ 1) +j+2)(i + 2j + 3)nl(n + 2)!
(m—=)(m+D(m+i+2){(m+i+j+3)

a(i,j; n) =







@ Many discrete objects can be encoded in that way:
» in combinatorics, statistical physics...
» in (discrete) probability theory: random walks, queuing theory...



Why count walks in cones?

@ Many discrete objects can be encoded in that way:
» in combinatorics, statistical physics...
» in (discrete) probability theory: random walks, queuing theory...

3
2 1 ~
4
7N
= 7N\
3\ /4

+ Young tableaux of height 4 [Gouyou-Beauchamps 89]



Why count walks in cones?

@ Many discrete objects can be encoded in that way:
» in combinatorics, statistical physics...
» in (discrete) probability theory: random walks, queuing theory...

@ To reach a better understanding of functional equations with divided
differences

_ O (x Qlx,y) = Q(0,y) . Q(x,y)— Q(x,0)
Q(x,y) =1+ txyQ(x,y) + t . +t ;
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SpecK¥f question

) — Systematic approach
Adrhoc 3qlution



e Our original question: exact enumeration

a(n)=7 a(i;n)=7



e Our original question: exact enumeration
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e Weaker question: asymptotic enumeration

a(n) ~ 7 a(i;n)~7?



e Our original question: exact enumeration
a(n)=7 a(i;n)=7
e Weaker question: asymptotic enumeration
a(n) ~ 7 a(i;n)~7?
e Generating functions:
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n>0 i,n

= Y it

w walk



A too ambitious question?

e Our original question: exact enumeration
a(n)=7 a(i;n)=7
e Weaker question: asymptotic enumeration
a(n) ~7? a(i;n)~7?
e Generating functions:

Aty =) a(mt",  Alxa,...,xait) = a(i;n)x't"

n>0 i,n

= Y it

Remarks w walk

o A(L,...,1;t) = A(t)
o if C C RY, then A(0,...,0;t) counts walks ending at (0,...,0)
e A(0,x2,...,Xq; t) counts walks ending on the hyperplane i =0



A too ambitious question?

e Our original question: exact enumeration
a(n)=7 a(i;n)=7
e Weaker question: asymptotic enumeration
a(n) ~7? a(i;n)~7?
e Generating functions:

Aty =) a(mt",  Alxa,...,xait) = a(i;n)x't"

n>0 i,n

= Z Xi(W)t‘WI

Remarks w walk

o A(L,...,1;t) = A(t)
o if C C RY, then A(0,...,0;t) counts walks ending at (0,...,0)
e A(0,x2,...,Xq; t) counts walks ending on the hyperplane i =0

Can one express these series? What is their nature?



A hierarchy of formal power series

e Rational series

e Algebraic series
P(t,A(t)) =0

o Differentially finite series (D-finite)

d
> Pi()AD(t) =0

i=0

e D-algebraic series
P(t, A(t), A'(t),..., A9 (t)) =0




A hierarchy of formal power series

e Rational series

e Algebraic series
P(t,A(t)) =0

o Differentially finite series (D-finite)

d
> Pi()AD(t) =0

i=0

e D-algebraic series
P(t, A(t), A'(t),..., A9 (t)) =0

Multi-variate series: one DE per variable




If S C Z9 is finite and C = RY, then A(x; t) is rational:

1
C1-|S|t

a(n) = S|

More generally:




Caveat: rational cones only!

The bounding hyperplanes are given by linear equations with
integer/rational coefficients.

Example: the generating function of walks with N and E steps under a
line of irrational slope is not known.

S
==




If S  Z9 is finite and C is a rational half-space, then A(x; t) is algebraic,
given by an explicit system of polynomial equations.

[Gessel 80]; [mbm-Petkovsek 00], [Duchon 00], [Banderier & Flajolet 02]...




By projection: Equivalent to walks in 1D confined to a half-line

——— - -

projection




The “next” case: two bounding hyperplanes

e Convex cone: walks in a quadrant




Walks in a cone
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Let S be a finite subset of Z? (set of steps) and py € Z¢ (starting point).

What is the number g(n) of n-step walks starting at py and
contained in the quadrant N2?

For (i,j) € N?, what is the number q(i, j; n) of such walks that end
at (i,j)?

The associated generating function:

Qlxyit)= Y qlijinx'yt" =7

ij,n>0



1. Excursions (prescribed endpoint (7, j))

2. All quadrant walks

Expected:

q(ij ) ~ R

q(n) ~ rpgn™

possibly with periodicity conditions on n.




e The brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B; € K) ~ kt3/2 "



The 1D case: excursions on a half-line

e The brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B, € K) ~ st /2
—a

o Lattice walks: let S be a (finite) step set, and let S(x) = > s x°. For
walks on the non-negative half-line ending at position /,

h(i;n) ~ kpu"n=>/?

where S iﬁ
i st | :

=S(x) with S'(x)=0 W




The 1D case: excursions on a half-line

e The brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B, € K) ~ st /2
_a‘

o Lattice walks: let S be a (finite) step set, and let S(x) = > s x°. For
walks on the non-negative half-line ending at position /,

h(i;n) ~ kpu"n=>/?

p=min 5(x) | i
=5S(x) with S'(x)=0 | ZZZZZ;/
s

Remark: p < S(1), with equality iff S'(1) =>"_.ss=0 < NO DRIFT




e The (2D) brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B; € K) ~ kit 3




e The (2D) brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B; € K) ~ kit 3

o Lattice walks:

HIN| K

q(0,0;n) ~ K403




e The (2D) brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B; € K) ~ kit 3

o Lattice walks:

HIN| K

q(0,0;n) ~ K4"n=3 | k30"




e The (2D) brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B; € K) ~ kit 3

o Lattice walks:

HIN| K

q(0,0;n) ~ K4"n3 | K34 | K3"n5/2

What's happening?



The 2D case: excursions in a quadrant

e The (2D) brownian exponent: as t — oo,

P(Bs > —afor s € [0,t] and B; € K) ~ kit 3

o Lattice walks:

HIN| K

q(0,0;n) ~ K4"n3 | K34 | K3"n0/?

What's happening?

The x- and y-moves are correlated.



Take a uniform random walk with steps (0,1),(—1,0), (1, —1). We have
E(X)=E(Y)=0, E(X?)=E(Y?)=2/3 and E(XY)=—-1/3.




Excursions in a quadrant: an example -

Take a uniform random walk with steps (0,1),(—1,0), (1, —1). We have
E(X)=E(Y)=0, E(X?)=E(Y?)=2/3 and E(XY)=—-1/3.




Excursions in a quadrant: an example -

Take a uniform random walk with steps (0,1),(—1,0), (1, —1). We have
E(X)=E(Y)=0, E(X?)=E(Y?)=2/3 and E(XY)=—-1/3.

Define
_ 1

Y/
V3

(X +2Y),

so that
E(X)=E(Y')=0, E(X?)=E(Y?)=2/3 and E(XY')=0.

But the confining quadrant has become a wedge of 7/3 !

3

X .S




e Brownian exponents: as t — oo,

P(Bs € Wy for s € [0,t] and B; € K) ~ kit 17/0

o Lattice walks:

HIN| K

0 /2 /3 27/3

q(0,0;n) ~ K4"n3 | K304 | K3"n /2




The 2D case: excursions in a wedge

e Brownian exponents: as t — 0o,

P(Bs € Wj for s € [0,t] and B; € K) ~ kit 170

e Lattice walks: let S C Z? be a (finite) step set, and let
S(x,¥) = Xkpes xky*. For walks in the quadrant N2 ending at (i, ),

q(i,j; n) ~ kp"n~ /0
where
= i S
p=_min (x,¥)
= S(XC)yC) with S{(Xa)/c) = Sé(Xc’}/c) =0
and

SV (x.. [Denisov &
0 = arccos | — 1aolxe,Ye) Wachtel 15]

\/sgl(xc, ye) S4a(xc, ve)
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Walks in a cone

T

1D 2D 3D, and more

half-line «—« half-plane

N7

algebraic
[Gessel 80]

three quadrants  orthant N¢

[mbm 16] \

[Raschel-Trotignon 18] [Du-Hou-Wang 16]
[Budd 18] [Bacher-Kauers-Yatchak 16]
[Bostan-mbm-Kauers-Melczer 16]

small steps

K

arbitrary steps
[Bostan-mbm-Melczer 18]
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The 79 interesting distinct quadrant models with small steps

Non-singular

o

2 PR

Singular



The numbers q(i,j; n) satisfy

0 if i<Oorj<0orn<0,
a(injin) = { Lo fn=0,
Z q(i —i',j—j';n—1) otherwise.
(i/j')es

= an equation for

Qlxyit)= > qijinx'y/t"

i.j,n>0



Example: S = {01,10,11}, with X :=1/x and y := 1/y

Q(x,y;it) = Q(x,y) = 1+t(y + X + x7)Q(x,y) —txQ(0, y) — txy Q(x, 0)

QUyit)= Y qli.j;n)x'y/t"

ij,n>0



Example: S = {01,10,11}, with X :=1/x and y := 1/y
Qlx,yit) = Qx,y) = 1+t(y + X + xy) Q(x, y) —txQ(0, y) — txy Q(x, 0)

(1 B t(Y+)_<+X}7))Q(X7y) =1- t)_(Q(Oa}/) - tX}_/Q(X7O)7



. and the corresponding functional equation -

Example: S = {01,10,11}, with X :=1/x and y := 1/y
Qlx,yit) = Qx,y) = 1+t(y + X + x7)Q(x, y) = txQ(0, y) — txy Q(x, 0)

(1—tly + X +x7)) Qx,y) = 1 = txQ(0, y) — txyQ(x,0),

or

(1—t(y + % +x7))xyQ(x,y) = xy — tyQ(0,y) — tx*Q(x,0)

e The polynomial 1 — t(y + X + x¥) is the kernel of this equation

e The equation is linear, with two catalytic variables x and y (tautological
at x=0o0ry=0)



@ expressions for q(n), for q(i,j; n)

@ expressions for the generating functions

Q(t) := Z q(n)t” and Qx,y;t) == inyjt"q(i,j; n)

n ij,n

@ nature of these generating functions



A hierarchy of formal power series

o Rational series

_ P
A(t) = 0]
e Algebraic series
P(t,A(t)) =0

o Differentially finite series (D-finite)
d
> Pi(t)A(r) =0
i=0

e D-algebraic series

P(t, A(t), A(t),..., Al () =0




e Square lattice walks

q(0,0;2n) = C,Cpry1 with G, = b (2n> ﬁ

n+1\n

e Kreweras' walks [Kreweras 65]

4(0,0:3n) = — 4+ (3") nd

(n+D@2n+1)\n

e Gessel's walks [Kauers-Zeilberger 09]

2n)— 167 (5/O(1/n 5
9(0,0:2n) = 16" =7y .
I(a+n)

where (a), = a(a+1)---(a+n—1)= r"(a) is the ascending factorial.




@ As positive parts of rational series in t (with x :=1/x, y :=1/y):
_)—<2y+)—(3 _)—(2)72 _|_}—/3 —X}_/2
1—t(y +x+xy)

Qx,yit) = [x2%>9) .

K [mbm-Mishna 09]




@ As positive parts of rational series in t (with x :=1/x, y :=1/y):
1- %2y 4+ %3 — %272 + 7% — xp?
1-— t(y + X+ X)_/)

Qx,yit) =[x~

K [mbm-Mishna 09]

@ As explicit integrals involving hypergeometric series

35 (v+1)v3
Q(OO t) t2// mQ 1< 264m)dde

7% [Bostan-Chyzak-van Hoeij-Kauers-Pech 17]




2. Expressions for series (cont'd)

@ In terms of Weierstrass' function and elliptic integrals

. 1 1'(0) I'(0)
QOO+ =90y i) i) - i0) "
with
I(y) = I(y; t) = p (R(y; t),wi(t), ws(t))
where

» o is Weierstrass' elliptic function
» its periods w; and w3 are explicit elliptic integrals
» its argument R is also an explicit elliptic integral

[Bernardi-mbm-Raschel 17(a)]



2. Expressions for series (cont'd)

o Climax: an integral expression involving the same ingredients

K(0,y: £)Q(0,y: t) — K(0,0; £)Q(0,0; t) = yXo(y: t)+

1 ya(t) Oul(u; t) Oul(u; t) du

21 Sy PO =X o 00 Tw o) - 1070

where K(x,y;t) = xy(1 — tS(x,y)), Xo, X1, y1 and ys are explicit
algebraic series and /(y; t) is as given on the previous slide.

Valid for all (non-singular) small step models
[Raschel 12]



{ Algebraic [Kreweras 65, Gessel 86|

(1= t(x+y +x7))xyQ(x,y) = xy — tyQ(0,y) — txQ(x, 0)

K D-finite, but transcendental [Gessel 90]

(1= t(y + %+ x7))xvQ(x,y) = xy — tyQ(0,y) — tx*Q(x,0)

Ji Not D-finite, but D-algebraic [Bernardi, mbm & Raschel 17]

(1—t(x+ X +y+x7))xvQ(x,y) = xy — tyQ(0, y) — tx*Q(x, 0)

ﬁ Not D-algebraic (in y) [Dreyfus, Hardouin, Roques & Singer 17]

(L —tlxy +x+7 +y))xyQ(x,y) = xy — tyQ(0,y) — tx(1 + x)Q(x, 0)
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Example. Take S = {10,01, 11}, with step polynomial

1
5(x,y)=;+y+;(—/:>'<+y+xy



Example. Take S = {10,01, 11}, with step polynomial
1 X _
Sy)=—+y+-=X+y+xy
X y
Observation: S(x, y) is left unchanged by the rational transformations

O (x,y) = (Xy,y) and WV :(x,y)— (x,xy).



The group of the model -
Example. Take S = {10, 01,11}, with step polynomial
1 X _ _
S(y)=—+y+t-=Xx+y+xy
X y
Observation: S(x, y) is left unchanged by the rational transformations

o (x,y) = (Xy,y) and WV :(x,y)— (x,xy).

They are involutions, and generate a finite dihedral group G:

v
Gy (Ry. %) —@
(x,¥) (¥, %)
vy —— () Ty



The group of the model -
Example. Take S = {10, 01,11}, with step polynomial
1 X _ _
S(y)=—+y+t-=Xx+y+xy
X y
Observation: S(x, y) is left unchanged by the rational transformations

o (x,y)— (Xy,y) and W :(x,y)+— (x,xy).

They are involutions, and generate a finite dihedral group G:

\
‘D/ (Xy,y) (xy,%)  —&
(x,¥) (¥, %)
v (o) - Ty

Remark. G can be defined for any quadrant model with small steps



o If S ={01,11,10,11}, then S(x,y) = X(1 + ¥) + y + xy and
& (xy) o (RFL+7)y) and W (x,y) = (o 7(1+ X))

generate an infinite group:

¢/()—<}7(1+}7),y) v

(x,¥)

o (x,xy(1+ % el
v (6xy(l+X)) ° v Py




e The equation reads (with K(x,y) =1—t(y + X+ x¥)):
K(x, y)Q(x,y) = xy — 6 Q(x,0) — tyQ(0, y)
e The orbit of (x,y) under G is

(%, 1) €2 Ry, y )2 (Ry, R) 2 (7, K)o (7, x7) 428 (3, XF) i (x, ).



The algebraic kernel method ~\
o The equation reads (with K(x,y) =1 — t(y + X + x7)):
K(x, y)xvQ(x,y) = xy — tx*Q(x,0) — tyQ(0, y)
o The orbit of (x,y) under G is
(x, Y ) (R, ) Ry, ) (7, R (7, X7) < (3, x7) (%, ¥).

e All transformations of G leave K(x,y) invariant. Hence

Kx,y) xvQ(x,y) = xy — *Q(x,0) —  tyQ(0,y)
K(x,y) 2y*Q(xy,y) = xy? — t22y2Q(xy,0) — tyQ(0.y)
K(x,y) 2yQ(xy,x) = X%y — tx*y?Q(xy,0) — txQ(0,%)

K(x,y) xX*yQ(x,xy) = x?§y — t*Q(x,0) — txyQ(0,xy).



= Form the alternating sum of the equation over all elements of the orbit:

K(x,y) (ny(x, y) — xy2Q(Ry,y) + X2yQ(%y, %)
— X7Q(7, %) + x72Q(7, x7) — 27 Q(x, x7) ) =
xy — Xy + X%y — X7 + xy* — x°y

(the orbit sum).



xyQ(x,y) — Xy’ Q(Xy,y) + X yQ(xy, %)
—x7Q(7, %) + x7*Q(¥, xy) = X’y Q(x, xy) =
Xy — )'(y2 —|—>'<2y — Xy —|—X)72 — x2)7
1—t(y +Xx+xy)

e Both sides are power series in t, with coefficients in Q[x, X, y, ¥].



xyQ(x,y) — Xy’ Q(Xy,y) + X yQ(xy, %)
—x7Q(7, %) + x7*Q(¥, xy) = X’y Q(x, xy) =
Xy — )'(y2 —|—>'<2y —)_(_)7—|-X)_/2 —x2)7
1—t(y +Xx+xy)

e Both sides are power series in t, with coefficients in Q[x, X, y, ¥].
e Extract the part with positive powers of x and y:

— X2+ Ry — X7+ xy? — Xy

_ 1,>0 >01 XY
xyQ(x,y) = [x""y 7] 1=ty + %+ x7)

is a D-finite series.
[Lipshitz 88|



e For all models with a finite group,

. 1 . 0s
gezgagn(g)g(ny(X,y; t)) = m;ggn(g)g(xy) = K(x,y: 1)

where g(Q(x,y)) := Q(g(x,y))-

e The right-hand side is an explicit rational series.

[mbm-Mishna 10]



The kernel method in general (finite groups)

e For all models with a finite group,

oS
Z sign(g)g(xyQ(x,y; t)) = Z sign(g m’

geaG Yo geG

where g(Q(x,y)) := Q(g(x,y)).
e The right-hand side is an explicit rational series.

e For the 19 models where the orbit sum is non-zero,
>0] 08

Ly U0 =
xyQ(x,y;t) =[x K(x,y;t)

is a D-finite series.
[mbm-Mishna 10]



quadrant models: 79
\

| !
|G|<oo: 23 |G|=00: 56

| |
D-finite Not D-finite
| |
1 1 { \
0S=0: 4 | OS=#0: 19 decoupled: 9 not decoupled: 47
| | \ {
algebraic | DF transc. D-alg. not D-alg.

[mbm & Mishna 09]






e Generating function:
H(yit) = H(y) =YY h(jin)y/t"
n>0 j>0

h(j; n) : number of n-step walks on the half-line ending at ordinate j

\VAVA




e Generating function:

H(yit) = H(y) =) > h(in)y't"

n>0 j>0
e Step-by-step construction:

H(y) =1+ t(y + y)H(y) — tyH(0)
with y =1/y.




e Generating function:
Hly:t)= H(y) =YY h(jn)y/t"
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(1—t(y + 7)) H(y:t) = 1 = tyH(0; t). (1)
e A uniqueness result: there exists a unique series H(y; t) = H(y) in t,
with coefficients in Q[y], satisfying the above equation.
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e This equation has a unique solution I:I(y) that is a power series in t,
and its coefficients are polynomials in y.



Guess & check for walks on a half-line

e The equation:
(1—tly +7)H(yit) =1~ tyH(0; t). (1)
e A uniqueness result: there exists a unique series H(y; t) = H(y) in t,
with coefficients in Q[y], satisfying the above equation.
e Generate the first coefficients:
H0) = H(0;t) = 14+ t? +2t* +5t° + 143 - 4210 + O(*?).
e Guess that [Gfun]
H(0) =1+ t?H(0)®> and H(y) =1+ t(ty> +t — y)H(y)? + 2tyH(y).

e This equation has a unique solution I:I(y) that is a power series in t,
and its coefficients are polynomials in y.

e Check (using resultants, and the first coeffs.) that H(y) satisfies (1).
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Some guess & check quadrant results

o Algebraicity results for Q(x, y; t)

> Kreweras' walks [Bostan, Kauers 10]
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]

> Gessel's walks [Bostan, Kauers 10]

o D-finiteness results for Q(x,y; t)

> Gessel's walks (for Q(0,0; t) only) [Kauers, Zeilberger 09] 74
» For weighted D-finite models that resist the algebraic kernel method

[Bostan, mbm, Kauers, Melczer 16] %

For Gessel's walks, the polynomial annihilating Q(x, y; t) has size about
30Gb.

Even with big computers, one needs to be clever!



quadrant models: 79
!
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|G|<oo: 23 |G|=00: 56

| |
D-finite Not D-finite
I—j—\

0S=0: 4 0S#0: 19 singular: 5 (not singular: 51)
| |

algebraic  DF transc.




e The excursion exponent: let S C Z? be a (finite) step set, and let
S5(6,¥) = X (koes xKyt. For walks in the quadrant N2 ending at (0,0):

q(0,0; n) ~ kp"n /0

where .
51,2 (X ye)

CcC =
V/S11 e ¥e) S5 2. e)

0 = arccos (—c),

with S7(xc, yc) = Sh(xc, yc) = 0.
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If the exponent —1 — 7/ is irrational, then Q(0,0; t) cannot be D-finite.




e The excursion exponent: let S C Z? be a (finite) step set, and let
S5(6,¥) = X (koes xKyt. For walks in the quadrant N2 ending at (0,0):

q(0,0; n) ~ kp"n /0

where .
51,2 (X ye)

C =
V/S11 e ¥e) S5 2. e)

0 = arccos (—c),

with S7(xc, yc) = Sh(xc, yc) = 0.

If ¢ is not the root of a cyclotomic polynomial, then Q(0,0; t) cannot be
D-finite.




e The excursion exponent: let S C Z? be a (finite) step set, and let
S5(6,¥) = X (koes xKyt. For walks in the quadrant N? ending at (0,0):

q(0,0; n) ~ kp"n /0

where .
51,2 (X ye)

C =
V/S11 e ¥e) S5 2. e)

0 = arccos (—c),

with S7(xc, yc) = Sh(xc, yc) = 0.

If ¢ is not the root of a cyclotomic polynomial, then Q(0,0; t) cannot be
D-finite.

The series Q(0,0; t) is not D-finite for 51 of the 79 small step models.
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quadrant models: 79
!

| \
|G|<oo: 23 |G|=00: 56
| |

D-finite Not D-finite
|

E—— | \
0S=0: 4 0S#0: 19 decoupled: 9 not decoupled: 47

| | | {

algebraic  DF transc. D-alg. not D-alg.




Walks in a cone

T

1D 2D 3D, and more

three quadrants  orthant N¢

[mbm 16] \

[Raschel-Trotignon 18]  [Du-Hou-Wang 16]
[Budd 18] [Bacher-Kauers-Yatchak 16]
[Bostan-mbm-Kauers-Melczer 16]

half-line <« half-plane

N

algebraic
[Gessel 80]

small steps

K

arbitrary steps
[Bostan-mbm-Melczer 18]
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Beyond small steps in the quadrant

e Arbitrary steps in the quadrant = equivalence between D-finiteness and
finite “group”?

e Walks avoiding a quadrant: same dichotomy between D-finite and
non-D-finite models?

e Walks with small steps in N3: some non-D-finite models with a finite
group?

Example. The model {111,100, 010,001} has a finite group of order 24.
The orbit sum vanishes. Is it D-finite?




