










































MOLECULAR EXPANSION OF ANY SPECIES 

 

Every species  F(X)  can be written uniquely (up to natural equivalence) 

as a linear combination of species of the form  Xn / H , H ≤ Sn : 

F(X) = weight(s)
Xn

Stab(s)s!F[n]/Sn

"
n#0
"

         = fH
Xn

HH $• Sn

"
n#0
"  

where  H   runs over a system of representatives of the conjugacy 
classes of subgroups of  Sn   and  fH   are linear combinations of 
weight monomials. 

The species  Xn / H   are called molecular species (irreducible over sum) 



MOLECULAR EXPANSION OF ANY 2-SORT SPECIES 

 

Every species  !(X,T )  can be written uniquely (up to natural equivalence) 

as a linear combination of species of the form  Xn T k / H , H ≤ Sn, k : 

!(X,T ) = weight(s)
XnT k

Stab(s)s"![n, k ]/Sn ,k

#
n, k $0
#

             = %H
XnT k

HH &• Sn , k

#
n, k $0
#  

where  H   runs over a system of representatives of the conjugacy 
classes of the subgroups of  Sn, k   and  !H   are linear combinations 

of weight monomials.        Sn ! Sk " Sn, k # Sn+k  

Similar expansions hold for species on an arbitrary number of sorts of singletons 



ATOMIC EXPANSION OF ANY SPECIES 

 

(Yeh’s Theorem 1986)  Every molecular species  Xn / H  can be 
written uniquely (up to natural equivalence) as a commutative product  

 

Xn

H
= Xn1

H1
!
Xn2

H2
!

Xnk

Hk
 

of atomic species  Xni / Hi   ( i.e., also irreducible under product ).  
 

 

Consequence :  Up to natural equivalence, every species is an 
element of the « big » half-ring ( under  +   and  ! )  
 

 N[[weight variables, atomic species]] 
 

which is also equipped with extra operations (  !, !, D, etc
!
). 



Similar expansions hold for species on any number of sorts of 

singletons. 
 

 

Yeh and Joyal have extended the half-rings 
 

 N[[weight variables, atomic species]] 
 

to more general rings of the form 

     Z[[weight variables, atomic species]]    (weighted virtual species) 

     C[[weight variables, atomic species]]    (weighted complex species) 

and extended the extra operations (  !, !, D, etc
 
). 

 

 

From now on, the word « species » means  weighted complex species. 



UNLABELLING  NODES 

            Convention :    labelled nodes are colored, 
                                       unlabelled nodes are not colored (white ). 
 

 







2 - EXAMPLES  OF  Ω(X,D) 

   

                  Ω(X,D)F(X)               XDF(X)      =   F •(X) (pointing)   
 

 

                              Λ(XD)F(X)     =   F Λ(X)   (Λ-pointing) 



3 - EXAMPLES  OF  Ω(X,D) 

  

 

         Ω(X,D)F(X)                      A(X,D)C(X)            E(L≥2(X)D)C(X) 

                                                                                        Octopuses 

 



 

C(X + XE2 (D))L(X) 

 

                        
E(G

*
(X)D)F(X)     =     F(G(X))   if   G(X) = X +G

*
(X) 



KISS PRODUCT of SPECIES 
 

 

     F(X + XD)G(X)      =        F(X)!
i G(X)        =      G(X + XD)F(X) 

                                           kiss product 
 

The kiss product « interpolates » between Cauchy  and Hadamard products : 

 F(X)G(X) !!" F(X)"
i G(X)           F(X)!G(X) "!" F(X)!

i
G(X) 



 





TABLES  of  ATOMIC    
X
n
D
k

H
 

 
n + k = 1  :  two operators  X  and  D  ( generating the Weyl algebra under  +  and ! )  

n + k = 2  :  two operators  X 2 / (12)  and  D2 / (12)  

n + k = 3  :  4  operators  X
3

/ (123) ,  X
3

/ (132), (12) ,   D
3

/ (123) ,  D
3

/ (132), (12)

 

 n + k = 4  :  13  operators   

       

X
4

/  <  13( ) 24( )  >

X
4

/  <  14( ) 23( ),  13( ) 24( )  >

X
4

/  <  12( ) 34( ),  1324( )  >

X
4

/  <  13( ) 24( ),  14( ) 23( ),  12( )  >

X
4

/  <  13( ) 24( ),  14( ) 23( ),  243( )  >

X
4

/  <  13( ) 24( ),  14( ) 23( ),  243( ),  12( )  >

X
2
D

2 / (12)(34)

   (self adjoint)

          
D

4
/  <  13( ) 24( )  >

D
4

/  <  14( ) 23( ),  13( ) 24( )  >

D
4

/  <  12( ) 34( ),  1324( )  >

D
4

/  <  13( ) 24( ),  14( ) 23( ),  12( )  >

D
4

/  <  13( ) 24( ),  14( ) 23( ),  243( )  >

D
4

/  <  13( ) 24( ),  14( ) 23( ),  243( ),  12( )  >

 





Ω(X, D) = ωH

X nDk

HH ≤
•

Sn , k

∑
n, k ≥ 0
∑  

 

Restricting  H

 

 to run through trivial subgroups  {idn, k} ≤ Sn, k  ,  this 

contains, as a special case : 

The Equivalence Principle of Blasiak and Flajolet 

η = wr, s X
rDs

r , s
∑

 
⇒ 

 

 
ηn = cn, a, b X

aDb
n, a, b
∑  



 



  

MONOÏDAL  ACTION 
 

 
Ω2(X,D)Ω1(X,D)⎡⎣ ⎤⎦F(X)  =   Ω2(X,D)[Ω1(X,D)F(X)] 

 

 



 
(XD)n = v

n{ }
v ≤ n
∑ XvDv

	
  

v
n{ } = Stirling number of the second kind (well-known)

	
  

------------------------------------------------------------------------------------------------------------------------- 

 

Define   Pn (x) = v
n{ }

v ≤ n
∑ xv . 

Then,   P0 (x) = 1	
  	
  	
  	
  	
  	
  and    Pn+1(x) = x + x d
dx

⎛
⎝⎜

⎞
⎠⎟ Pn (x)  (also well-known). 

------------------------------------------------------------------------------------------------------------------------- 

 

But what is the canonical expression for   E2 (XD)
n ?  





 

 



 





COMMUTATORS, ETC 
 

Make tables and study the commutators 
 

 [ A(X,D),B(X,D) ] = A(X,D) B(X,D) − B(X,D) A(X,D) 
 

                        [Ω*,Ω ] = Ω* Ω − ΩΩ* = ?  

               DX − XD = 1 ( special case with  Ω = X  )  
 

 

                
XaD b

H
, X

cD d

K
⎡

⎣
⎢

⎤

⎦
⎥ = ?      ( molecular expansions ) 

 

 

====================================================================================================================================== 

 

 

Find new combinatorial models for equations such as 
 

   [ P,Q ] = P +Q          etc 



SOME CURIOUS IDENTITIES BETWEEN 

DIFFERENTIAL OPERATORS 

 

 E(aXD)E(bXD) = E((a + b + ab)XD) 
 

           E(−XD)E(−XD) = E(−XD)   ( idempotence ) 
 

                   E(−2XD)E(−2XD) = 1   ( self inverse ) 
 

  
 
E(− 12 XD)E(−XD) = E(−XD)   ( no effect ! ) 

etc 



 



FUTURE EXPLORATIONS 

1) Study	
  the	
  atomic	
  expansion	
  of	
  	
   Ω(X,D)n 	
  	
  given	
  that	
  of	
  	
  Ω(X,D)	
  
(	
  Xavier	
  Viennot	
  theory	
  of	
  	
  «	
  	
  empilements	
  »	
  	
  may	
  be	
  useful	
  here).	
  

2) Find	
  necessary	
  and/or	
  sufficient	
  conditions	
  for	
  the	
  existence,	
  non-­‐existence,	
  	
  
multiplicity	
  of	
  solutions	
  of	
  equations	
  of	
  the	
  form	
  	
  Ω(X,D)F(X) = G(X)	
  	
  
and	
  devise	
  methods	
  for	
  solving	
  such	
  equations.	
  

3) Analyze	
  connections	
  between	
  the	
  operators	
  	
  	
  Ω(X,D)	
  	
  and	
  physics	
  

4) Find	
  new	
  combinatorial	
  identities	
  and	
  species	
  involving	
  the	
  operations	
  

 
+, ⋅, ×, , , X, D, Ω(X,D), *, Xi :=1 , [A,B], etc 	
  

5) Extend	
  the	
  above	
  to	
  partial	
  differential	
  operators	
  	
   Ω(X1,X2,…,∂1,∂2,…)	
  

6) Implement	
  the	
  above	
  on	
  computer	
  algebra	
  systems	
  (Maple,	
  Sage,	
  etc)	
  

7)  Extend	
  existing	
  tables	
  

8)  Etc	
  



BONNE RETRAITE 
XAVIER 

 

 

 

 
 

de  Gilbert  et  Hélène  

x = cos (u) cos (v)2

y = sin (u) cos (v)

z = |cos (u) cos (v)|+ sin (v)


