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1 Introduction

Formal language theory studies sets of finite and infinite words and terms (usu-
ally called trees) that are finitely described by means of grammars, automata,
or logical formulas. It also investigates transformations of words and terms in
a similar perspective. Its scope now extends to descriptions of sets of graphs,
hypergraphs, partial orders, and related combinatorial structures, and to that
of transformations of these objects, which we will call, as for words and terms,
transductions. Universal algebra and logic are fundamental for developping
this extension, and this article contributes to showing why.

Algebras, equational and recognizable sets

Context-free languages can be characterized as least solutions of systems of
recursive equations, while regular languages can be characterized as union of
classes of finite congruences on the free monoid. Both characterizations are
based on the algebraic structure on words associated with concatenation. As
observed by Mezei and Wright in [1] the two notions of least solution of a
system of recursive equations and of a congruence with finitely many classes
are meaningful in every algebra, not only in the monoid of finite words and
in the algebra of finite terms. In every algebra, they yield two families of
sets, the family of equational sets and the family of recognizable sets. These
notions generalize those of context-free languages and of regular languages,
respectively.

The advantage of this algebraic approach, especially for describing sets of
graphs, is that it depends neither on rewriting rules nor on automata. This
is essential because graph rewriting rules are complicated to define and to
study, and graph automata satisfying good closure and decidability properties
do not exist, except for very particular classes of graphs. By contrast, the
families of recognizable and equational sets of any algebra satisfy useful closure
properties: the family of recognizable sets is closed under union, intersection,
and difference, and the intersection of an equational set with a recognizable
one is equational.

A class of graphs is made into an algebra by equipping it with graph operations.
These operations form the signature of the algebra. A graph operation linking
two graphs can be considered as a generalized concatenation. However, graphs
can be concatenated in several ways, and different operations are specified in
terms of labellings of the vertices. We will also use unary graph operations that
manipulate labellings. In every algebra of graphs, we have thus equational sets
and recognizable sets. Their definitions only use concepts of universal algebra



and need not deal with the specific combinatorial properties of the graphs
under consideration.

In the above description, we have written “graphs” for simplicity, but it equally
applies to hypergraphs, partial orders, and actually all combinatorial objects
represented by relational structures with a finite set of relations. For example,
a graph G is represented by the relational structure whose domain is the set of
vertices and that has a binary relation describing the edges. (The multiplicity
of edges is lost in this representation. There exists another one for graphs with
multiple edges, see [2]).

Several signatures can be defined on the same class of relational structures.
However, in many cases, “small” variations of the signature do not modify the
classes of equational and recognizable sets, a fact indicating the robustness
of the algebraic framework. We will say that two signatures are equivalent if
the corresponding classes of equational and recognizable sets are the same.
One of the purposes of this article is to investigate equivalences of signatures.
Another one is to relate these algebraic notions with monadic second-order
logic. We now explain the role of logic in this theory.

The role of logic

Logic is used for three purposes: first to specify the operations on relational
structures in the signatures, second to define recognizable sets of relational
structures, and third to specify transformations of relational structures. Let
us comment each of these uses.

The basic signature of operations, denoted by OF, consists of disjoint union,
of all unary operations that can be defined by quantifier-free formulas (called
quantifier-free operations), and of constants denoting structures with a single
element. The edge complement is an example of a quantifier-free operation: the
edge relation of the output graph is just the complement of the edge relation of
the input graph, hence the former is definable by a formula without quantifiers
in terms of the latter. Quantifier-free operations can be combined with disjoint
union to form various kinds of graph concatenations.

This definition generalizes and unifies previously defined algebras, the algebra
of graphs called VR, and the algebra of hypergraphs called HR. They have
been defined in such a way that their equational sets are the sets of graphs
and hypergraphs defined by certain context-free graph grammars, based re-
spectively on vertex replacement and on hyperedge replacement (see [2] and
other chapters of the same book on graph grammars). Many results proved in-
dependently for these two algebras can now be proved as particular instances
of more general results relative to QF.



Monadic second-order logic (MSO) is the fundamental language for defin-
ing recognizable sets and transductions of relational structures. That MSO
is useful is not too surprizing given that, for sets of words and terms, MSO-
definability is equivalent to definability by finite-state automata, and that
many types of tree transductions can also be described by MSO-formulas
(see [3,4,5]). A fundamental result says that every set of relational structures
that is the set of finite models of an MSO-formula is QF -recognizable (i.e., is
recognizable with respect to the algebra of relational structures defined by the
signature QF). On the other hand, it is much easier to check that a property is
definable by an MSO-formula than to construct a finite congruence saturating
the corresponding set. In the cases of words and trees, finite-state automata
offer such a convenient specification language for recognizable sets, but they
do not work on graphs and, a fortiori, on relational structures. Hence MSO
takes their place in a natural way. Transducers which define transformations
of words or terms into words or terms are finite-state automata with outputs.
Hence, they cannot be generalized to graphs on the basis of automata, and
MSO, again, offers a powerful and easy to use specification language.

Furthermore, there are quite close connections between equational sets and
recognizable sets of relational structures, and MSO-transductions: for exam-
ple, a set is equational iff it is the image of a recognizable set of finite terms
under an MSO-transduction, and it follows that the class of equational sets
is stable under MSO-transductions. Further, we prove in this article that the
inverse image of a QF-recognizable set under an MSO-transduction is QF-
recognizable.

The main results

We will only consider finite terms, graphs, hypergraphs, and relational struc-
tures. Furthermore, we will consider relational structures only up to isomor-
phism. There are several reasons for doing so. First, we have no use for dis-
tinguishing isomorphic relational structures. This is also a requirement for
applying logic since logical formulas cannot distinguish between isomorphic
structures. In order to derive algorithms from this theory as done in [6], we
need to use whenever possible finite signatures and we do not want to introduce
infinitely many constants to describe infinitely many isomorphic structures.
Hence a term will not define a single relational structure but the isomorphism
class of some relational structure.

Our starting point is the signature QF of operations on relational structures
consisting of disjoint union, quantifier-free operations (there are countably
many, the use of infinite signatures for dealing with graphs, even finite ones, is
unavoidable), and constants denoting relational structures having a singleton



domain.

We prove in Section 5 that the inverse image of a QF-recognizable set under
an MSO-transduction is QF-recognizable. This result, of which weak forms are
already known, confirms the robustness of the formal framework associating
graph operations and MSO.

In Section 6, we prove that the signature QF can be restricted to an equiva-
lent subsignature. This “small” (although still countably infinite) signature is
based on quantifier-free operations of three types: we can forget a relation R
(i.e., delete all tuples in R without modifying the domain of the considered
structure), rename a relation R into S (where R and S have same arity; if
R and S are both present in the input structure then this operation merges
them into a single relation), and we can add either a new relation 7" or tuples
to an existing relation 7' (roughly, given two relations R and S we concate-
nate the tuples of R with those of S and add the resulting tuples to T"). If the
signature ¥ contains only relations of arity at most n then we can define an
equational set of Y-structures by a system of equations where the operations
only use the relations of ¥ and auxiliary relations of arity at most n — 1. In
the case of graphs, that is for n = 2, we obtain known results about the sig-
nature VR (cf. [7,8]) where the auxiliary relations are unary, i.e., they encode
vertex labels.

In Section 7, we develop a method for enlarging the signature QF to an
equivalent one, and we apply this method to the fusion operation considered
by Courcelle and Makowsky in [9]. This operation fuses all elements satisfying
a given unary relation. It is not quantifier-free. Roughly speaking, we prove
that adding it to QF yields an equivalent signature. This generalizes the
results of [9].

In Section 8, we consider the algebra H’R whose equational sets are those
defined by hyperedge replacement context-free graph grammars. This is an al-
gebra of relational structures with distinguished elements called sources. The
operations consist of constants for singleton structures and parallel composi-
tion which combines two structures with sources into the one obtained from
their disjoint union by fusing the sources with same label. One can replace
a relational structure with sources by a purely relational one by introducing,
for each constant ¢, a unary relation lab, which contains as single element the
value of c¢. However, if we do so, quantifier-free definable operations on rela-
tional structures with sources are no longer quantifier-free definable on the
corresponding relational structures without sources. We overcome this diffi-
culty by showing that nevertheless the operations of HR can be handled in
the general framework of purely relational structures.

These results contribute to build a robust foundation for the extension of for-



mal language theory to sets of graphs, hypergraphs, and relational structures.
Let us say a few words about the tools we use for establishing them. The
main one is the classical notion of a logical type used, e.g., in [10,11,12,13].
Given a finite set ® of formulas with n free variables (for instance, the set of
MSO-formulas of quantifier height at most &, up to logical equivalence), we
define the ®-type of an n-tuple of elements a of a relational structure as the
set of those formulas of ® that are satisfied by a. There are thus finitely many
possible ®-types. If the formulas in ® are quantifier-free or if their quantifica-
tions are restricted to a “neighbourhood” of a, then the ®-type of a encodes
local information associated with a. Given a structure U, its ®-annotation is
the structure Mg (2A) with same domain where, for each ®-type p, we have a
new n-ary relation 7, containing all n-tuples of 2 with type p. The annotation
Mg (1) provides information about 2 that is immediately available from the
relations without the need to use formulas with quantifiers. In the language
of database theory, this construction builds an extensional database out of an
intensional one. In this article, a typical use is the following: a transduction of
structures 2, defined by MSO-formulas of quantifier height at most & can be
replaced by a quantifier-free transduction acting on the annotated structures
M () where ® is the set of MSO-formulas of quantifier height at most k.

Related works

This article develops the algebraic and logical extension of formal language
theory to sets of relational structures intiated by Courcelle and presented
in [14] (its algebraic background) and [2| (its application to graphs and hy-
pergraphs, and its relationships with graph grammars). This theory also uses
results from [3,15,16]. Sections 6 and 8 elaborate the definition given in |7] of
an algebra for relational structures with constants. Section 7 generalizes the
definition of fusion given in [9] and establishes new results. Closure proper-
ties of the family of HR-recognizable sets of hypergraphs have been studied
in [17], and Section 5 continues this work. The stability of the family of recog-
nizable sets under modifications of signatures is studied in [8], and the notion
of equivalence of signatures investigated in Sections 6, 7, and 8 extends this
stability requirement to also include the family of equational sets.

Summary of the article

The article is organized as follows. Section 2 reviews algebras, equational and
recognizable sets, and it introduces an extension of the notion of derived op-
eration closely related to linear deterministic bottom-up tree transductions.
It also extends the notion of a homomorphism to that of a heteromorphism,



making it possible to relate algebras of different signatures. Section 3 reviews
relational structures, monadic second-order logic, monadic second-order trans-
ductions, and operations on relational structures defined by quantifier-free
formulas. Section 4 introduces monadic types (sets of monadic second-order
formulas of bounded quantifier height) as a first form of type information,
and establishes several technical results. Section 5 establishes the preserva-
tion of recognizability under inverse MSO-transductions. Section 6 shows the
equivalence of the basic signature QF on relational structures with a proper
subsignature that generalizes the signature VR to relational structures and,
hence, to hypergraphs. Section 7 takes the opposite direction. Its objective
is to extend QF by operations that are not quantifier-free definable, but to
obtain nevertheless an equivalent signature. A method for doing so is intro-
duced and applied to the fusion operation. Section 8 shows how the operations
defining the HR-equational and HR-recognizable sets can be studied in terms
of relational structures without constants.

Notation, conventions, and general facts

In this article we only consider equational and recognizable sets of finite struc-
tures. The reason for this limitation is that the algebraic definitions of these
notions are not well-suited to infinite objects. In particular, the recognizable
sets of infinite trees are not those defined by tree automata. However, our tech-
nical constructions of transformations of structures based on logical formulas
work for infinite structures as well. But their algebraic consequences are only
meaningful in the finite case.

All proofs in this article are effective. Hence every statement of the form “For
every m,n, there exists an MSO-transduction such that ...” can be read as
“There exists an algorithm that, given m,n, constructs an MSO-transduction
such that ...”.

Let us fix notation and introduce some conventions. The set N of natural
numbers contains 0. We set [k] := {1,...,k} and [0] := (). We denote by P(X)
the power set of a set X. For an n-tuple a = a;...a,, we sometimes also
write a for the set {ay,...,a,} of its components. In particular, we sometimes
write @ C A instead of a € A". The empty tuple is denoted by (). We will
denote by |z| both, the cardinality of a set = and the length of a word z. (No
ambiguity will arise.)



2 Equational and recognizable sets in arbitrary algebras

The notions of an equational set and a recognizable set are due to Mezei and
Wright [1]. While they were originally defined for algebras over one sort, we
adapt them to the many-sorted case with infinitely many sorts. We begin with
definitions concerning such algebras. We refer the reader to [14] for more about
recognizable and equational sets.

2.1 Algebras

Let S be a set whose elements we call sorts. An S-signature is a set F of
function symbols each of which has a type s; X sg X -+ X s, — s where
S1y...,8,,8 € S. We may have n = 0; in this case the symbol is called a
constant. We denote by T'(F, X) the set of finite well-formed terms built with
functions from F' and variables from X. They will simply be called terms in the
following. In the case X = (), we simply write T'(F'). Automata defining sets of
terms are usually called tree automata, and multivalued mappings from terms
to terms are called tree transductions. We will keep this standard terminology,
although trees in the sense of graph theory do not coincide with terms.

An F-algebra is an object M = ((M;)ses, (fm)rer) where each set M, called
the domain of M of sort s, is nonempty and, for every symbol f € F' of type
51X -+ X8, — s, we have a total function fp; : My, x---x M, — M. These
mappings are called the operations of M. We assume that M, N My, = 0,
for s # s’. We denote the set U{ M, | s € S} also by M. We assume that the
notions of a homomorphism, subsignature, subalgebra, etc. are well-known. See
[14] or [8] for details.

We can define a canonical F-algebra (the free F'-algebra) on the set of terms T'(F)
such that, for every F-algebra M, there exists a unique homomorphism val,, :
T(F) — M. For t € T(F)s, the image of ¢ under valy, is an element of Mj,
called the value of t in M. A term t with variables x4, ..., z, of sort sq,...,s,
defines a function ¢y, : My, x --- x M, — M which is obtained by replacing
all function symbols f in ¢ by the corresponding operations fy; of M. In the
special case that n = 0 we obtain t); = valy, ().

A derived operation of the algebra M is an n-ary operation defined by a term
in T(F,{z1,...,2,}) where each variable z; occurs at most once. Such terms
are called linear. Let F' and G be S-signatures and M an F-algebra. If N is
a (G-algebra with the same domains as M such that each operation of V is a
derived operation of M then we say that N is a derived algebra, and that it is
derived of M. We call G a derived signature of F'. The signature of all derived
operations of F is denoted by Fder.



Our notion of a derived operation is restricted to linear terms in order to
guarantee that the class of equational sets is not changed by adding derived
operations to a signature. The class of recognizable sets stays the same even
if we add derived operations built from nonlinear terms.

If G is a derived signature of F every term ¢ € T'(G) can be translated into a
term 0(t) € T'(F) such that 6(t)y = ty, for all algebras M and N as above.
The mapping ¢ is a tree transducer of a particular type, namely a deterministic,
bottom-up, linear tree transducer with a single state. By a reqular set of terms
we mean a subset K C T'(F'), for some finite signature F, that is defined by
a finite-state tree automaton. Generalizing the notion of a regular set we will
define below the notion of a recognizable set in an arbitrary algebra. It is an
easy exercise to show that a set of terms in 7'(F') is regular if and only if it is
recognizable in the free F-algebra T'(F).

For definitions and basic results concerning tree automata and tree transduc-
ers, we refer the reader to the books [18] or [19], and to the surveys [20] and [21].
In the following we will only use finite-state deterministic, bottom-up, linear
tree transducers and we will call them simply tree transducers. Among the
basic facts we recall that the image of a regular set of terms under such a tree
transducer is again regular.

Lemma 1 If C is a reqular set of terms then so is §(C'), for every tree trans-
ducer §.

Let us stress that, by our definition, a tree transducer always is linear. Without
this condition Lemma 1 would not hold.

2.2 Recognizable and equational sets

Let F' be an S-signature. We say that an F-algebra M is locally finite if each
domain M is finite. (Note that in universal algebra the term “locally finite”
has a different meaning.)

A congruence on M is an equivalence relation ~ on | { M; | s € S } such that
each set M, is a union of equivalence classes and such that =~ is stable under
all operations of M. It is said to be finite if, for each sort s, the restriction =
of ~ to M, is finite, i.e., has finitely many classes. A congruence saturates a
set X C M if X is a union of equivalence classes.

Definition 2 Let M be an F-algebra and s € S. A subset X C My is M-
recognizable if it is saturated by a finite congruence on M. We denote the set
of all M -recognizable subsets of My by Rec(M)s, and the union of the sets
Rec(M)s by Rec(M).



An equivalent definition can be given in terms of homomorphisms. A subset
X C M, is M-recognizable if and only if there exists a homomorphism A :
M — A into a locally finite F-algebra A and a (finite) subset Y C A, such
that X = h'(Y). The class Rec(M), forms a boolean algebra. We have
0, M, € Rec(M),, and X,Y € Rec(M), implies that X UY, X NY, X \Y €
Rec(M)s (see [14]).

Note that in the definition of a congruence constants play no role. Hence,
a set X is recognizable with respect to an F-algebra M if and only if it is
recognizable with respect to the F_-reduct of M where F_ consists of all
operations of F' except for the constant symbols.

Definition 3 A subset L. C M, is M-equational if it is a component of the
least solution of a finite system of recursive equations using as operations union
and the extension of the operations of F' to subsets of M. We denote the class
of equational subsets of M by Equat(M), and by Equat(M), the subclass of
those included in M.

For instance, the equational sets of a free monoid are exactly the context-free
languages. Similarly, the equational subsets of graph algebras are exactly those
that are context-free. See [2] for the relationship between graph grammars and
equational sets. Instead of the above definition we will mainly use the following
characterization of M-equational sets.

Proposition 4 ([1,14]) Let M be an F-algebra. A set L C My is M -equational
if and only if there exist a reqular set K C T(F)s such that L = valy (K).

Note that, by definition, if K C T'(F'), is a regular set of terms then there is
a finite subsignature Fy C F' with K C T'(Fp)s.

Corollary 5 A set K C T(F)s is reqular if and only if it is equational.

In particular, if F' is a finite signature that generates M, i.e., such that ev-
ery element of M is the value of a term in T(F'), then every recognizable
set is equational. This condition is satisfied for the usual algebras of finitely
generated monoids, but not for the algebras of graphs that we will consider.
See [14] for a thorough treatment of the basic results about recognizable and
equational sets.

In certain cases, for instance when considering graphs, there is a canonical
choice for the domains M,, s € S, while there are several possible signa-
tures F'. To simplify terminology and notation we will speak in such cases
of F-equational and F'-recognizable sets instead of introducing a separate
name My for the structure obtained from the signature F' and using the term
“Mp-equational” and “ M p-recognizable”. Similarly we will write Equat(F") and
Rec(F) instead of, respectively, Equat(Mpg) and Rec(Mp).
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2.3 Finite-state derived operations and homomorphisms

We will need some extensions of the classical notions of a derived operation
and a homomorphism that are closely related to tree transducers.

Definition 6 Let M be an F'-algebra. A mapping o : M — X from M into an
arbitrary set X is M-computable if the sets A := a(M;) C X, for s € S, are
finite and pairwise disjoint, and there exists an F'-algebra A with domains A,
for each s, such that o : M — A is a homomorphism. In other words, the latter
condition means that, for every f € F of arity n and all ay,...,a, € M of
appropriate sorts, the value a( fyr(a)) can be computed from a(ay), ..., a(ay).

Definition 7 Let M be an F-algebra and o : M — A be M-computable. An
n-ary mapping g : Mg, X ---x My, — My, n > 1, is a finite-state derived oper-
ation (based on «) if, for each a € A™, there is an n-ary derived operation t[a]
of M such that we have

g(xy, .. ) = tla(zy), .. alxy) (T, 2,
for all elements x4, ...,x, € M of sorts, respectively, si, ..., Sy,.

Example 8 Let X be a set and F' the signature consisting of one binary op-
eration - and constant symbols € and a, for every a € X. Let M be the free
monoid over X, that is, the F-algebra with domain X* where -); is concatena-
tion, €y the empty word, and ay; = a, for a € X. Fixz some element a € X.
We define a binary operation ® on X* by

® uv if neither u nor v contains an occurrence of a,
U=
a  otherwise.

We claim that ® 1is a finite-state derived operation. We define an F'-algebra N
on [2] by setting

, 2 ifi=k=2,
Z‘Nk‘ZI .
1 otherwise,

ey =2, an:=1, and by:=2, forb+#a.
Let a: M — N be the homomorphism

1 if u contains an occurrence of a,
au) =

2  otherwise.

11



Then we can define ® by the terms

t[17 2] (I, y) =

t[1,1)(z,y) : a
; t[2,2](x,y) =z -y.

a Y
t[2,1)(z,y) =,
If M is an F-algebra and G a set of finite-state derived operations we obtain
a G-algebra N with the same sorts and domains as M. We call G a signature
of finite-state derived operations, and we call N a finite-state derived alge-

bra of M. If the operations of G are all based on the same M-computable
mapping « then we say that G and N are based on «.

For each M-computable mapping «, we denote by F% the signature of all
finite-state derived operations based on a. If F' is countable then so is FI°
since we require that the sets A, are finite. Clearly, F9°" contains F'4°" because
the operations t[a] in the above definition may actually not depend on a. Note
that the operations of 4 depend on M via «, whereas those of F9° do not:
they are defined in a purely syntactic way without reference to any algebra.

Remark 9 Let F be a finite signature, M an F-algebra, and G a signature
of finite-state derived operations based on some function o« : M — A. Let
N be the associated (F U G)-algebra. For every t € T(F U G), there exists a
term §(t) € T(F) with ty = 6(t)ar. This mapping § can be defined by a tree
transducer.

We will see below that adding finite-state derived operations does not change
the notions of an equational or a recognizable set. Hence, when we want to
compare algebras with respect to such sets we need a kind of homomorphism
that is invariant under this operation. Furthermore, we will need to relate
algebras with different signatures.

Definition 10 Let M be an F'-algebra with set of sorts S and N a G-algebra
with set of sorts S’.

(a) A heteromorphism h : M — N is a collection of mappings consisting of
hsort : S — S" and hy : Mg — Ny (s), for each s € S, such that, for every f €
F of type s1 X -++ X 8, — s, there exists a linear term t/ € T(G, {x1,...,2,})
such that

hs(Far(bry .o b)) = th(hey (B), -+, b, (b))
for all by,... b, € M of sorts s1,...,5Sy,.
(b) Let o : M — A be an M -computable mapping. We will say that a collec-

tion h as above is a finite-state heteromorphism based on « if, for every f € F
of type s1 X -+ X s, — 8, there exist linear terms t'[a] € T(G,{x1,...,7,}),

12



for a € A™, such that

ho(far(b1,...,00)) = tHa(by), ..., a(by)]n(hs (b1),. .., h, (bn)),
for all by,... b, € M of sorts s1,...,5sy,.

In the following we will write in both cases h instead of hgy or hg, without
risk of ambiguity.

Remark 11 An important special case of a (finite-state) heteromorphism con-
sists of a function h : M — N from an F-algebra M to a G-algebra N such
that there exists a set G' of (finite-state) derived operations of N that turns
h: M — N into a homomorphism from M to the G’'-algebra N .

Example 12 Let M be the free monoid as in the previous example.

(a) The function h : u — 4 that maps every word to its mirror image is a
heteromorphism. Since uwv = v we can choose the term t (z,y) ==y - x.

(b) An example of a finite-state heteromorphism is the function

u  if u contains no occurrence of a,
glu) =9

a™ if u contains n > 0 occurrences of a.

If we again choose o : M — [2] to be the homomorphism with

1 if u contains an occurrence of a,
afu) =

2 otherwise,

then we can define g by the terms

tg[l,l](l’,y) =Ty, tg[172](x7y) =,
12, 1](x,y) ==y, t912,2)(x,y) =y - x.

Remark 13 Let h : M — N be a finite-state heteromorphism. For every
term t € T(F'), there exists a term 6(t) € T(F) such that h(ty) = 6(t)n. If
the signature F' of M is finite then this mapping 6 can be defined by a tree
transducer.

Lemma 14 Let h : M — N be a finite-state heteromorphism based on «
between an F'-algebra M and a G-algebra N.

(a) L € Rec(N) implies h~'(L) € Rec(M).
(b) L € Equat(M) implies h(L) € Equat(N).

13



PROOF. (a) Let L € Rec(N) and ~ be a finite G-congruence saturating L.
We define a relation = on M by setting

r=y :iff x and y have the same sort,
h(z) = h(y), and a(z) = a(y) .

It is clear that = is an equivalence relation. For each sort s, it has at most
|Nis)/~| - |As| classes. If @ = y then h(z) € L implies h(y) € L since h(z) ~
h(y) and = saturates L. Consequently, = saturates h™*(L).

It remains to prove that = is a congruence. Let f € F' be of arity n and let
Z,y € M" with x; = y;, for all i. By the definition of =, we have a(z;) = a(y;),
and since « is a homomorphism it follows that o(fa (%)) = a(fm(9))-

It remains to prove that h(fy(Z)) =~ h(fa(y)). We have

h(far(z) = ta(zy), ..., a(xn) N (h(zy), ... h(zy))
= t'a(y), -, alyn)v(h(21), ..., W)
(since a(x;) = a(y;))
~ (), aly)n(h(yr), - h(yn)
(since h(z;) = h(y;))
= h(fu(9)),

which completes the proof.

(b) Each set L € Equat(M) can be written L = val;(K), for some regular set
of terms K C T'(F) (see Proposition 4). We have remarked that there exists
a tree transducer ¢ associated with h such that

valy(6(t)) = h(valp (%)), forallt € T(F).

Hence h(L) = valy(6(K)). Since, by Lemma 1, tree transducers preserve reg-
ularity it follows that h(L) is N-equational. O

Definition 15 Let F' and G be S-signatures for some set of sorts S and
M = (My)ses a family of domains. Let Mr and Mg be algebras with the
same family of domains M and signatures F' and G, respectively. We say that
Mp and Mg are equivalent if

Equat(Mp) = Equat(Mg) and Rec(Mp) = Rec(Mg) .

If M and Mg are understood from the context we will simply say that F' and G
are equivalent signatures.
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Remark 16 For F' C G we obviously always have
Equat(F') C Equat(G) and Rec(G) C Rec(F).

Hence, when testing for equivalence we only need to check the converse inclu-
510MS.

Consider an F-algebra M and let G be a signature of finite-state derived
operations of F' that are all based on the same M-computable mapping « (cf.
Definition 7). It follows from the next lemma that F'U G is equivalent to F.

Lemma 17 Let M be an F-algebra. For every M -computable function « :
M — A, the signature F is equivalent to F.

PROOF. If ~ is a finite F-congruence on M then the equivalence relation
defined by

x=y :iff x and y are of the same sort, a(z) = a(y), and z = y

is a finite F/9"-congruence. (The proof is the same as in Lemma 14 (a).) Hence,
if ~ witnesses the F-recognizability of some set L then = witnesses the Fd¢'-
recognizability of L. It follows that Rec(Fi®) = Rec(F).

Suppose that L is Fd-equational. Then we have L = valy;(K) for some reg-
ular subset K C T'(F2°T). We have noted that there exists a tree transducer &
such that

valp(0(t)) = valap (t) for all t € T(Fr),

where M’ is the Fd*"-algebra with same domains as M. Hence, L = valy; (§(K))
and since tree transducers preserve regularity it follows that L is F-equational.
Consequently, we have Equat(F4) = Equat(F). O

3 Relational structures and monadic second-order logic

A relational signature is a finite set ¥ = {R, S, T, ...} of relation symbols each
of which is given with an arity ar(R) > 1. We denote by STR[X] the set of all
finite Y-structures A = (A, (Ry)res) where Ry C A The set A is called
the domain of . The arity of X is the maximal arity of a symbol in >. We
denote it by ar(X). The arity of a X-structure 2 is the arity of its signature X.

Intuitively, a Y-structure 2 can be seen as a directed hypergraph where A is
the set of vertices and, for every tuple a € R, we have a hyperedge with label R
and sequence of vertices a.
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For a relational X-structure 2 and a set X C A, we denote by 2A[X] the
substructure of 2 induced by X. This is the structure with domain X and
relations

Rypx) = RN X for Re ¥,

A graph G is defined as an {edg}-structure G = (Vg, edg.;) where Vi is the
set of vertices of G and edg, C Vi X Vi is a binary relation representing
the directed edges. For undirected graphs, the relation edg. is symmetric. In
particular, graphs are always simple, i.e., without parallel edges.

A term t € T(F') where F' is a finite signature of arity at most k& can be seen
as a directed labelled tree. We encode such a tree by a relational structure of
the form &(t) := (N, (suc;)1<i<k, rt, (laby) jep) where

N is the set of nodes,

suc;(x,y) holds iff y is the i-th successor of z,
rt(x) holds iff z is the root, and

laby(z) is true iff the node x has label f.

We denote by A(F) the signature of this structure.

We recall that monadic second-order logic extends first-order logic by set vari-
ables, quantification over set variables, and new atomic formulas of the form
x € X that express the membership of an element z in the set X. We will
denote by MSO[X, W] the set of all MSO-formulas over the signature ¥ with
free variables from W. Similarly, FO[X, W] is the set of first-order formulas
and QF[X, W] denotes the set of quantifier-free formulas. Frequently, we will
omit the parameters > and W if their values are obvious from the context.

The quantifier height of a formula ¢, either first-order or monadic second-
order, is the maximal number of nested quantifiers in ¢. We denote it by qh(y).
The quantifier-free formulas are those of quantifier height 0.

A subset C' C STR[X] is MSO-definable if there is some formula p € MSOI[, (]
such that

C={ASTRY] A}

3.1  Transductions of relational structures

We will use logic for several purposes. First, we use formulae to define trans-
formations on structures and second, we label structures by logical types that
encode properties of tuples. Let C' and D be sets of structures. A transduction
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g : C — D is a binary relation g : R C C' x D that we consider as a multi-
valued partial mapping associating with certain structures in C' one or more
structures in D.

An MSO-transduction is a transduction specified by MSO-formulas. Given a
structure 2 and a tuple of parameters Wy,..., W, C A it constructs a new
structure B whose domain is a subset of A x [k], for some k > 1. Such a
transduction ¢ has an associated backwards translation, a mapping that ef-
fectively transforms an MSO-formula ¢ over 8 (possibly with free variables)
into a MSO-formula ¢? over 2 whose free variables correspond to those of ¢
(k times as many actually) together with those for the parameters. The for-
mula @Y expresses in 2 the property of B defined by ¢. We now give some
details. See also [4,2].

Definition 18 Let X and I" be two relational signatures and let W be a finite
set of set variables called parameters.

(a) A definition scheme (from ¥ to ') is a tuple of formulas of the form

D= (0,01, Yr, (V) wersr)

where k > 0,

I®k:={(R7)|Rel, 1€K@},

o € MSO[S, W],
Y; € MSO[X, W U {x1}], fori=1,... k,
and 0, € MSO[E, W U {z1,...,Za(m) } forw=(R,7) e TKE.

(b) Let A € STR[X] and let y be a W -assignment in A. We say that D defines
the I'-structure B in (A, ) if

(i) (A7) e,
(i) B={(a,i) e Ax[k|(27) [ tila) },
(iii) for each R €T,

Ry = {((a1,01), -, (anyin)) € B" | (A7) EVnslar, -, an) },
where 1 =1y ...1, and n = ar(R).

(By (A,7) E ¥(ay,...,a,) we mean (A,~") = ¢ where ' is the assignment
extending 7y such that 7' (x;) = a;, for all i < n.) Note that we do not redefine
equality (in contrast to, e.g., [10]). Two elements of B are equal if they are
equal as elements of A x [k].

The structure B is uniquely determined by 2, +, and D whenever it is defined,
i.e., whenever (2,v) = ¢. Therefore, we can use functional notation and we
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write B8 = D(2, ~). The relation
{ (Ql, D, v)) ‘ 7 is some W-assignment in Ql} C STR[X] x STR[I']
is called the transduction defined by D.

Let L be some fragment of MSO. A transduction ¢ C STR[X] x STR|I]
is an L-transduction if it is defined (up to isomorphisms) by some definition
scheme D consisting of formulas from L. In the case where W = (), we say that
g is parameterless. (Note that parameterless transductions are functional.) We
will refer to the integer k by saying that D is k-copying. If k = 1 we will call
D and D noncopying. A noncopying definition scheme has the simple form

(QO, ¢7 (Q9R>R6F)'

The quantifier height of a definition scheme is the maximal quantifier height
of the formulas it consists of. Since, up to logical equivalence, there are only
finitely many MSO-formulas of a given quantifier height £ € N, it follows that
the number of MSO-transductions (defined by schemes) of quantifier height k
is finite.

Note that since logical equivalence is not decidable one cannot effectively select
representatives of each class of logically equivalent formulas. However, one can
replace logical equivalence by a decidable finer equivalence relation that still
has only finitely many classes. A construction is given in [8].

Example 19 As an example we recall from [9], Lemma 2.1, that if we have
an MSO-definable equivalence relation ~ on A € STR[X] then there is an
MSO-transduction mapping 2 = (A, (Rg)gex) to its quotient structure

A/~ = (A/~, (Ry/~)Res)

where Ry~ = { (la1], - .., [an]) ‘ (ay,...,a,) € Rg(} and [a] denotes the equiv-
alence class of a. Note that A/~ can be defined from 21 with the help of any set
X C A containing exactly one representative of every ~-class. Therefore, we
can write down a noncopying definition scheme with one parameter X where
the formula ¢ states that X contains one representative of every ~-class and
(x) is the formula x € X. We omit routine details.

Let F' and G be finite signatures. By encoding terms as labelled trees we can
consider a mapping from 7'(F') to T(G) as a transduction between relational
structures. Similarly, mappings from T'(F) to STR[X] can also be given by
transductions.

Every operation defined by a tree transducer can be represented by a param-
eterless MSO-transduction (see [3,5]). The fact that we only consider linear
tree transducers is here essential.
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On several occasions we will use transductions that transform a structure into
the substructure induced by a definable subset X of its domain. If ¢(x) is a
formula with a single free variable we denote by del, the transduction that
eliminates all elements satisfying .

3.2 The fundamental property of MSO-transductions

Every definition scheme D does not only define an MSO-transduction between
structures but it also gives rise to a translation of formulas. The following
proposition says that if 98 = 75(2[, ~) then all monadic second-order definable
properties of B can be expressed by monadic second-order formulas over 2.
The usefulness of MSO-transductions is based on this fact.

Let D = (o, ¥1, ..., U, (V) wersk) be a definition scheme with a set of param-
eters . Given a set V' of set variables disjoint from W we introduce new vari-
ables X for X € V and i € [k], and weset V) :={ XD | X €V, i € [k]}.

Let 21 € STR[Y] be a structure. For every mapping i : V) — P(A), we define
n*:V — P(A x [k]) by

7(X) = n(XW) x {1} U Un(X®) x {k}.
Let Y = {y1,...,y,} be aset of first-order variables. For a mapping p1: ¥ — A
and an r-tuple 7 = iy ..., € [k]", we denote by y; : Y — A X [k] the function
with

a(y;) = ((y;), i) -
If k£ =1 then we identify A x [1] with A and p;._; with p.

Proposition 20 ([22,17]) Let D be a k-copying definition scheme from X
to I' of quantifier height m with set of parameters W. Let V' be a finite set of
set variables and Y = {uy1,...,y.} a set of first-order variables.

For every formula € MSO[I',V UY] and all 7 € [k]", one can effectively
construct a formula P € MSO[X, V® UY U W] of quantifier height

qh(8P) < k- qh(B) +m

such that, for each A € STR[Y] and all assignments v : W — P(A), n :
VE) — P(A), and i : Y — A, we have

(A,nU~yUp) = B2 it DA, 7) is defined, n* U i is a
(V UY)-assignment in D(2,~), and
( 2,9), 7" U i) b= .

19



PROOF. Let D = (¢, ¢1,..., 0k, (Vy)werrk). For every monadic second-
order formula G(y,..., vy, X1,...,Xs) and all tuples 7 € [k]", we define a

formula 3} with first-order variables ¥;,...,y, and set variables X]@, for
1 <1 < kand 1 < j < s, by induction on 3. W.l.o.g. we may assume
that 3 does not contain universal quantifiers and conjunctions. In the atomic
case we set

(r=y)y=v=y,
(zeX) =xeXD,
(Rz); == Ors(T),

boolean operations remain unchanged

(=8); =B,
(BVY); =06V,

and for quantifiers we define

(Elerrlﬂ); = \/ Elyr+1(wj(yr+1) A ﬁ%)v

J€lk]
(3XpB): =3xW...3xW®g
Note that in the case of a second-order quantifier X3 we do not need to
add the condition that every & € X satisfies v; since set variables X are
only used in atomic formulas of the form y € X and we require that every y
satisfies the corresponding 1);.

To conclude the proof we can set 37 := 3 A . The construction ensures that
qh(BP) < k- gh(B3) +m. (We can slightly improve this bound to

qh(ﬁzp) < k-qhy(B) + th(ﬁ) +m,

by distinguishing between the quantifier heights qh,(3) and qh,(3) of first-
order and second-order quantifiers.) 0O

Note that, even if B = 75(9[, 7) is well-defined, the mapping 1" is not neces-
sarily a V-assignment in B because 1*(X) may not be a subset of the domain

of ‘B.

We call 3P the backwards translation of (3 relative to the transduction D. If
g is the transduction defined by D then we also write 39 instead of 7. For
k =1 and r > 1, we abbreviate 3P | by 3P. Similarly, we write 37 instead

of .

20



Proposition 21 ([22,17]) (1) The inverse image of an MSO-definable class
of structures under an MSO-transduction is MSO-definable. The domain of
an MSO-transduction is MSO-definable.

(2) The composition of two MSO-transductions is an MSO-transduction.

We prove a special case of the second statement.

Lemma 22 Let f : STR[I'] — STR[A] and g : STR[X] — STR[I'| be MSO-
transductions of quantifier height m and n, respectively, and suppose that g is
Nnoncopying.

Then f o g is an MSO-transduction of quantifier height at most m + n. Fur-
thermore, if both f and g are parameterless and noncopying then so is f o g.

PROOF. Let D = (¢, 91, ..., Uk, (Vw)weaxk) be the definition scheme of f.
We obtain a definition scheme of f o g consisting of

(% ot s (9 )wenme)

By Proposition 20, the quantifier height of these formulas is bounded by m+n.
The second claim also follows easily. O

3.3  Operations on relational structures

Let us introduce the basic operations on relational structures that constitute
the standard signature QF to which we will compare other signatures.

Disjoint union. The disjoint union 2 @ B of two structures A € STR[Y]
and B € STR[I'] is the structure € € STR[X UT'] whose domain C':= AU B
is the disjoint union of A and B and, for each relation R € X U T, we have
R¢ := RyURg where we set Ry := () for R € T'\ X, and Ry := ) for R € X\ T.
(We are only interested in properties of structures up to isomorphism. Hence
we can freely replace structures by isomorphic copies.)

Quantifier-free operations. A quantifier-free definition scheme is a pa-
rameterless noncopying definition scheme D = (o, ¥, (Jr) rer) where ¢ = true
and the formulas ¢ and ¥g, for R € I, are quantifier-free. The transduc-
tion D : STR[Y] — STR[T] defined by such a scheme is total and functional.
When considered to be part of a signature, we will call functions of this form
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quantifier-free operations. (We keep the term transduction for transforma-
tions of structures that are, typically, encodings relating different classes of
relational structures.)

Note that since we require ¢ = true not every parameterless noncopying def-
inition scheme of quantifier height 0 defines a quantifier-free operation. By
inspecting the proof of Lemma 22, one easily sees that the composition of two
quantifier-free operations is again a quantifier-free operation.

Example 23 The edge complement for simple, loop-free, undirected graphs
can be defined as the quantifier-free operation where

Vedg(T1, T2) 1= 1 # 22 N\ —edg(xq, 22) .

Another edge complement could be defined for graphs with loops by deleting
1 # o in the above formula.

Remark 24 To shorten notation we will usually omit defining formulas 9g
of the form Jr = RT (= Rw1 ... Ta(r)) that do not modify the relations R.

If we have a quantifier-free definition scheme of the form D = (true, ¢, (Vr)gex)
where I' = X and ¥ is Rx; ... 7axr), for all R € 3, then we say that D is
a (quantifier-free) domain restriction. In this case we have D = del.,; and

~

D(2) is the substructure of 2 induced by the set of elements satisfying .

If, on the other hand, D = (true, true, (Jr)rer), then we call D nondeleting.
Then the structure D(2) has the same domain as 2 but its relations are
redefined by the formulas 9. Other examples will be given in Section 3.5
below.

Lemma 25 FEvery quantifier-free operation is the composition of a quantifier-
free domain restriction and a nondeleting quantifier-free operation.

PROOF. For every quantifier-free definition scheme D = (true, ¥, (Jr)rer)
from X to I' we have D = D’ o del,, where

dely := (true, ¢, (RT)gex) and D' := (true,true, (Vg)pger) -

3.4 The many-sorted algebra of relational structures

We define an algebra STR of relational structures as follows. Suppose that
Yo is a fixed relational signature with countably many symbols of each arity.
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We assume that every finite relational signature Y is a subset of »,. We
regard every finite signature ¥ C X, as a sort of STR. The corresponding
domain (of sort X) is the set STR[X] of all finite Y-structures.

The operations consist of the disjoint union @ and all quantifier-free opera-
tions. Furthermore, we add constant symbols for all singleton structures, that
is, structures whose domain contains exactly one element. Note that every set
STR[XY] contains only finitely many of them (up to isomorphism).

This signature, which we denote by QF, will be our reference signature for
the algebra STR. We will construct alternative equivalent signatures.

If ¥ C I' we could regard structures 20 € STR[X] as elements of STR|I'| where
all relations R € T' \ ¥ are empty. However we will distinguish 2 from its
expansions, so the sets STR[X] are pairwise disjoint. The natural inclusion
i : STR[X] — STR|I] is a quantifier-free operation. In particular, i € QF.
The operation symbol & is overloaded. It actually represents countably many
binary operations, one for each pair of sorts.

According to our general definitions we obtain the classes Equat(STR) and
Rec(STR) of all QF-equational and QF-recognizable sets. Since QF is our
standard signature we will call such sets simply equational and recognizable.

Proposition 26 ([7,2]) Let C C STR[X].

(a) If C is MSO-definable then C' € Rec(STR)x.

(b) If C € Rec(STR)x and D C STRI[X] is MSO-definable then C N D €
RGC(STR)g.

(c) If X C T andi: STR[X] — STRII] is the inclusion map then we have
C € Rec(STR)yx iff i(C) € Rec(STR)r.

Proposition 27 ([7,2,16]) Let C C STR[X|. The following statements are
equivalent:

(i) C € Equat(STR)sx.
(il) C = valgrr(K), for some K € Rec(T(QF)x).
(iii) C = 7(L), for some MSO-transduction 7 : STR[A(F)] — STR[X] and

some reqular set of terms L C T(F) (over an arbitrary finite signature F').
Corollary 28 Let C' € Equat(STR)y.
(a) Ift: STR[X] — STRII'] is an MSO-transduction then 7(C') € Equat(STR)r.
(b) If D C STR[Y] is MSO-definable then C' N D € Equat(STR)s.

(c) If £ C T andi: STR[XE] — STRI[I] is the inclusion map then we have
C € Equat(STR)y iff i(C) € Equat(STR)r.

23



PROOF. (a) If C € Equat(STR)y then there exists a regular set of terms L
and an MSO-transduction o such that C' = o(L). Hence, 7(C) = (1 0 0)(L)
and Proposition 21 implies that 7(C') € Equat(STR)r.

(b) If D is MSO-definable then the identity function idp : D — D is an
MSO-transduction. Since C'N D = idp(C) the claim follows from (a).

(c) follows immediately from (a) since 7 and its inverse are MSO-transductions.

3.5 VR-operations on graphs

Let us consider the special case of graphs. We recall the definitions of two
algebras of graphs, called VR and VRP, which are connected to certain context-
free graph grammars and to the graph complexity measure called clique width
(see [2,23,6]). We show that these algebras can be considered as subalgebras
of STR. In addition to the edge relation edg we fix a countable set 11, of unary
relation symbols that we will use as vertex labels. The algebra of graphs VR
has domains of the form STR[{ edg } UII], for finite IT C II,. The corresponding
structures are labelled graphs G = (Vi edgc, (Pe)pen) where a vertex v has
label P iff it belongs to the set P;. Hence a vertex may have no, one, or several
labels.

We define a signature VR that, apart from the disjoint union ¢ and constant
symbols for the basic graphs with a single vertex, contains the following par-
ticular quantifier-free operations. The mapping renp_. changes every label P
to @, the operation fgt, (forget P) deletes every label P, and addpg, for
P # @), is defined by the quantifier-free definition where

Vedg(T1, T2) 1= edg(z1,22) V (Pr1 A Qx2).

Hence addp adds a new directed edge from every vertex labelled by P to each
vertex labelled by ) — unless there exists already one (we deal with simple
directed graphs, possibly with loops).

A more restricted algebra of labelled graphs is VRP. A Il-graph is a structure
G = (Vg, edgq, (Pg) penn) in STR[{ edg} UTT] such that the unary relations form
a partition of the domains. (The superscript p refers to this fact.) Hence every
vertex has one and only one label. The above defined operations, except fgtp,
preserve this property. (Of course, we have to omit those constant symbols
which define labelled graphs that are not II-graphs.)

For each set IT, we denote by VRYE, the signature

{PaPloopa@vaddP,QarenPHQ ‘ P’Q € H’P ?é Q}’
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where P is a single vertex labelled by P, and P'°°P is the same with an incident
loop. We obtain in this way the VRI-algebra of II-graphs which was first
introduced in [15].

Remark 29 The algebra VR s obtained from STR by deleting certain sorts,
the corresponding domains, all operations involving them, and certain unary
operations between sorts kept in VR. For VRP, we additionally remove those
structures from the remaining domains where the relations of I1 do not parti-
tion the set of vertices.

Every term ¢ € T(VRY]}) defines a II-graph, and every Il-graph is the value of
some t € T(VRY,), for a sufficiently large set U D TI. The clique width of G
is defined as the smallest cardinality of ¥ such that G is the value of some
term in T(VRY) (see [24,6]). We recall that trees have clique width at most 3.
This signature originates from context-free graph grammars defined by vertex
replacement (see [2,15]).

To generate undirected graphs we can make the definition of add p o symmetric
by setting

Veag (1, T2) := edg(x1,22) V (Pr1 A Quz) V (Pra A Q1) -

The notion of clique width of an undirected graph follows immediately. Every
clique has clique width 2. We recall the following result from [2,16].

Proposition 30 A set of finite graphs has bounded clique width if and only if
it 1s contained in the image of a set of finite trees under an MSO-transduction.

We have defined a many-sorted algebra VR of graphs. The notion of a VR-
recognizable set of graphs follows from the general definitions. This notion is
robust as proved in [8] Theorem 4.5: a set of graphs is VR-recognizable iff it is
recognizable w.r.t. VR (the signature consisting of the operations from VR
and all quantifier-free operations) iff it QF-recognizable. We will establish
further robustness results below.

Example 31 Recall that, for a finite signature F', we denote by A = A(F)
the signature used to encode terms t € T(F) as labelled trees S(t) € STR[A].
We show that the function STR[A] x STR[A] — STR[A] that corresponds to
the mapping T(F) x T(F) — T(F) : (t1,t3) — f(t1,1t2), for fized f € F, can
be expressed in terms of @, some quantifier-free operations, and one constant.
Let vt be a constant symbol denoting a single element labelled by rt and no
other relation. In addition to the relation of A we will use unary relations
rt; and rto, and a constant symbol rt. If t1,to € T(F) are represented by
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S(t1),6(ty) € STR[A] with disjoint domains then we have

G(f(tla t2)) = (fgtrtl o fgtrt2 o addrt,rtl,sucl o addrt,rtz,su(tg)
{I‘t > Tellpy—rty (6<t1)) S Tellpg—rt, (G(tZ))} 9

where the operation addy; i, sue, adds all pairs (x,y) with rt(z) and rt;(y) to the
relation suc;. This operation can be defined by the quantifier-free transduction
where

Vsue, (2, y) = suc;(z,y) V (rt(z) Arti(y)) .

4 Annotated structures

A central notion in many of our proofs is that of a type annotation which we use
to encode information about a tuple of elements of the considered structure.
We define finite sets ®,, of formulas by certain syntactic restrictions such that
all formulas in ®,, have free variables among x4, ..., z,. With every n-tuple a
we associate the set of those formulas in &, that are satisfied by a. Such
sets are called logical n-types (see, e.g., [13,12,11]). The syntactic restrictions
defining ®,, (we will consider several variants) ensure that each type is finite
and that there are finitely many types of the considered form.

We enrich a relational structure 21 by adding, for every n-type, a new n-ary
relation containing all tuples of that type. This operation is called annotating
the structure 2A. We will examine the relationship between annotations and
MSO-transductions and their effect on recognizability.

4.1  Monadic types

The monadic type of a tuple a is just the set of all MSO-formulas of a given
maximal quantifier height satisfied by a. In particular, since it contains all
quantifier-free formulas that hold for a, such a type completely describes, up
to isomorphism, the substructure induced by a.

Definition 32 Let A be a X-structure and a € A" a tuple, n > 0. The
monadic n-type of quantifier height k£ of a is the set

tp(a/2) == { p(7) € MSO[S, {z1, ...,z }] | ab(p) <k, A= (@) }.

We denote by S&’k(E) the set of all such monadic n-types realized in some
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S-structure? , and we write Sy () = Ui<nem St (%) for the union over
all n with 1 <n < m. (We need the subscript M to distinguish monadic types
from other kinds of types which we will introduce in Section 7.)

Types of quantifier height 0 are also called atomic or quantifier free. They
contain local information about the given n-tuple. For the empty tuple a = (),
we use the abbreviation tp,(A) := tp,(()/2A).

We will treat the monadic type of the empty tuple differently from the monadic
n-types with n > 0. For n > 0, we can introduce n-ary relations to label tuples
of the corresponding type whereas we do not allow relations of arity 0. This
is the reason why we exclude the case n = 0 in the union defining S5 ().
A type tp,(2() contains a finite amount of global information concerning 24
which, according to Lemma 45 below, is QF-computable.

As stated in the next lemma types are MSO-definable because we only consider
finite relational signatures. Furthermore, for finite structures we can effectively
compute the type tp,(a/2) from a and 2.

Definition 33 Let p € Sy;" (%) be a monadic n-type. The Hintikka-formula
of p is defined by

wp(f) = /\p.

(By convention we do not distinguish between logically equivalent formulas so
that the above conjunction is finite, cf. Section 3.1.)

It follows immediately from the definition that a type is defined by its Hintikka-
formula.

Lemma 34 For every monadic n-type p € Sf/[’k(Z), we have qh(v,) = k and
AEPy(a) iff tpy(a/A) =p,
for every structure A and each tuple a € A™.

Finally, let us remark that quantifier-free operations induce a map on the set
of types.

Lemma 35 For every quantifier-free operation f : STR[X] — STRIT, there
exist mappings I : Syi¥(2) — SiF(T) such that

tpg(a/f(A)) = fi (tp(a/2A)),

2 The reader may worry about the fact that S&’k(E) is not recursive (only recursively

enumerable). Instead of Sf/[’k(E) we could use the larger set of all sets of formulas
over the signature Y. This will not affect our proofs.
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for every structure A € STR[X] and each n-tuple a in f(2).

PROOF. For every formula ¢(z) of quantifier height at most k, we have

p() € tp(a/f(A)) it A pl(a) iff ¢(T) € tpy(a/A).

Note that qh(y’) = qh(yp), by Proposition 20. Therefore, f* can be defined
by

fip) ={ele’ ep}.

4.2 Monadic annotations

Sometimes it is useful to have all monadic information available via a single
relation. In order to make the full monadic type accessible we add new re-
lations 7),, for every type p. After adding all these relations 7, the original
relations are superfluous, and we can delete them.

Definition 36 Let 2 be a X-structure, m > 0, and k > 0. The monadic
annotations of A are the structures

M) = (A, (T) gz s )

pESM

with the same domain as A where, for each monadic n-type p € Sﬁm’k(Z), we
add the n-ary relation

T,:={aec A" |tp,(a/2A) =p}

of all tuples of type p. We denote the relational signature of MJ*(2) by
St = A{T, pe Sy (2)}.

For m = ar(X), we simply write M(2) and 35;.

Definition 37 Let A be a structure. The rank of an n-tuple a € A™ is the
size of the set {ay,...,a,}. An n-tuple is a loop if its rank is less than n.

By 2|, we denote the structure obtained from A by removing from all relations

every tuple of rank greater than m. Let STR,,[X] be the set of all structures
2 € STR[X] such that A, = 2.
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Remark 38 If m > ar(X) then we can reconstruct A from M7 (). For m <
ar(2), we can only recover the atomic information about tuples of rank at
most m.

Example 39 We consider the following vertex labelled graph & € STR|edg, P, Q]
with domain {a,b,c,d} and labels P and Q).

Qf)_’ )

b d
P PQ

The annotated structure M3(®) is the complete graph where each verter x
has a unique label tpy(z/®) and every edge (x,y) is labelled by tpy(zy/®).
For instance,

tpy(a) = {—Pzx, Qx, —edg(z,x),

Y

tpo(d
tpo(ab) = {edg(w,y), edg(y,x), v #y,...} Utpy(a) Utpy(b)ly/z],
tpo(ac) = {edg(r,y), —edg(y,x), T #y,...} Utpy(a) Utpy(c)ly/z].

Note that every type contains a lot of redundant formulas. For the purpose of
clarity we have omitted in the above list all formulas that are logical conse-
quences of those shown. To improve readability we also have used the variables
x and y instead of x1 and xo. Finally, [y/x] denotes the substitution of y for x.

The Hintikka-formula ), o) (z) of a is thus equivalent to

Pz A QN —edg(z,z).
If we delete from MZ(®) the vertez labels we obtain a symmetric labeled 2-
structure as defined by Ehrenfeucht et al. [25]. Our results show that equational

and recognizable sets of graphs can be defined in an algebraic framework based
on vertex and edge labeled complete graphs that are quite close to 2-structures.

Monadic annotations are compatible with MSO-transductions. First of all, the
operation Mj" is itself an MSO-transduction.

Lemma 40 Let 3 be a relational signature.
(a) The mapping M} : STR[X] — STR[Zﬁ’k] is a noncopying parameterless
MSO-transduction of quantifier height k.
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(b) There exists a quantifier-free noncopying parameterless transduction g :

STR[Z1"] — STR,,[X] such that
gMP(R) = A, for all 2 € STR[Y].

(c) The restriction of M to STR,,[3] is injective. Its inverse (MP)~! :
STR[EF] — STR,,[2] is an MSO-transduction.

PROOF. (a) We have already seen in Lemma 34 that one can define the
relation 7}, by the formula v, of quantifier height k.

(b) For n < m, we can write an n-ary relation R € ¥ as
Ry={ae A" |a e T, for some p with Rz € p}.

Hence, we obtain a definition scheme for g by setting
(a1, .. xn) =\ { w1 ... 2, | p € Sy (2), Ry ... v, €p}.

For n > m, we need some notation to write down 9Jz. With an n-tuple a of
rank 7 we can associate a surjective function o : [n] — [r] such that a; = q
iff o(i) = o(l). Given such a function o we set j;(c) := mino (i), for i € [r],
and

Xo(T1,ovzn) = N N\ =

i€lr] kleo—1(3)

Then we can define R by

Ur(x1, .. 20) = VA{ LT pmo) - - (o) A Xo(T15 .-, T) |
1 <r<m, o:[n] — [r] surjective with
pi(o) < -+ < (o), and
p € Sy (%) with Rxy0y...Tom) €D}

For example, if o : [6] — [3] maps [6] to the sequence 1,2,2,1,2,3 then the
above disjunction includes the formula

Tpl’1$2$6 NT1=2Ty /\332:$3 /\1’221’5 A T3 = Ts
if and only if we have Rxixoxox12003 € p.

Note that the above disjunctions are finite since there are only finitely many
types in Sy ().

(c) In light of (b) we only need to prove that the range of Mj* is MSO-
definable. Then we can restrict the transduction g of (b) appropriately. Let

30



A € STR[EWH]. If A = M7(B), for some B € STR,,[X], then we have
B = Bl = g(M(B)) = 9(A),

which implies that 2 = M7 (g(2)). Conversely, if 2 = M (g(2)) then A is
in the range of M}". We can express that 2 = M}*(g(2l)) by the formula

/\ V(T < (1,)(T))

peSS™H(E)

where 1, is the Hintikka-formula for p and (1,)¢ its backwards translation
via g. This formula can be used in the definition scheme of the transduction

(M1 STR[EWF] — STR,u[%] to define the domain. O

Since, by Corollary 28, QF-equational sets are closed under MSO-transduc-
tions it follows immediately that M preserves equationality.

Corollary 41 A set C' C STR,,[X] is QF -equational if and only if M;*(C')
is QF -equational.

Each noncopying parameterless MSO-transduction of quantifier height % fac-
tors through M.

Lemma 42 Let g : STR[X] — STRII'| be a noncopying parameterless MSO-

transduction of quantifier height k and m := ar(I'). There ezists a noncopying
parameterless quantifier-free transduction f : STR[E&”C] — STR|I'] such that

g(2) = f(MZL(Ql)) , for all A € STRI[X] such that g(A) is defined.

PROOF. Given a quantifier-free definition scheme (¢, 1, (9g)ger) of g, we
construct a definition scheme (true, ', (9%;)ger) for f by setting

V' =\/{Txm |pEv} and V5 :=\/{T,z|pEIr}.

(E is the logcial entailment relation.) O

4.8 Operations on annotated structures

It turns out that the mapping tp, : STR[Z] — Sy (X) is QF-computable
(cf. 6). One part of the proof is given by the following (special case of a)
theorem of Shelah [26] (see also the thorough study by Makowsky [27]).
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Proposition 43 Let k, m,n > 0. For every formula p € MSO[ZUT, {x1, ..., Tmin}]
of quantifier height k, one can effectively construct finite sequences of formulas

¢1, Ce ,@Z)l < MSO[Z, {Il, e 7$m}]
and /191, e 7'(9[ G MSO[F, {$m+17 . e ,.Iern}]

of quantifier height at most k such that, for all structures 2 € STR[Y] and
B € STR[T], and all tuples a € A™ and b € B", we have

ADB = pla,b) iff A=i(a) and B |=9;(b) for somel <i<I.

Corollary 44 For all numbers k,n € N and every set I C [n], there ezists a
binary function @y such that

tpy(¢/A S B) = tp(clr / A) Dr.1 tpy(Clpapns / B) s

for all structures A and B and all tuples ¢ € (AU B)" such that ¢|; C A and
g1 € B. (By ¢|r we denote the subtuple of all components c; with i € I.)

Lemma 45 The function tp, : STR[X] — SUF(X) is QF -computable.

PROOF. It is sufficient to find operations on Sy;" () such that tp,, : STR[X] —
S&k(Z) becomes a QF-homomorphism. For the disjoint union, we can use the
operation @y g introduced in Corollary 44. And, if g : STR[X] — STR[I'] is a
quantifier-free operation then we have shown in Lemma 35 that

tpr(g(2)) = g (tpx(2A)) , for all structures 2.

O

Lemma 46 For every m € N, the mapping M} : STR[X] — STR[Z1] is a
finite-state heteromorphism based on tp,,.

PROOF. We have to show that, for every operation f € QF of arity 0 < n <
2, there exist linear terms t[py,...,p,] € T(QF,{x1,...,x,}), for p1,...,pn €
SYF(2), such that

M (F(R, -, 2y) =
HEpe(RN), - P ()| (ME (1), ME (L))

for all structures 24, ..., 2, € STR[X].

First, we consider a quantifier-free operation f : STR[X] — STRI[I]. Recall
the mappings f : Sif'(X) — Sif(T') defined in Lemma 35. We have

M () = g(Mi (1))
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where the definition scheme of the quantifier-free operation g consists of the
formulas

() =\ {T,x| g€ S\{(%), ¥ €q},
Or,(7) =\ {T@ g€ (fi)"'(p)}., foreverype Syf(I), 1<i<m,

where ¢ is the formula of the definition scheme for f that specifies the domain
of the output structure. Note that in this case the term ¢[tp, ()] = g(x1) does
not depend on tp, ().

Second, we consider the case where f = @&. We define quantifier-free operations
ho, h1, and g depending on tp,(2) and tp,(B) such that

MG (A @ B) = g(ho(MF () & hn (MF(B)))

The operations hy and h; just add a new unary relation P ¢ ¥ to their argu-
ment such that P = () for hy whereas, for h;, P contains every element. These
functions are only needed so we can tell the elements of the two structures
apart. The main work is done by g which updates the type annotation. Recall
from Corollary 44, that there exists a binary operation @ ; on Sg;™" (), for
n <m and I C [n], such that

tpy (/A © B) = tp.(clr/2A) Dr,r ty. (€l /B)

for all structures 20 and B and all tuples ¢ € (AU B)" with ¢[; C A and
¢l € B. Hence, we can define the definition scheme of g by the formulas

(x) := true,
and I, (Z) = \/ { /\ -Px; A /\ Px; NT,2|; N2 g

icl i¢l

TSl 1¢{0[nl} g =)

v \/{ N —Pzi NT,T | q S n) tpy(B) =p}
V

i€[n]

Vv { N\ Pz AT, &

1€[n]

tpy(2A) Brpr =p } 7

for p € SE¥(2). (In the case where 2 and B have different signatures the
argument is adapted in the obvious way.)

Finally, we consider the case where f is a constant. Then the value of f is a

singleton structure 2. Consequently, its annotation M7*(2l) is also a singleton
structure that can be denoted by a constant. O
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Recall that we write M, (2) for M (2). As usual we set
M (C) = { M) [A e C},
for classes C' C STR[Y].

Theorem 47 A set C C STR[X] is QF -recognizable if and only if My (C') is
QF -recognizable.

PROOF. (<) By Lemma 46, My is a finite-state derived homomorphism
based on tp,. We have seen in Lemma 40 that M, is injective. Therefore,
we have C' = (M},) Y (M (C)) and, by Lemma 14, it follows that C' is QF-

recognizable.

(=) Suppose that C' C STR[X] is QF-recognizable. Let ~ be a QF-congruence
witnessing this fact.

By Lemma 40 (c), the range D := M (STR[X]) C STR[Z%;] of M} is MSO-
definable and, therefore, QF-recognizable by Proposition 26. We denote the
corresponding QF-congruence by ~.

To show that M (C) is QF-recognizable we define
A= :iff A~V and A=B.
Clearly, = is a finite QF-congruence.

It remains to show that = saturates M(C). Let A € M, (C), that is, A =
My (€), for some € € C. If B = A then 2 ~ B implies that B = M (D),
for some ® € STRI[X]. We have seen in Lemma 40 (b) that there exists a
left-inverse g of M, that is a quantifier-free operation. Hence, 2 ~ 8 implies

Consequently, we have ® € C' and B = M (D) € M,(C), as desired. O

4.4 Annotating the leaves of a binary tree

We state some definitions and lemmas that we will use in Section 6. Let F' be
a set of binary function symbols and C' a set of constants. As remarked at the
beginning of Section 3 we can represented every term ¢ € T'(F' U C') by a tree

S(t) = <N(t),sucl,suc2,rt, (laba)aepuc> € STR[A(FUC)],
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where N (t) is the set of nodes of t. Let A := A(F U C) be the corresponding
signature. We denote the set of leaves by L(t) C N(t) and by < the usual
linear left-right order on L(t).

Definition 48 Let t be a term, m > 0, and k > 0. A tuple a € L(t)" is
increasing if a; < --- < a,. The restricted monadic annotations of &(t) are
the ATYF_structures

RY(t) == <L(t), (Tp)pesﬁm’k(A)>

with domain L(t) where, for each monadic n-type p € S5™*(A), we add the
n-ary relation

T, := {a e L(t)" ‘ a increasing, tp,(a/6(t)) = p}.

Remark 49 There are formulae o(x) and(x,y) of quantifier height qh(p) =
1 and qh(v)) = 5 such that ¢ defines the set of leaves and 1 defines the
ordering <:

p(x) = ~Jy[suci(z,y) V sucz(z, y)]
Y(x,y) = Fz[Fui(sucy(z,u1) Aug < ) A Jug(suca(z, ug) Aus X y)],

where the tree ordering = is defined by

x =y :iff VZye Z AN VuVujv € Z A (sucy(u,v) V suca(u,v))
—u € Z|
—z € Z].

(x <y can be read as “r is an ancestor of y”.) Hence, there exists a formula
(1, ..., x,) of quantifier height 5 expressing that T is an increasing tuple of
leaves. It follows that, for k > 5, we can tell from tp,(a/S(t)) whether a is
such a tuple. Consequently, we can obtain R} (t) from M (S(t)) by

e deleting all nodes that are not leaves,
o removing all relations T, such that p = V,.

Fort € T(FUC) and u € N(t), we denote by t/u € T(F U (') the subterm
of t rooted at the node u. Let * be a new constant symbol. We denote by
t\u € T(FUCU{x}) the term obtained from ¢ by replacing the subterm ¢/u
by the constant *. Hence, the unique occurrence of * in t/u is .

Lemma 50 Let k € N.
(a) For every f € F and all numbers 0 < m < n, there ezists a mapping

O = S (B) X Sy H(A) = S
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such that we have
tpk(@l_?/g(f(thb))) = tpk@/G(tl)) Of . tpk(l_?/G(h)) 7
for allt,, ty € T(FUC) and all increasing tuples a € L(t,)™ and b € L(ty)" ™.
(b) For every f € F and all numbers 0 < m < n, there exists a mapping
O SU(A) X STHH(A) x ST™H(A) — S (A)
such that we have
01 (a5/&(1)) = p (04(S(t\ ), 104/ (1)), t0,(/S(12)))

for every t € T(F'UC) such that t/u = f(t,t2) and all increasing tuples
ae L(ty)™ and b € L(ta)" ™.

PROOF. (a) We recall from the example after Proposition 30 that the map-
ping (S(t1), S(t2)) — S(f(t1,t2)) is a QF-derived operation. Consequently,
the result follows from Lemma 35 and Corollary 44.

(b) The claim follows as in (a) since we have

G(t) = (ren*ﬂf o fgtrtl ° fgtrt2 o add*,rtl,sucl o add*,rtg,su@)
(St \ 1) @ rens e, (S(11)) © renr—ri, (S(t2)))

5 Inverse MSO-transductions preserve recognizability

In this section we establish the following theorem which is one of the main
results of the article.

Theorem 51 If L € Rec(STR)r and 7 : STR[X] — STRI[I'] is an MSO-trans-
duction then 77'(L) € Rec(STR)sx.

The special case where L is CMSO-definable (CMSO is the extension of
monadic second-order logic by counting predicates which count the cardinal-
ity of a set modulo a fixed integer) follows from existing results. It is known
that every CMSO-definable set is recognizable [7| and the inverse image of
a CMSO-definable set under an MSO-transduction is CMSO-definable. The
case where L is a recognizable set of (simple) graphs of bounded tree width
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is a consequence of a result by Lapoire [28| stating that such sets are CMSO-
definable if we allow quantification over sets of edges (and not only on sets of
vertices). It follows that L is also CMSO-definable by a result of [17] where it
is shown that, in the case of finite graphs of bounded tree width, quantifiers
over sets of edges can be eliminated.

On the other hand, in [8] it is shown that there are uncountably many VR-
recognizable sets of graphs. Hence, uncountably many of them are not defin-
able in monadic-second order logic or in its extensions like CMSO, because
these languages are countable. This shows that Theorem 51 cannot be proved
by reduction to the special case of CMSO-definable sets.

The proof is based on the fact that a k-copying MSO-transduction 7 with
parameters Wy, ... W, can be written as 7 = p o copy, o v where

e 0 is a noncopying parameterless transduction,

e 7 is a noncopying transduction guessing Wy, ..., W,,, and

e copy,, is a k-copying parameterless transduction constructing the k-fold dis-
joint union of its argument, with some additional annotations to tell apart
the different copies.

We will prove the theorem separately for these three special cases.
5.1 Transductions that replicate structures

The simplest MSO-transduction we consider is a parameterless k-copying
transduction denoted by copy,. It transforms a structure 2 into the disjoint
union of £k copies of 2, denoted by 2y, ..., Ak, expanded by

e new binary relations Y; that encode the canonical isomorphisms 20; — 2A;,
e new unary relations P; that “mark” the element of the ¢-th copy 2.

Definition 52 Let Y, :={ P |1 <i<k}U{Y;|1<i<k}. We assume
that Y. is disjoint from every other relational signature 3, T, A, ... that we
will consider. For each relational signature 33, we define an operation

copyy : STR[X] — STR[X U Ty]

that maps a structure A = (A, (Ry)gex) to the structure € = copy,(A) with
domain C' = A x [k] and relations

Re:={((a1,1), . (aar(r), 1)) | (a1, -, Gasr) € Rax, i € [K] },
(Pl)e = A x {Z}a
(¥)e = {((a,1).(a.0) [a€ A},
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It is clear that copy, is a parameterless k-copying MSO-transduction.

Lemma 53 For every parameterless k-copying MSO-transduction T : STR[X] —
STRI[L|, there exists a parameterless noncopying MSO-transduction o : STR[XU
Ti] — STR[L| such that T = pocopy,, and o(*B) is undefined if the argument B

is not of the form copy, (), for some 2.

PROOF. Note that a structure € € STR[X U Y] of the form copy,(2)
satisfies the following conditions:

(1) The sets (P1)¢, - .-, (Px)c form a partition of the domain.
(2) For every R € ¥ and all tuples a € Ry, there is some i with a C (F;)e.
(3) Each relation (Y;)¢ defines an isomorphism between fgtp (€[P]) and

fgtp, (C[R))-

Conversely, every structure € € STR[X U Ty] satisfying these conditions is
isomorphic to copy, () where 2 is the 3-reduct of €[P;]. The conjunction of
(1)-(3) can be expressed by a first-order formula Y.

We denote the relativization of a formula a to the set P, by a"*). Suppose
that 7 is defined by

D= (0,01, Vr, (V) wersn) -

A definition scheme £ = (¢', ¢/, (Vy)rer) for o can be defined as follows. The
formula ¢ has to express in € that there is some 2 with € = copy, () and
2A = ¢. We can set

o= x A

The formula ' should define the set of all elements (a,i) € C such that
2 = 1;(a). This can be done by defining

(P — i (@)

S

V(@)=

=1

Finally, we must construct formulas ¥, for R € I'. We use the relations Y; to
obtain a copy of a given tuple that lies in the first copy P,. We have

(((ll,’il), ey (an,zn)) € R'ﬁ(?l) lff Q[ ): 19371'1._2‘71((1,1, . ,(ln) .

For fixed i4,...,17,, we can express this by the formula

B @) 1= 3 3y A Y 0 072, 9))).
k=1
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(If i = 1 then instead of Yiyrz) we use the formula y, = x4 A Pyz.) Therefore,
we can set

Vp(T) = ‘ A (k/i\l Py — Biy i, (3_7)) :

21yeeey in

Lemma 54 (a) For all structures A,B € STR[X] and every k, we have

COIDYk(Q1 D %) = COPYk(Q[) D COPYk(SB) .

(b) For every k and each quantifier-free operation f : STR[X] — STRIT] there
is a quantifier-free operation f’: STR[X U T}] — STRIT' U Y}] such that we
have

copy(f (%)) = f'(copy, (), for every A € STR[Y].

PROOF. (a) isclear. (b) Let D = (true, v, (Jr)rer) be the definition scheme

of f. We can define a definition scheme

D' = (tl"uea V', (V) rer, (Vp,)1<i<k, (19/;@)1@‘9)

where (") (Z) denotes the relativization of ©(Z) to P; written in such a way
that the formula (") (z) implies Pya;, for all [. O

Proposition 55 Theorem 51 holds for T = copyy,.

PROOF. By Lemma 54, the mapping copy,, is a derived heteromorphism for
the subsignature of QF obtained by removing all constants. Therefore, the
result follows from Lemma 14 and the remark that recognizability does not
depend on the constants in the signature. O
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5.2 Parameterless noncopying transductions

Proposition 56 Theorem 51 holds for parameterless noncopying MSO-trans-
ductions.

PROOF. Let 7 : STR[X] — STR|I'] be a noncopying parameterless MSO-
transduction of quantifier height & with definition scheme (i, ¥, (9r)rer). Sup-
pose that L € Rec(STR)r and let &~ be a congruence witnessing the recogniz-
ability of L. Let m := ar(I'). By Lemma 42, there is a quantifier-free operation
f : STR[Z1"] — STRII such that, if 7(2) is defined then 7(2) = f(MP()).
Consequently, we have

7N L) = {A e STRIZ] [ A=} N (MP) (L)

Clearly, ~ also witnesses the recognizability of f~!(L). By Lemmas 46 and 14,
it follows that (M7)~(f~!(L)) is also recognizable. Furthermore, by Proposi-
tion 26 (a) the set { A € STR[X] | A = ¢ } is recognizable. Since recognizable
sets are closed under intersection (cf. the remark after Definition 2) the result
follows. O

5.3 Handling parameters

Let I1,, :== {Py,..., Py} be a set of unary relation symbols disjoint from the
other signatures X, I", T etc. that we will consider. Let fgt;; : STR[XUII,,| —
STRI[X] be the quantifier-free transduction that deletes all relations in II,,,. Its
inverse is a noncopying MSO-transduction with m parameters that specify the
values of the relations Py, ..., P,,.

Lemma 57 Every MSO-transduction T : STR[X] — STR[I'] with m param-
eters can be factorized as p o fgt' where o : STR[S UIL,] — STR[I] is a
parameterless MSO-transduction.

PROOF. When we apply fgtﬁ}n to a structure 2 we obtain all possible expan-
sions of 2 by m unary relations Py, ..., P, C A. The transduction ¢ can simu-
late 7 by replacing the parameters by these relations. If B = (2, P) € fgtﬁi1 (20)
is a structure such that P does not satisfy the first formula of the definition
scheme of 7 then p(B) is undefined. O

Proposition 58 If L € Rec(STR)sum,, then fgty (L) € Rec(STR)sx.
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PROOQOF. The following obvious facts will be used.

(1) For all structures g, 2, and € and every m, we have
Ao ® Ay = fgty (C)
if and only if there exist structures 2B, and B; such that

¢ = %0 D %1 s 91() = fgtnm(%o) s and 911 = fgtnm (%1) .

(2) For every quantifier-free operation f : STR[['] — STR[A] and each m,
there exists a quantifier-free operation g : STR[[' UII,,] — STR[A UTL,,] such
that, for all structures 2l and B, we have

f(R) = fgty,, (B)
if and only if there exists a structure € with

B =g(C) and A=fgty (C).

We apply a technique which was used in [29] to prove that certain operations
on hypergraphs preserve recognizability. We fix m and we will write II instead
of II,,. Let ~ be a congruence witnessing the recognizability of a set L &
Rec(STR)sun. In order to show that fgt;;(L) is recognizable we define an
equivalence relation on each set STR[A] by

3

B},

A=B :iff {[¢]|¢eSTRIAUT, fgty(€)
= {[€]| € e STRIAUTI], fgty(€)

where [€] denotes the equivalence class of € w.r.t. .

Since = is an equivalence relation with finitely many classes of each sort so
is =. Furthermore, = saturates fgt;;(L). If A = fgt;(€) with € € L and B =2
then, by definition, there is some structure ® ~ € such that B = fgt; (D).
Hence © € L and B € fgt(L).

It remains to verify that = is a congruence. Suppose that 2, = B, and
A, = B;. We want to prove that Ay & A, = By D B;.

By symmetry, it is sufficient, for each € € fgt;' (o @ 2,), to construct a
structure ® € fgt;'(By © B,) such that D ~ €. By (1), there are structures
¢y € fat;;' () and € € fgt;;'(2A;) such that € = &, @ €,. By definition
of =, we can find structures ©y ~ €, and ©; ~ €; such that B, = fgt; (Do)
and B, = fgt; (D). Then fgt (Do & D1) = Bo @ B, and, since ~ is a QF-
congruence, we have & @ €, =~ Dy @ D, as desired.
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Let f : STR[I'] — STR[A] be a quantifier-free operation and suppose that
2 = B. We want to prove that f(A) = f(B). Let € € fgty;' (f(~A)). We have
to find a structure ® € fgt;'(f(B)) such that ® ~ €. By (2), there exists a
transduction g and some structure € such that € = g(¢’') and A = fgt; ().
By definition of =, we can find some structure ®’ ~ ¢’ with B = fgt;(D’).
Hence ® := g(®’') = g(¢') = € and fgt;(D) = f(B). By symmetry, it follows
that f(2A) = f(B). O

Proof of Theorem 51 By Lemmas 53 and 57, it follows that every k-copying
MSO-transduction 7 : STR[X] — STR[I'| with m parameters can be written
as

T = 0 0 COPY}, © fgtﬁ}n

where ¢ : STR[X U T, U Y,] — STR[I'] is a parameterless noncopying MSO-
transduction and copy, : STR[E UIL,,] — STR[E UL, U Ty].

Let L € Rec(STR)r. Then

(L) = fgty,, (copyy (071 (L))) -

By Proposition 56, o~'(L) is recognizable. Thus, copy; ' (o~*(L)) is recogniz-
able by Proposition 55. Finally, 77!(L) € Rec(STR)x, by Proposition 58. O

6 A small signature for the algebra of relational structures

Our basic signature for defining recognizable and equational sets of structures
(or hypergraphs) is QF. To show that this is a natural and robust choice we
present several other signatures that all turn out to be equivalent to QF. We
have already seen in Lemma 14 that the larger signatures QF ief are equivalent
to QF and in Section 7 we will introduce more interesting examples of larger
signatures. Before doing so let us try the opposite. In this section we consider
a proper subsignature that is equivalent to QF.

Let us first state some general facts that will serve as guidelines for proving
our results. We claim that, in order to prove that a subsignature G C Q]:ier
is equivalent to QF, it suffices to prove the following two properties:

(p1) If a subset L C STR[Y] is the image 7(K) of a regular set K of terms
(over any signature) under an MSO-transduction 7, then there exists a
recognizable subset K’ C T'(G) such that L = valgrgr (K’).

(P2) If a subset L C STR[Y] is G-recognizable then it is QF-recognizable.
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Proposition 59 Let G C iner.

(a) If G satisfies (P1) then Equat(G) = Equat(QF).
(b) If G satisfies (P2) then Rec(G) = Rec(QF).

In particular, any signature G C QF %" satisfying (P1) and (P2) is equivalent
to QF. Furthermore, all signatures H with G C ngr - Q]:ger are equivalent
to OF.

PROOF. Since G C QF% and QF is equivalent to QF% we have

Rec(QF) = Rec(QF %) C Rec(G)
and Equat(G) C Equat(QF%) = Equat(QF) .

Therefore, if G satisfies (P2) then we have Rec(QF) = Rec(G).

To prove (a), suppose that L € Equat(QF). By Proposition 27 (iii), L is the
image of a regular set of terms under an MSO-transduction. Hence, (P1) and
Proposition 4 imply that L € Equat(G).

Finally, suppose that G C ngr C iner. Then we have

Equat(QF) = Equat(G) C Equat(ngr) C Equat(QF%T) = Equat(QF)
and  Rec(QF) = Rec(QF5") C Rec(Hg™) C Rec(G) = Rec(QF).

Since, by Lemma 14, H is equivalent to ngr, the result follows. O

6.1 Structures of small rank with relations of large arity

We define a subsignature QF, of QF by retaining from the unary operations
particular operations that forget some relation (delete the corresponding hy-
peredges), rename some relation (relabel the corresponding hyperedges), and
build new relations from pairs of given relations of smaller arity (create new
hyperedges by concatenation of existing ones).

Definition 60 The unary operations of QF are the following ones:

(1) The forget operation fgt, : STR[X] — STRI[X \ A] deletes all R-hyper-
edges, for Re€ A C X.

(2) For an arity-preserving map h : 3 — ' between signatures, we have
the relabelling relaby, : STR[X] — STR|I'| that replaces every hyperedge
label R by h(R).
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(3) Let R,S,T € ¥, k := ar(R), | := ar(5), m := ar(T), and suppose that
h : [m] — [k +1] is surjective. The hyperedge addition addg sz, has a
defining formula V1 (Z) of the form

Tz V (inl oy A STipy i, AN L2y = 2 | B(G) = () })

where i; is the smallest element of h™1(j).

Remark 61 This operation adds a T-hyperedge of rank m for each pair
of an R-hyperedge and an S-hyperedge (which may have loops and com-
mon vertices). The resulting T-hyperedge may be a loop.

We denote by QF the signature consisting of the above operations, the disjoint
union, and all constants for singleton structures. By QF,[%] we denote the
subsignature of all those operations that refer only to relations in 3.

In the proposition below we will make use of the following normal form of
MSO-transductions.

Lemma 62 Given a finite signature F', a regular set of terms K C T(F),
and an MSO-transduction 7 : STR[A(F)] — STR[X], we can construct a
finite signature F', a regular set K' C T(F"), and an MSO-transduction 1’ :
STR[A(F")] — STR[X] such that 7(K) = 7/(K’) and F', K', and 7' have the
following additional properties:

(1) F’ contains only constants and binary function symbols.

(2) 7' is noncopying and parameterless.

(3) For everyt' € K', the relational structure 7'(t') is defined and its domain
consists only of leaves of t'.

PROOF. In three steps, we transform F, 7, K into F’,7’, K’ with the above
properties. The same construction is used in the proof of Theorem 4.6 of [7].
Hence we only sketch the different steps.

Step 1: Eliminating parameters. Suppose that the transduction 7 uses m pa-
rameters X1,..., X,,. We replace F' by the signature F’ := F' x {0, 1} where
the symbol (f,b) € F’ has the same arity as f. Every term ¢ € T(F') en-
codes a pair (¢,(Py,...,Py)) where t € T(F) is the projection of ¢ to the
first component and the set P; consists of those nodes of ¢’ that are labelled
by a pair (f,b) with b; = 1. Thus, every term in T(F’) contains an F-term
and the values of the parameters Xi,..., X,,. The set K| of all those terms
which encode a pair (¢, P) for which (¢, P) is defined is regular. This is a
standard construction, based on the result by Doner, Thatcher, and Wright
stating that a set of terms is regular if and only if the corresponding set of
structures encoding them is MSO-definable (see Chapter 3 of [19]). It follows
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that the subset K’ C K}, of all terms encoding pairs (¢, P) with ¢ € K is also
regular.

Step 2: Making T noncopying and satisfy condition (3). By the first step, we
can assume that 7 is parameterless. Suppose that it is k-copying for & > 1.
We increase the arity of each symbol in F' by k (including constants) and we
add a new constant, say, *. Let F’ be the resulting signature. We define a
transformation T'(F') — T(F") : t — t* of terms by

)
F(ti, o tn) :f(tl,...,tn,*,...,*),

where we add £ times * in each case. Since * is a tree transduction it follows by
Lemma 1 that the image K* C T'(F”) of K is regular. The nodes corresponding
to the new constants * are all leaves, and they offer enough space to define
the domain of the output structure, without the need to use several copies
of the term. Hence, we can construct a MSO-transduction 7 that is (still
parameterless and) noncopying such that 7(¢) = 7/(t*), for each t € K.

Note that even if 7 is noncopying we have to perform this transformation in
order to satisfy the second part of condition (3).

Step 3: Removing non-binary function symbols. By the first two steps, we
can assume that conditions (2) and (3) hold. We can satisfy condition (1) as
follows. Let F” be the signature obtained from F’ by adding a new constant |
and changing the arity of all functions symbols to 2. The operation T'(F') —
T(F') :t — t+ with

}7

fOF = fth 1),
fti,ta)™ = ft,1y),
flty,. )t =, fta, (. f(t o, t)...)), for k>3,

preserves regularity. In the same way as above it follows that the image of K
under * is regular. O

The following result strengthens the implication (iii) = (ii) of Proposition 27.
Recall the notion of rank introduced in Definition 37.

Proposition 63 Let K be a regular set of terms and 7 an MSO-transduction

with 7(K) C STRI[X]. There exists a finite set of relations I' with ar(I") <
ar(X) —1 and a reqular set M C T(QF[XUT]) such that 7(K) = valgtr(M).
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PROOF. Suppose that K C T(FUC), A :=A(FUC), and 7 : STR[A] —
STR[X]. We assume that K, 7, and FUC satisfy conditions (1)—(3) of Lemma 62
where C' is a set of constants and F' a set of binary function symbols. Fur-
thermore, we may assume that every structure in 7(K’) contains at least 2 el-
ements. Let k& be the quantifier height of 7 and set n := ar(X). Our aim is
to construct a finite relational signature I' with ar(I') = n — 1 and a regular

subset M C T(QF,[> UT) such that 7(K) = valgrr(M).

1. Overview of the proof. The signature I will consist of three disjoint copies
of Al We define a function x : K — T(QF [~ UT]%") such that

valstr(k(t)) = 7(t), forallte K.

The mapping « replaces every binary function symbol f at a node u of t by
a binary derived operation of the form pu,(x; ® x3) where p, is a composition
of unary QF[I']-operations. Similarly, it replaces a constant ¢ at a leaf u by
a constant v, € QF[I']. Let us denote the set of these terms p,, and 7, by II.
The definition of y, and 7, will depend only on f, ¢, and tp;,, 5(u/S(t)). This
implies that II is finite and, by Lemma 34, there exist MSO-formulas ¢, (z),
for a € 11, such that, for every node u of ¢,

[y OF Y, is equal to a  iff  &(t) = @a(u) .

Since the required information is expressible in MSO it follows that the trans-
formation k can be performed by a tree transducer. Using the fact that K is
regular we conclude that x(K) is a regular subset of T'(QF[I']4"). Further-
more, we have

7(K) = valgTr(k(K)) = valgrr (M)

where M is obtained from k(K) by replacing each derived operation by its
definition. By Lemma 14, it follows that M is a regular subset of T'(QF,[I']).
This completes the proof.

2. Definition of k. It remains to define k. Let I :=T'g UT'; UT'y where
To:=Ay " and T,:={T!|T,ely}, forie{1,2}.

Let h' : Tp — T; be the canonical bijections T, — T;. Note that these map-
pings preserve arities. Recall that ¢/u denotes the subterm of ¢ rooted at u
and that R} denotes the restricted monadic annotation (cf. Definition 48).
The construction of x will ensure that, for every t € K,

(1) for every node u of ¢, we have

faty (valsrr (k(t/u))) = 7()[L(t) N D],

where D denotes the domain of 7(¢),
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(2) and, for every node wu of ¢ that is not the root,

fgty; (valsrr (1) /u) ) = relaby: (R}~ (t/u)),
where

, {1 if u is the left successor of its parent,
1=

2 if u is the right successor of its parent.

Condition (2) specifies the values of the auxiliary relations in I" at inner nodes u
of t. We use the distinct copies I'; and I'y of the signature to distinguish
between left and right successors.

Note that x(t) is obtained from ¢ by replacing constants by constants and
function symbols by function symbols of the same arity. Hence, x(t) and ¢
have the same underlying trees and the same set of nodes.

3. Definition of v,. It is straightforward to define the constants v, such that
condition (2) is satisfied. If u does not belong to the domain of the struc-
ture 7(¢) then we set v, := (), where () is a new constant denoting the empty
structure (which we also denote by () without risk of ambiguity). This constant
is not in the signature QF[>X UT] and we will eliminate it at the very last
stage of our proof.

Otherwise, let 7, be the constant that denotes the structure
7(t)[u] U relaby: (R (t/u))

where i := 1 if u is a left successor and i := 2 if u is a right successor. This
structure consists of the single element u, the incident YX-hyperedges of rank 1
of 7(t) (they are defined by 7(¢)[u]) together with the I-hyperedge of arity 1
that defines the (i-copy of the) monadic 1-type of uw in &(¢/u) (this is defined
by relaby: (R}~ (t/u))). It is the unique structure 20 € STR[X U I'] such that

fgtr(A) = 7(t)[u] and fgts(A) = relaby: (RY(t/u)).

Note that the structure &(¢/u) consists of a single node labelled by some
constant c. Hence, tp,(u/&(t/u)) can be computed from c. The ¥-hyperedges
of rank 1 are determined by tp,(u/&(t)).

4. Definition of ,,. To define the mappings ,, we recall that, by Lemma 50,
there are functions an,n and @fnn such that

e forallt,,t, € T(FUC) and all increasing tuples @ € L(t;)™ and b € L(t)",
we have

() tpy(ab/S(f (1, 1)) = ti.(a/6 (1)) O, tpe (B/S(12))
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e for every t € T(F'UC) such that t/u = f(t1,1,) and all increasing tuples
a € L(ty)™ and b € L(ty)", we have

() tpe (ab/& (1)) = O, (t0p(S(E\ ), tp,(@/S(1)), tpp(b/S (1)) -

In order to satisfy condition (2) we define the operation p, such that, for all
terms t; and to,

relaby (R (f(t1,12))) = u (velabyr (R (11)) @ relabys (R (t2)))

where i is either 1 or 2 depending on whether u is a left successor or a right
successor. (The case where u is the root will be treated separately below.)

Let a € L(t;)™ and b € L(t3)™ be increasing with my, my > 0 and m; +my <
n — 1. The operation s, has to compute the type of ab in &(f(t1,t,)) from
the types tp,(a/&(t1)) and tp,(b/S(t2)). This can be done with the help of
the operation ®f, . . Let ADDr be the composition (in any order) of the

operations addr: 7z 7, Where p € SIRA), g € Sy (A) and 1= p ©

7]7011,m2 q.

Furthermore, s, also has to update the type of tuples a € L(t;)™, j € {1,2}.
Note that

tpe(@/S(f(t1,t2))) = th(@/S (1)) O te(S(t2)),  for a € L(t:)™,
tp(@/S(f(t1,12))) = th(S(11)) Of 1 tr(@/S (1)), for a € Lits)™

Let g: 'y Ul'ys — I' be the mapping with

g(T)) =T, with gq:=p0oL,tpy(S(ta)),

g(T?) =T, with q:=tp,(&(t1)) Ofmp-
We can define
fy := relaby: o relab, o ADDyp o ADDy,

where the term ADDy is defined below to satisfy condition (1), and 7 is either
1 or 2 depending on whether wu is a left successor or a right successor.

Note that ADDr depends on f but not on tp,(u/&(t)). The mapping g de-
pends on tp,(S(t1)) and tp,(S(t2)) and, hence, on tp, 5(u/S(t)). (Since the
tree ordering relation is expressed by an MSO-formula of quantifier height 3
(see Section 4.4) it follows that tp, (&(t/u)) can be computed from tp,,, 5(u/&(t))
by relativization to the formula defining the nodes below w in ¢.)

5. Satisfying condition (1). The incomplete definitions of 7, and pu, given
above result in a structure x(t) € STR[I' U X] with I'-hyperedges of arity and
rank at most n — 1 where the only ¥-hyperedges are those of 7(¢) € STR[X]
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that have rank 1. In order to complete the definition of y, we have to define
the term ADDy, which adds the missing >-hyperedges.

Suppose that @ € L(t)" has rank s < n. There exists a unique surjective map
o : [r] — [s] and a unique increasing s-tuple b such that a; = b,(;), for all
1 <14 < r. We will denote this tuple by a” := b.

Let 9y (xy,...,z,) be the formula of the definition scheme of 7 that defines
the relation U € ¥ and set 07 (x1, ..., %) := Yu(@sq), - - -, To@)). We have

acUy it &) k()
it &(t) 05 (a”)
i tp (a7 /&(1)) = 07

Suppose that t/u = f(t1,t2). The operation ADDy will create all >-hyper-
edges a with a N L(t;) # 0 and a N L(ty) # 0. Note that, for such a tuple a,
we have a® = ¢d where ¢ is an increasing tuple in L(¢;) and d is an increasing
tuple in L(ts).

For each U € ¥ and o, we have to choose pairs p, q of types such that the
operation addTI}’qu,U,o adds the right tuples to U. Hence, the situation is sim-
ilar to that of ADDr with the exception that we are interested in the type

tp,(a”/&(t)) and not in tp,(a’/&(t/u)). We can compute this type with the
f

mymy- Lhus, we define ADDy, as the composition (in

help of the operation ®
ma,k

any order) of all operations addr: 12 v, where p € Sﬁl’k(A), q € SiN(A),
my,mg >0, my+mg <n-—1,0:ar(U)] — [m;1 + my] is surjective, and

Oy (1DK(S(E\ ), 1, q) = 9.

Note that the definition of ADDy, depends on tp,(&(t \ w)). Since the tree
ordering can be defined by an MSO-formula of quantifier height 3 (see Sec-
tion 4.4) it follows that tp,(S(t \ u)) can be computed from tp, 5(u/S(t))
(by relativizing all formulas to the set of those nodes that are not below w).

6. Final steps. We have not yet defined p,, when wu is the root. In this case we
set (1, := fgtp o ADDy, where ADDy; is defined as above. After these operations
are performed all ¥-tuples are in the right place. The relations in I' are not
needed anymore and we remove them with fgt,.

We have constructed a regular set
K’ = K(K) C T(QFo[S UTI™ U {0})
with 7(K) = valgr(K’). It remains to remove the constant (). Note that

f(@) = 0, for every quantifier-free operation f, and AP0 = 0 d A = A, for
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every structure 2. Using these equations we can eliminate all occurrences of ()
in the terms of K’. (Since every structure in 7(K) is nonempty there is no
term in K’ which denotes the empty structure.) This is an easy task for a tree
transducer. Hence K’ can be replaced by a regular set K” C T(QF[XuUT]der).
Finally, we transform K" into a set M C T(QF([XUT) as explained in part 1
above. This completes the proof. O

Definition 64 We denote by QF([2, '] the subsignature of QFo[>X U] that
consists of

the operations fgt,, for A C T,

only those relabellings relaby, where h is the identity on 3,
the operations addg s with R,S €' and T € ' UX, and
all constants.

Let QFy be the union of all signatures of the form QF,[%,T.

Remark 65 Note that the proof of the preceding proposition uses only the
operations of QFo[X,T']. The set M we construct is a subset of T(QF [, T]).
We have thus shown that we can construct every structure in STR[X] with the
help of a set I of auziliary symbols of arity ar(I') < ar(X).

6.2 The case of graphs

As an example we apply the above result to graphs. Let ¥ = {edg}. Since edg is
a binary relation every equational set of graphs can be defined by a system
of equations over a signature of the form QF[edg, II] where II contains only
unary symbols. We compare such signatures with the signature VR reviewed
in Section 3.5.

The operations in QF[edg, [1] are the disjoint union, constants, and the quan-
tifier-free operations:

o fgty, for & C I,
e relaby, for h : IT — II, and
° addp,Q7edg7h, with P,Q € II.

The mapping fgte, is the composition of the mappings fgtp, for P € &. A
mapping relab;, is a composition of mappings renp_.. Depending on h, the
mapping addp,g qq,n is either addpg or addg p. Hence, the signature QF ({)Edg }
is, up to some details of writing, the one considered in Section 3.5.

We obtain Corollary 4.9 of [7] which states that equational sets of graphs need
not be defined with operations that use relation symbols of arity more than 2
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or operations that label edges. Only vertices must be labelled. More about
this in Section 6.4.

6.3 The recognizable sets are also the same

Our objective is now to establish the result that both signatures Q5 and QF
lead to the same notion of recognizability for subsets of STR[Y]. Recall Sec-
tion 4 where we defined monadic types tp,(a/2) and monadic annotations
M (). In particular, k£ denotes the quantifier height and m is the maxi-
mal size of annotated tuples. We will make use of the following lemma which
follows immediately from Lemma 35.

Lemma 66 For every nondeleting quantifier-free transduction f : STR[X] —

STR[T] and each m > 0, there exists a mapping f™ : Y™ — T'™" such

that, for all structures A € STR[X] and all D C A, we have

MG (f(R)[D]) = relab pm (MG"(2A[D]))

PROOF. Note that we have

FAD]) = fFO[D],
Mg (RA[D]) = Mg ()[D],
and relabm (A[D]) = relabm (A)[D] .

Since f is nondeleting the mapping M{*(2A) — M (f(2)) only manipulates
the relations. For p € Sy;°(2) with 7 < m, we can define the relabelling by

™M(T) = Trw) »
where fJ is the function from Lemma 35. O
Proposition 67 Every QF; -recognizable set . C STR[Y)] is QF -recognizable.

Before giving the proof let us state the following consequence of Propositions
63 and 67.

Theorem 68 The signatures Q}"g and QF uyield the same equational sets
and the same recognizable sets of structures in STR[Y].

Proof of Proposition 67 Suppose that L C STR[Y] is QF;-recognizable
and let m := ar(X). There exists a finite QF5-congruence saturating L. We
denote the corresponding finite equivalence relations on STR[X UT'] by ~r
where I is a finite relational signature with ar(I") < m.
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For a relational signature A, let 3(A) := A" "’ With each quantifier-free
operation f : STR[A] — STRI[X] we associate the function f : STR[A] —
STR[S U G(A)] with

F@) = f(2) UMy (2)[D]

where D C A is the domain of f(2l). Note that the union above is not a
disjoint one. The domain of f(2A) is that of f(2A) and the relations are those
of f(2) and those of Mg~ (2)[D]. We assume that 3(A) is disjoint from %

so there is no confusion. f is obviously a quantifier-free operation.
For 2,8 € STR[A] we define

A~ B i tp, (A) = tp,,(B),
and A=xB :iff A ~*B and, for every quantifier-free operation
f: STR[A] — STR[X], we have f(2A) ~z) f(B).

We claim that =5 is a finite QF-congruence, for all A, and that =5 satu-
rates L. Clearly, =4 is an equivalence relation. It is also finite since ~ and ~g(a)
are finite and there are only finitely many quantifier-free operations STR[A] —
STR[X] (because A and ¥ are finite).

To see that =y, saturates L assume that 20 € L and 2 =5, B. Set [ := fgt ).
We have f(2) ~4(%) f(B), which implies that

~ ~

A= f(f(A) = f(f(B)=D3.
Since ~ saturates L it follows that 8 € L.

Next we check that ~ is a congruence. In Corollary 44 we have shown this for
the disjoint union. It is easy to see for quantifier-free domain restrictions, and
for nondeleting quantifier-free operations it can be derived from Lemma 35.

It remains to verify that = is a congruence. Let g : STR[A] — STR[A] be a
quantifier-free transduction and suppose that 2 = 9B. Since = is a congru-
ence we have g() ~ ¢(*B). Let f : STR]A’] — STRI[X] be a quantifier-free
operation. By definition, we have

(f o g) (@) = (f 0 9)() UM~ (9())[D],
and (fog)"(A) = (fog)(2A)UM;(A)[D],

where D is the domain of the structure (f o g)(2A). Therefore, it follows from
Lemma 66 that there is some function h : 3 U (A) — X U G(A’) such that

~

(f 0 g)(A) = relaby((f © 9)"(A))
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and A is the identity on Y. Since relab, € Q}"(? and

(f09)" (%) ~pa) (f 0 9)"(B)

we have

flg()) = relaba((f 0 g)"(2) A
~sa) relaby((f 0 9)"(B)) = f(9(B))

which implies that g() =a g(B).

It remains to consider the case of disjoint union. Suppose that Ay = B, and
Ay =a B1. We have to prove that Ay DA, =a By DB;. We already know that
Ao DAy = By D By. Let f: STR[A] — STR[X] be a quantifier-free operation
such that f(y @ A;) € STR[X].

Claim 69 Let §'(A) be a disjoint copy of B(A) and let h be the relabelling
mapping R € B(A) to R' € §'(A). There exists a QFo[2, B(A)USG' (A)]-derived

operation g such that

fADB) = g(f(A) D h(f(B))), for all structures A and B .

Assuming the claim to be true we continue the proof as follows. Since 2y =a
By and A; =4 B, we have

~ ~ A~ ~

f(Ro) =pa) f(Bo) and  A(f(™A1)) =pa) h(f(B1)).

As g is a QF[X, B(A) U F'(A)]-derived operation it follows that

F®o) @ h(f(21)) ~B(A)UF(A) f(Bo) @ h(f(B1)),

and S @ Ay) = g(f(Ao) @ h(f(2A1)))

A A

~p(a) 9(f(Bo) ® h(f(B1)))
= f(%o @ B).

This completes the main proof.

Proof of the claim. To define g let us consider the action of f on A& B. Since
/ is quantifier-free it adds tuples a C A to a relation R if and only if we have
a€R F- The same holds for tuples b C B. Therefore, we have

fA@B)A = f(A) and f(A®B)[B] = f(B),

and the desired operation g only needs to add those tuples ¢ to relations R
that contain elements of both A and B. Since f is quantifier-free we can tell
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whether such a tuple ¢ should be added to R by looking at the quantifier-free
types

tpo(cla/A ® B) = tpg(cla/A) and  tpy(c[p/A © B) = tpy(c|s/B) .

(By ¢|4 we denote the subtuple of ¢ contained in A.) This information is
available in M~ () and M{ ' (9B). Hence, g can be written as g = relaby, o
CREATE where k is the canonical projection S(A) U f'(A) — B(A) and
CREATE is a composition of operations of the form addg g1 with R € 3(A),
S e f(A), and T € ¥ U B(A) U F(A). This completes the proof of the
claim. O

6.4 Optimality

These results prove that when dealing with equational or recognizable sets of
hypergraphs of rank at most n, auxiliary relation symbols (like the labels from
sets IT for dealing with graphs) can be limited to be of arity at most n — 1.

The next example shows that, for equational sets, this bound is optimal. We
define a structure of rank 3 that cannot be defined without auxiliary symbols
of arity 2.

Example 70 Let R be a ternary relation symbol and 11 a set of unary predi-
cates as in Section 3.5. Consider the signature

Fn = {@,renp_q, fgty,addy po,P | N,P,Q € II, A CII}

where @, renp_.q, fgty, and P are the usual V'R-operations of Section 3.5 and
addy po is the quantifier-free operation defined by the formula

Ug(z,y,2) == ReyzV (Nx A Py A Qz) .

FEvery structure A € STRIR) is of the form A = valgrr(t), for somet € T(Fn),
provided 11 is large enough (say, |II| = |A|). Let A, € STR[R] be the structure
with domain A = [n| and relation

R:={(a,bc)€n]’|la<b<c},

and denote the set of all structures U, by C'. There exists an MSO-transduction T
such that C' = 7(K), where K is the set of all terms of the form g"(c), n € N,
for some unary function symbol g and a constant c. Since K is reqular it fol-
lows by Proposition 27 that C' is equational. We claim that C € val(T(Fu)),
for any finite set I1.

Fiz a finite set 11 and set n := 21, We will prove that Ap,y1 ¢ val(T(Fu)).
Suppose that there ezists a term t € T(Fy) with value val(t) = Ao, 1. Then
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t = f(ty Dts) where f is a composition of unary operations that has to add all
necessary hyperedges between B, := val(t1) and By := val(ty).

For a,b € val(ty), we define
a~b :iff forall Pell, ac€ Py, & b€ Py,.

If f adds the tuple (a,b,c) to R, for a ~ b in By and ¢ € By, then it must
also add the tuple (b,a,c). This is not possible. Therefore, each ~-class of By
contains only one element and we have

|Bi| = |By/~| < 2M =n.

By symmetry, it follows that |Bs| < n in contradiction to |B; U Bs| = 2n + 1.

7 Rich signatures with operations based on local information
7.1 The general framework

After investigating small signatures we will now look at the opposite problem
of defining signatures that are as rich as possible while still being equivalent
to QF. Let F be a signature equivalent to QF. We are interested in finding
a set G of new operations on STR[Y] that satisfy the following conditions:

(cl) Every (F U G)-equational subset of STR[X] is F-equational.
(c2) Every F-recognizable subset of STR[X] is (F U G)-recognizable.

Lemma 71 If G satisfies (C1) and (C2) then F UG is equivalent to QF.

PROOQOF. Since F C F UG, we have

Rec(FUG) C Rec(F) and Equat(F) C Equat(FUG).
By (¢2), it follows that Rec(F U G) = Rec(F) = Rec(QF), while (C1) impies
that Equat(F U G) = Equat(F) = Equat(QF). O
Our approach is as follows. Suppose that, for each signature 3, we have defined
an injective mapping

N STR[E] — STR[Y] : A — A

from X-structures to i—structures, for some signature 31, Natural conditions
implying both (1) and (C2) are the following ones.
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(1) The family of functions  : STR[X] — STR[Y)] forms a finite-state hetero-
morphism from the (F U G)-algebra STR to the QF-algebra STR.
(M) The mapping " has a left-inverse 2l — 2 that is an MSO-transduction.

Furthermore, for every ¥, there is an MSO-formula defining the image Dy, :=
(STR[X])" C STR[X] of STR[X] under ".

Remark 72 By Definition 10, to verify (H) we have to find

e a (FUG)-computable mapping o : STR — A, and
e for every n-ary operation f € F UG, QF-terms t'[a], for a € A", that
“emulate” f.

Note that the second step can be performed independently for every operation f.
Below we will sometimes split it into two or more parts each dealing only with

a subset of FUG.

Lemma 73 Let C' C STR[Y] be a set of structures and C' its image under .
If (H) and (M) hold then the following conditions are equivalent:

(i) C is QF -equational.
(ii) C is QF-equational.
(iii) C is (F U G)-equational.

In particular, (H) and (M) imply (C1).

PROOF. (iii) = (ii) follows from Lemma 14 and (H), and (ii) = (i) follows
from Corollary 28 (a) and (M).

For (i) = (iii), suppose that C'is QF-equational. Since F is equivalent to QF

it is also F-equational. Finally, 7 C F U G implies that C' is (F U G)-
equational. O

Lemma 74 Let C' C STR[Y] be a set of structures and C' its image under .
If (H) and (M) hold then the following conditions are equivalent:

(i) C is QF-recognizable.
(ii) C is QF -recognizable.
(iii) C is (F U G)-recognizable.
In particular, (H) and (M) imply (C2).
PROOF. (i) = (ii) Since ¢ = Dy N (*)~1(C) this direction follows from
(M), Proposition 26 (b), and Theorem 51.

(ii) = (iii) follows from Lemma 14 and (H).
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(iii) = (i) Suppose that C' is (F U G)-recognizable. Since F C F UG it is also
F-recognizable. By assumption, F is equivalent to QF which implies that C'is
QF-recognizable. O

Example 75 (a) We can apply the above machinery to the mapping A =
M (A). Condition (M) follows from Lemma 40, and in Lemma 46 we proved (H)
for the case that G = () and F = QF. It follows that a class C' is QF -equational
or QF -recognizable if and only if its annotated version M (C) is. Hence, our
framework provides an alternative proof of Corollary 41 and Theorem 47.

(b) It is not easy to find nontrivial signatures G that satisfy condition (H)
for the annotation MJ'. We give an example of a simple operation that, for
k > 0, violates condition (H). Consider the square operation G — G? where
G? is the graph with the same vertices as G and edge relation

edges = { (2,9) | (2,9) € edgg or (2,2), () € edgg for some =}

The mapping M(G) — G? is a quantifier-free operation. To satisfy (H) we
have to lift it to a map M;(G) — M;(G?). But this cannot be done. We have

G* = 3z(edg(x, 2) A edg(z,y))
iff GE EIzKedg(x, z) V Ju(edg(z,u) A edg(u, z)))
A (edg(z,y) V Ju(edg(z,u) A edg(u,y)))} :

By looking only at tp,(xy/G) we cannot decide whether this formula holds
n G.

(c) We give a last counterezample consisting of an operation defined by a very
weak form of quantification that violates condition (C1). Let P,Q, R be unary
relations and suppose that our signature contains the operations g and h where

h(x) := (relabp._q o relabg..p o addg g ed4g)(z B R)

1s a derived Q}'éedg}—opemtion, and g labels every vertex a by () that has
a neighbor labelled () while the other relations remain unchanged. The term
tmn = g"h"™(Q) describes a path of length m where the last n+ 1 vertices are
labelled by ) and the remaining ones are labelled by P.

P%...%P—)Q_)..._)Q

We claim that the function val mapping a term t,,, to its value is not an
MSO-transduction. Note that the set

T :={val(ty,) |m<n},
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which consists of all finite paths where all vertices are labelled by @), is MSO-
definable and, hence, recognizable. If val were an MSO-transduction then the
set

val " (T) O { tn | myn € N} = {tyn [ m < m}

would be recognizable as well. But, using pumping arguments, one can easily
see that this is not the case.

7.2 Fusion and local types

Our main application of the approach described in the previous section con-
cerns the fusion operation that merges all elements of a structure satisfying a
given quantifier-free formula into a single element. We will show that one can
augment the signature QF of Section 6.1 by this operation without chang-
ing the notions of recognizability and equationality. Let us first introduce the
appropriate operation 2 +— 2 on structures. Similarly to the operation M}
of Section 4.2, we use a labelling by a certain kind of types but with a more
restricted form of quantification.

Definition 76 (a) Let n € N. A formula ¢(x1,...,x,) is monadically exis-
tential, m.e. for short, if

oy, xn) =3y W (Ry1 - Y A1 A= Atby,)
or © = Jdy1y,

where each 1; is either the Hintikka-formula (cf. Definition 33) of a quantifier-
free 1-type with free variable y;, or it is of the form y; = xy., for some k. (Note

that we do not require every variable x; to appear in ¢.)

(b) Let 2 be a structure and a € A™, for n € N. The local n-type of a is the
set

ltp(a/2) := {(z) | ¢ s m.e., A= p(a) }.
The set of all local n-types realized in some 3-structure is denoted by S{*(¥) and
we set S§(X) 1= Ur<p<ar(s) ST(X). As usual, we abbreviate Itp(()/2U) by ltp(A).
Note that Itp(2) is included in all local n-types with n > 0.

Example 77 Suppose that ¥ = {R, P} where R is 4-ary and P is unary. The
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following formula is m.e.

(@1, 22) = g1 Iy TysFya (Ruryaysya A (Pyr A =Ryryiyay)
Nys =21 ANYs = 1
A (= Pys A ﬂRy4y4y4y4)) :

Remark 78 Note that the local type ltp(a/A) of a tuple uniquely determines
its quantifier-free type tp,(a/A) since we have

Rz, ...x;,, € tpy(a/A)
iff Jy Ym(RyAyp =2 A Ay = x;,)) € ltp(a/A) .

As for monadic types we can annotate a structure with local types. This
annotation is an FO-transduction which satisfies condition (M).

Definition 79 Let 2l be a X-structure. The local annotation of 2 is the struc-
ture

L) = (A, (Ty)pes; ()

with the same domain as A where, for each local n-type p € Sf(X), 1 <n <
ar(2), we add an n-ary relation

T, ={aec A" |ltp(a/A) =p}.
We denote the signature of L(21) by Xy,.
The following lemma is the analogue of Lemma 40.

Lemma 80 Let > be a relational signature.

(a) The mapping L : STR[X] — STR[X1] is an injective FO-transduction of
quantifier height ar(3).

(b) The function L has a left-inverse that is a quantifier-free FO-transduction.

(c) L satisfies condition (M).

PROOF. (a) We can define the relation 7, by the formula

ApAN{-¢|pisme, pép}.

This formula has quantifier height qh(v,) = ar(X).
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(b) Conversely, we can write an n-ary relation R € ¥ as

Ry ={ae A" | a €T, for some p with
YRy ANyr =1 A=+ Ayn =a0) €}

Since Sf(X) is finite this definition is equivalent to a finite disjunction of
atomic formulas.

(c) Having proved (b) it remains to show that £(STR[X]) is MSO-definable.
By composing the transductions of (a) and (b) we can construct a first-order
formula ¢ such that 2 |= ¢ if and only if 2 = L£(8), for some structure B. O

We have seen in Theorem 68 that the signature F := QF is equivalent to OF.
Using the methods of Section 7.1 we extend it in two steps to a larger signature
that is still equivalent to QF. First, we add all domain restrictions dely, (cf. the
end of Section 3.1). Let QF, be the resulting signature. We start by proving
an analogue to Lemma 35 for local types.

Lemma 81 For every unary operation f € QF, of type ¥ — I, there exist
functions f, : ST (X) — S[(I'), n € N, such that

ltp(a/f(A)) = fa(ltp(a/A)),

for all structures A and every n-tuple a in f(2A).

PROOF. Let g = f} : S;;(%) — S3*(I') be the function from Lemma 35.
If ¢ is the Hintikka-formula of an atomic 1-type ¢ we denote by g(v)) the
Hintikka-formula of ¢(¢), and, if ¥ equals y; = xy, then we set g(¢) := 1.

Let p € S(X). For an m.e. formula of the form ¢ = Jyi(y) we have

Jy(y) € fulp) iff Fy¢'(y) €p for some ¢ € g~ (¥).

Consider an m.e. formula of the form

P 2n) = g Iy (RY - Ym AL A+ A toy)
In order to define f,(p) we consider the following cases.

(1) f = fgty. If R € A then ¢ ¢ f,(p). Otherwise, ¢ € f,(p) iff there are
formulas ¥} € g7'(v;), i < m, such that

1 Tym (R g AU, A AL) € .
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(2) f = relaby,. We set ¢ € f,(p) iff there are a relation S € h™!(R) and
formulas ¥} € g71(v;), i < m, such that

Fyr - Iy (SY1 Y AL A AYL) Ep.

(3) f = addszun. If R # U then we define ¢ € f,(p) iff there are formulas
i€ g7 (1), i < m, such that

Fyr - Fym(Ry1 - Y AL A AL) Ep.
For R = U, we have ¢ € f,(p) iff one of the following two cases holds.

Case 1. There are formulas ¥, € g71(¢;), i < m, such that

Case 2. Otherwise, for all ¢, j with h(i) = h(j), we have either

L wz = wja or
e 1); equals y; = x;, and 9; is the Hintikka-formula of the type tpy(ax/f()) =

g(tpo(ak / Ql)) (note that this type is determined by p), or
e vice versa.

Furthermore, there are formulas ¢, ... ¢}, where k := ar(S), [ := ar(7T),
such that

Fyr - Fye(Svyr -y AV A AYY) Ep
and Jy - Iy(Tyr .. A (w) A Abig(n)) € p,

and, for all 7, we either have

e 1, is a Hintikka-formula and w;l’(i) € g (¢y), or
e ; equals y; = x;, for some j, and w;{(i) is Yn) = 5.

(4) f = dely. We have ¢ € f,(p) iff ¢ € p and ¢; [~ I(y;), for all i <m. O
Example 82 Let us illustrate the case f = addsrpyn. Suppose that the ar-
ities of S, T, and U are 2, 3, and 7, respectively. Let h : [7] — [5] be the

function mapping 1,...,7 to the sequence 1,2,3,4,4,5,5. We consider a for-
mula @(x1,x9,x3) of the form

Fg(Uy A yr = 21 AN ha(y2) Ays = T2 A ys = 23
AN Ys(ys) A e(ys) A e (yr)) -
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For a € A?, we have f() | ¢(a) iff either
A ): Hﬂ(Ugj/\yl :ZL‘l/\@/Jé(yz)/\yg :{L‘Q/\y4 = T3
A s (ys) A g (ye) A dr(yr)

for some Y, € g7 (¢y), i € {2,5,6,7}, or 15 is the Hintikka-formula of
g(tpo(as/A)), we have vy = 17, and there are ¥, € g~ (1), i € {2,6}, such
that

A = Fy1 a2 (Syrya A yr = 1 A Yh(ya))
A Ty 3y 3ys(Tyry2ys Ay = 2o A ya = a3 A g(ys)) -

The next lemma is analogous to Corollary 44.

Lemma 83 Let A and B be structures and a € A*, b € B" with k,1 > 0.
ltp(ab/2A ® B) = ltp(a/A) Up,

where p is the type obtained from ltp(b/B) by replacing every variable x; by
Thoyi-

Corollary 84 FEvery operation f € QF, satisfies condition (H).

PROOF. We claim that the function £ is a finite-state heteromorphism based
on ltp. The proof is analogous to that of Lemma 46. For unary operations the
claim follows immediately from Lemma 81. It remains to consider the disjoint
union. Lemma 83 implies that there exist QF-terms t[p, g, for p,q € S2(%),
such that

LA & B) = t[itp(A), 1tp(B)] (L(A), L(B)) .
(Note that the local type of a tuple a determines the type of any permutation
of a. Therefore, we only need Lemma 83 for tuples ab with a C A and b C B,
not for arbitrary interleavings of elements of A and B.)
From Lemmas 81 and 83 we can deduce that the local O-type of a structure

is QF.-computable (cf. Definition 6). Consequently, the £ is a finite-state
derived operation based on Itp. O

In the second step we extend QF, by all fusion operations which are defined
as follows. Recall the definition of quotient structures at the end of Section 3.1.
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Definition 85 Let 2 be a structure and p(x) a quantifier-free formula. We
set fuse, (A) := A/~ where ~ is the equivalence relation

a~b iff a=b or AEp(a)Aeb).
By Fuse we denote the signature consisting of all operations of the form fuse,.

We have seen that every operation of QF, satisfies (H). In order to do the
same for Fuse it therefore remains to prove (H) for fusion operations.

Lemma 86 Let p(x) be a quantifier-free formula and g : A — fuse,(2A) the
canonical mapping. There ezist functions f, : ST (X) — SP(X), forn € N,
such that

ltp(g(a)/fuse¢(91)) = f,(Itp(a/A)), foralla e A".

PROOF. Let py,...,ps € Sif (X) be an enumeration of all quantifier-free 1-
types p with p |= o that are realized in 2. Let ¢ € 51{4’0(2) be the quantifier-free
1-type with

Rxi...x1€q if Rxy...x1 € p;, for some i < s.
If b € A is some element of type tp,(b/A) = p; then g(b) has the type
tpo(g(b)/fuse,(A)) = q.

To simplify notation we define a function f : S3;°(X) — Sy (Z) by

r otherwise.

£(r) = {q if r € {p1,...,ps},

For Hintikka-formulas v, we set f(1,) := ¥y, and for formulas 1/ of the form
y; =z we set f(¢) := ).

For m.e. formulas of the form ¢ = Jyi(y) we have

Jyip(y) € ltp(g(a)/tuse, (A))
iff  Jy'(y) € ltp(a/A) for some ¢’ € f7(x)).

Let 9(xy,...,x) = Jy1 - Ym(Ry1 - - . Y A1 A+ Ay,) be a m.e. formula.
We have

¥ € ltp(g(a)/fuse,(A))

if and only if

Fyr - Ym(Ry1 - Y AVY A - ALY € Ltp(a/2A),
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for some formulas ¢, € f~'(1;), 1 < i < m. Since the types pi,...,p, can be
determined from ltp(a/2() this gives the desired definition of f,. O

Corollary 87 The signature QF ., U Fuse satisfies condition (H).

PROOF. For the operations of QF,, we have already shown in Corollary 84
that £ is a finite-state heteromorphism based on ltp. It remains to consider
the operations fuse, € Fuse. The preceding lemma implies that there exists a
QF-term t such that

L(fuse, (A)) = +(L(A)) .

Together Lemmas 81, 83, and 86 show that the local O-type of a structure is
(QF . U Fuse)-computable. Hence, the claim follows. O

By the results of the previous section, we immediately obtain the following
theorem which is one of our main results.

Theorem 88 The signatures QF and QF, U Fuse are equivalent.

Let us compare this result with those of Courcelle and Makowsky [9] who show
that the signature F consisting of the disjoint union @, of certain restricted
quantifier-free operations, and of the operations fusep, satisfies the following
properties. For every finite subsignature Fy C F,

(1) the value mapping valgtg : T(Fo)s — STRI[X] is an MSO-transduction,

(2) every Fy-equational set is QF-equational, and

(3) each MSO-definable set of (hyper-)graphs contained in valgrr (7'(Fo)s) is
Fo-recognizable.

The restrictions imposed in [9] on quantifier-free operations and relational
structures are the following ones:

e the sets Py form a partition of A,

e the only quantifier-free operations allowed to modify the vertex labellings
are operations of the form renp_,g as described in Section 6, and

e no quantifier-free operation restricts the domain of its argument.

In the present section we were able to remove the first and third restriction by
using 1-types instead of vertex labels. Furthermore, we have shown that both
signatures lead to the same notion of recognizability. Unfortunately, to do so
we had to modify the second restriction by only allowing the quantifier-free
operations of QF,. By the results of [9] and Theorem 88 we have

Equat(QF) = Equat(QF, U Fuse) = Equat(QF U Fuse),

64



and  Rec(QF) = Rec(QF. U Fuse) 2 Rec(QF U Fuse).

We currently do not know whether the last inclusion can be strengthened to
an equality.

7.8  Fusion and complete local types for graphs

For graphs — or more generally for structures of arity at most 2 — we can
improve the above result by showing that the signatures QF and QF U Fuse
are equivalent. One would expect that this holds for arbitrary arities, but so far
we have neither been able to prove such a statement, nor could we construct
a counterexample. For the remainder of this section, we fix a signature X of
arity ar(X) < 2.

The reason why the above proof works only for QF, is the fact that, if we
use the labelling £ then arbitrary quantifier-free operations do not satisfy
condition (H). For arity 2, we are able to modify the notion of a local type
such that all QF-operations satisfy (H). The basic idea is to replace in an
m.e. formula Iy(Ry A ¢y A -+ A 1y,) the atom Ry by the Hintikka-formula
of a quantifier-free 2-type. Though, to simplify notation we will not use such
formulas but the quantifier-free 2-types themselves.

Definition 89 Let 2 be a structure and a,b € A. The complete local 2-type
of a pair ab in A is its quantifier-free type

ctp(ab/A) = tpy(ab/A) .

The complete local 1-type of a single element a in A is the set of all complete
local 2-types of pairs extending a

ctp(a/2A) := {ctp(ac/A) | c€ A}.

Finally, we will also need the complete local O-type of the empty tuple () which
is the set of all realized 1-types.

ctp(()/2) := {ctp(a/A) [a € A}.

As usual, we abbreviate ctp({)/2A) by ctp(A). For 0 < n < 2, we denote
by SE(X) the set of all possible complete local n-types and we set SE(X) =
SE(X) U SE(%).

Remark 90 Since satisfiability is decidable for the 2-variable fragment of
first-order logic it follows that the sets SL(X), SL(X), and S4(X) are decidable.

As in the case of the other types one can define Hintikka formulas for complete
local types.
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Lemma 91 For every complete local n-type p € SE(X), 0 < n < 2, there
ezists a first-order formula ,(Z) of quantifier height 2 — n such that

AL y(a) i ctp(a/) = p,

for all structures A and every tuple a € A".

PROOF. We define 1, by reverse induction on n. The construction is anal-
ogous to that of Definition 33. For n = 2, we define

Q/Jp(l’h 332) = /\P-

For n = 1, we have to express the back-and-forth property (cf. [12,30]). The
formula

1/}p<.§l,’1) = /\ Elxgwq(l’l,l’g) A VLUQ \/ "qu(ﬂfl, LUQ)

qE€p qep

states that every type g € p is realized and every realized type is contained
in p. Similarly, for n = 0, we have

Uy =\ Fr1pg(z1) AVz1 \/ g(z1).

qep qEp

O

Corollary 92 The 0-type ctp() is QF -computable.

PROOF. The claim follows immediately from Lemmas 45 and 91 since tp, () |=
¢Ctp(2l) .o

We use Hintikka formulas to define the logical consequences of a local type.
Definition 93 For p € SE(X) and ¢ € FO[X], we write p = ¢ iff |= ¥, — .

Remark 94 It follows that p = ¢ if and only if we have A |= ¢(a), for every
structure 2 and all tuples a C A of type ctp(a/2) = p.

Following the usual lines of our approach we annotate structures by types and
we show that these annotations satisfy conditions (M) and (H).

Definition 95 Let 2 be a X-structure with ar(X) < 2. The complete local
annotation of 2 s the structure

C() = (A, (T,)esz))
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with the same domain as A where, for each local n-type p € S&(X), n € {1, 2},
we add the relation

T, ={aec A" |ctp(a/A)=p}.
We denote the signature of C(21) by X¢.
Lemma 96 Let X be a relational signature.

(a) The mapping C : STR[X] — STR[X¢] is an injective FO-transduction of
quantifier height 1.

(b) C has a left-inverse that is a quantifier-free transduction.

(c) C satisfies condition (M).

PROOF. (a) The formula 1,(Z) from Lemma 91 can be used to define the
relation 7),. For p € SE(X), this formula has quantifier height qh(t,) =2 —n.

(b) Conversely, we can write an n-ary relation R € ¥ as
Ry={aec A" |a e T, for some p withp = Rzy ...z, }.

Since S&(X) is finite this definition is equivalent to a finite disjunction of
atomic formulas.

(c) Finally, by composing the transductions of (a) and (b) we can construct
an FO-formula that defines the set C(STR[X]). O

It remains to check condition (H). We start by considering the operations

of OF.

Lemma 97 Let 7 : STR[X] — STRII'] be a quantifier-free operation with
ar(I') < 2. There exist functions f, : SE(X) — SE(T), 0 < n <2, such that

ctp(a/7(A)) = fu(ctp(a/A)),

for all structures A and every tuple a in ().

PROOF. We decompose 7 = o o del, into a domain restriction and a non-
deleting quantifier-free operation (cf. Lemma 25), and we deal with the two
cases separately. For 7 = del, and a,b € del,(A), we have

ctp(ab/del, (1)) = ctp(ab/A),
ctp(a/del,(A)) {p € ctp(a/2A) ’ p E —p(xs) }
ctp(()/del, () = { f1(p) | p € ctp((}/2), p = —p(ar) },
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where f; in the last line is the function given by the second equation.

It remains to consider the case that 7 = o. By Lemma 35, there exists a
function g such that

tpg(ab/a(A)) = g(tpe(ab/A)).

Hence, we can set f; := g. The functions f; and f; are defined by

ctp(a/o()) = {g(p) | p € ctp(a/A) },
ctp(()/o(A)) = { fi(p) | p € ctp(()/2A) }.

We are interested in the fusion operation. It turns out that the annotation C
can be used to treat an even stronger operation which we call the gluing of
two structures.

Definition 98 A gluing function is a mapping
g:S6(2) x Sg(8) — SE(X),

such that, for all types p,q € SL(X) and every quantifier-free formula ¢(z)
with one free variable, we have

o(r1) € g(p,q) it pEp(z1),
and ¢(z2) € g(p,q) g o(z1).

For such a gluing function g and structures A, B € STRI[X], we denote by
A Ry B the following structure. Its domain is the disjoint union AW B. For
unary relations P, we have

Pyg, s := Py U Py,
while binary relations R are defined by

Rog,» = Ry U Ry
U{(a,b) € Ax B | g(ctp(a/Q), ctp(b/B)) k= Raizs |
U { (b,a) e Bx A ’ g(ctp(a/Q[), Ctp(b/%)) = Rromy } :

Finally, we extend ®, to an operation STR[X] x STR[I'] — STR[EUT| on
structures of different signatures by defining A ®, B = A ®, B' where A’ is
the (X UT)-structure obtained from A by adding empty relations Ry := (), for
every R € I'\ X, and B’ is defined analogously.
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By Glue we denote the signature consisting of all operations of the form ®,.

Remark 99 (a) Note that A ®, B = A ® B if we have ~Rr1x2, "Rroxy €
9(p,q), for all p,q € SL(X) and every binary relation symbol R.

(b) The conditions on a gluing function g ensure that

ctp(ab/A R, B) = g(ctp(a/‘)l), Ctp(b/‘B)) ,

for all structures A and B and all elements a € A and b € B. For instance,
we have

Rx129 € ctp(ab/A®,B) iff (a,b) € Ryg,»
iff g(ctp(a/2A),ctp(b/B)) = Rrizs,
and  Pzxy € ctp(ab/A®,B) iff a€ Py
iff ctp(a/2A) E Py
iff  g(ctp(a/20),ctp(b/B)) = Pz .
Example 100 Cunningham [31] studies graph decompositions, called split
decomposition, that are based on the following operation (see also [23]). Given
two undirected, simple, loop-free graphs & and $) in STR[{edg} UIl] with la-
belled vertices as in Section 3.5 and some relations P € 11, one forms the
graph
¢6) op = delpx(ﬁ ®g »6)

where delp, deletes all vertices labelled P and g is the gluing function such
that

9(p1,p2) = edg(z1,22) ' p; |= 3y(edg(z1,y) A Py) for both i,
that is, ®, creates an edge (a,b) between a vertex a of & and a vertex b of §
if and only if both a and b have a neighbour labelled P. Actually, in [31] this
operation is used only on graphs where P contains a unique verter.

The next lemma is analogous to Corollary 44 and Lemma 83.

Lemma 101 Let g be a gluing function. There exist functions f,, 0 < n < 2,
such that

ctp(a/A @y B) = fu(ctp(ala / ), ctp(als / B)),

for all structures A and B and every tuple a € (AU B)", where a|x denotes
the subtuple of a consisting of all elements a; € X.
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PROOF. We start with the case n = 2. If a,b € A then
ctp(ab/A ®,B) = ctp(ab/A) .
The case that a,b € B is similar. If a € A and b € B then

ctp(ab/A @, B) = g(ctp(a/Ql), ctp(b/%))
and ctp(ba/A®,B) = ag(ctp(a/ﬂ),ctp(b/%)) :

where o(p) interchanges the variables x; and x5 in every formula of p. (We
have proved the first equation in the remark above. The second one follows
from the fact that ctp(ba/UA ®, B) = o(ctp(ab/A @, B)).)

For a € A, we have

ctp(a/% @, B) = ctp(a/A) U { glctp(a/).p) | p € ctp(B) }
and, for b € B,

ctp(b/A ®, B) = ctp(b/B) U {ag(p, ctp(b/B)) ‘ p € ctp(2A) } :
Finally, for n = 0, we have

ctp(2 @y B) = { fi(p, ctp(B)) | p € ctp(2) }
U{ Ailetp(),p) | p € ctp(B) }.

Together with Corollary 92 it follows that ctp is (QF U Glue)-computable.

Corollary 102 If we only consider structures of arity at most 2 then the
signature QF U Glue satisfies condition (H).

PROOF. We claim that the function C is a finite-state heteromorphism based
on ctp. For quantifier-free operations and the gluing operation ®, this follows
from the preceding lemmas. For the disjoint union @, it is sufficient to note that
& = ®,, for a suitable gluing function g (cf. the Remark after Definition 98).

It remains to show that ctp is (QF UGlue)-computable. We have already seen
that it is QF-computable in Corollary 92. Hence, Lemma 101 implies that ctp
is (QF U Glue)-computable. O

By the results of Section 7.1, it follows that, for structures of arity at most 2,
the signature QF U Glue is equivalent to QF, i.e., the corresponding subalge-
bras of STR are equivalent.

70



Corollary 103 For structures of arity at most 2, the signatures QF U Glue
and QF are equivalent.

The signature we are actually interested in is QF UGlue U Fuse. The following
theorem, which is one of our main results, states that it is equivalent to QF.

Theorem 104 For structures of arity at most 2, the signatures QF U Glue U
Fuse and QF are equivalent.

PROOF. By Corollary 103 and Lemma 17, it is sufficient to show that

QF U Glue U Fuse C (QF U Glue)™ .

We can express the operation fuse, as a derived (QF U Glue)-operation as
follows. We add a new element c satisfying ¢(z) to the given structure by a
suitable gluing operation that creates an R-edge from some element a to c iff
there exists an R-edge (a,b) ending in an element b satisfying ¢(x). Then we
delete all elements satisfying p(z) except for ¢. Formally, we have

fuse,(z) = (fgtp o dely)(z ®, o(c))
where

e ¢ is a constant denoting a singleton structure whose only element b satis-
fies o,

e o creates a new unary relation P ¢ ¥ and it adds all elements to it,

e g creates an R-edge between an element a and o(c) iff there is some element b
satisfying o such that (a,b) € R. That is,

9(p.q) == { Rz1z2 [ p = Fy(Ra1y A (y)) for some ¢ € U }
U{ Rzaxy | p = Jy(Ryzy A Y(y)) for some ¢ € U}
U{¢(xy) | p E ¥(x1), 1 quantifier free }

U{¥(x2) | ¢ = ¥(x1),1 quantifier free },

where ¢ is the complete local 1-type of the single element of the struc-
ture o(c) and ¥ is the set of all Hintikka-formulas v,, r € S(X2), with

T = o,

o ¥ := pA\—Pxy,ie., dely deletes all elements satisfying ¢ except for the new
one which is labelled by P, and
o fot, deletes the auxiliary relation P again. O
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8 Sources in hypergraphs are not necessary

Equipping graphs and hypergraphs with distinguished vertices is useful for
defining operations like series composition or parallel composition that gener-
alize concatenation. These distinguished vertices are called sources. In terms
of relational structures such distinguished elements can be defined as values
of nullary symbols which are also called constants. They have been defined
in this way in the general logical and algebraic framework of [7| which is
further developed in [8|. Constants can be eliminated if one replaces them
by unary relations containing single elements. However, the quantifier height
of the definition scheme of a given transduction usually increases under this
transformation. Take for example the quantifier-free definition

Rxy it SxaNTyb

where a and b are constants. If we encode a and b by unary relations P, and B,
this definition becomes

Rxy :iff FJuv(Szu A Tyv A Pyu A B),

which is no longer quantifier-free. Hence, after the transformation the signa-
ture QF may contain fewer operations. In this section, we show that quantifier-
free operations using constants can be emulated by quantifier-free operations
on relational structures without them. We will prove that the signature of
quantifier-free operations using constants, denoted by QF¢, is “equivalent” to
the signature QF on relational structures without constants (for the precise
meaning of “equivalent” cf. Proposition 105 and Theorem 112).

8.1 Relational structures with constants

We recall definitions from [7,8]. We fix a countable set Cy, of constant sym-
bols. For a relational signature > and a finite subset C' C C,, we denote by
STRI[X, C] the set of all finite structures of the form

A= <A7 (Rm)Re& (Cﬁ)cEC>
where (A, (Ry)res) € STR[X] and ¢y € A, for every c € C.

By 2[C] we denote the substructure of 2 induced by the set of all elements
that are denoted by some constant ¢ € C'.

We call quantifier-free transductions between structures with constants QF€-
transductions, for short (the superscript ¢ indicates that we allow constants).
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A definition scheme for such a transduction STR[X, C| — STRIT, D] is of the
form

D = (907 Y, (19R)Ren (F&cd)ceadep)
where

¢ = true (cf. Section 3.3),

Y e QFXUC, {x1}],

Vr € QFEUC {z1,...,Ta(m)}], for R €T, and
kea € QF[X U C, (], for each ¢ € C and d € D.

As usual, the formula ¢ defines the domain of the new structure and the
formulas Y define the new relations R. The new constants are determined
by the formulas x.4. Given a structure 21 we define the constant d in the new
structure to denote that element cg such that x.; holds in 2.

In order that a definition scheme defines a total mapping, the formulas k.4
must satisfy the following conditions, for every structure in 2 € STRI[X, C]
and all d € D:

e d denotes an element of the new structure, that is, A = A.co(kea — ¥(0)) .
e d has some value, that is, A = V.co Ked -
e d is unique, that is, A = A, vec(bea A kg — ¢ =) .

These conditions are given by quantifier-free formulas without free variables.
Hence, they hold in a structure 2 € STR[X, C] iff they hold in A[C]. It is
therefore decidable whether they are valid in every structure because we only
need to check their validity in the finitely many structures of the form 2A[C].

A definition scheme D as above defines a total mapping D : STR[X, C] —
STRIT, D] where the domain and the relations of B := D(2) are defined in
the same way as for structures without constants and, additionally, we have
d = co whenever 2 = K.

We obtain thus an algebra STRS of structures with constants where each pair
(33,C) is a sort. The operations are the QF°-transductions and the disjoint
union @ which we apply only to structures with disjoint sets of constants.
(For structures 2 € STR[X,C] and B € STR[I', D] with C N D = (), the
structure A @B € STR[EUT, C'U D] is well-defined). We denote by QF°¢ the
corresponding signature.

We could define MSO-transductions between structures with constants in the
same way as QF°-transductions. But when we allow quantifiers then the for-
mulas k.4 are not needed. Therefore, we choose a simpler approach by reducing
such transductions to MSO-transductions without constants.
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Let Il := { P. | ¢ € C'} be a set of unary relations in bijection with C' and
disjoint from . For 2 € STRI[X, C], we denote by 2y € STR[X U Il¢] the
structure with the same domain as 2 and the same >-relations. For every
constant ¢ € C, we add a new unary relation P, := {cy} to p. Clearly, the

mapping
STR[X,C] — STR[E UTIg] : A +— Ay

is an injective QF°-transduction. (We identify STR[X U Il¢, ()] and STR[X U
Ic].)

We define an MSO-transduction (of structures with constants) as a transduc-
tion 7 : STR[X,C] — STRJT, D] such that the relation { (2, By) | B €
7(A) } is an MSO-transduction. Routine arguments show that the composi-
tion of two MSO-transductions is an MSO-transduction, also when they use
constants.

We now recall from [7] the following result, formulated with the terminology
of the present article. It is the analogue of Proposition 27 for structures with
constants.

Proposition 105 Let L C STR[X, C|. The following statements are equiva-
lent:

(i) L is the image of a regular set of terms under an MSO-transduction.
(ii) L is QF -equational.
(iii) The set Ly := { ™y | A € L} is QF -equational.

PROOF. The equivalence (i) < (ii) is proved in [7]. Let us sketch the equiv-
alence of (i) and (iii). With routine manipulations of MSO-transductions one
can show that (i) is equivalent to the statement

Ly is the image of a regular set of finite terms under an MSO-transduction.

Hence, the equivalence (i) < (iii) follows from Proposition 27. O

Our objective is to obtain a similar characterization of QF°-recognizability
of L C STR[X,C] in terms of the QF-recognizability of Ly. Theorem 112
below archives this goal. Following our general framework we will introduce
a construction on structures that makes it possible to emulate the operations
of QF° in terms of QF-operations.
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8.2 A second way of eliminating constants

The basic idea is to replace a structure 2 by the structure 2 obtained by
deleting all elements that are denoted by some constant and by adding new
relations that memorize links with the deleted elements. For example, an edge
from z (where x is not the value of any constant) to ¢y will be represented by
a new unary relation edg[xc|. An essential fact is that 2 can be reconstructed
from 2 and A[C]. (Note that, up to isomorphism, there are only finitely many
structures 2A[C] for A € STR[X, C].)

Definition 106 (a) For every n-ary relation R € ¥ and each word w €
(CU{*})", we introduce a new relation symbol R[w] whose arity is the number
of symbols x occurring in w. Let (C) be the set of these symbols where we
identify R with R[x...x|, hence ¥(C') contains 3.

(b) For A= (A, (Ra)res, (ca)ccc) € STR[E, C], we define a 3(C)-structure
A = (A, (Ry)rex(c)) with domain A :== A\ {cy | c € C} and the following
relations. For w = wyxwy ... wikwy 1 with wy, we, ..., wgy, € C*, we have

Rlwly = {(a1,..., ) | Wraydy ... paxibpys € Ra ),
where w; is the sequence of elements of A denoted by the constants in w; € C*.

Note that the substructure of 2 induced by A is a substructure of 2. The
following statements follow immediately from the definitions.

Lemma 107 (1) The structure 2 can be reconstructed from 2 and A[C].
(2) The mapping " : STR[E, C] — STR[X(C)] is a QF°-transduction.

(3) For each structure € € STR[E, C] with € = €[C], there exists a (|C| + 1)-
copying MSO-transduction of quantifier height O that maps every nonempty
structure B € STR[X(C)] to the unique structure A € STR[Z, C] such that
AC] = € and A = B.

Definition 108 Let L C STRI[X,C] and suppose that € € STR[E,C] is a
structure with € = €[C|. We denote by Li< € the set of structures A € L such
that A[C] = € and A # € (so A contains at least one element not denoted by
a constant).

Proposition 109 A set L C STR[Y, C] is QF -equational iff (L < €)" is
QF -equational for each €.

PROOF. Let L be QF°“-equational. Since, for fixed €, the condition 2A[C] =
¢ is MSO-definable (even FO-definable) it follows by Proposition 105 and
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Corollary 28 (b) that each set L€ is QF°-equational. Hence, it is the image
of a regular set of terms under an MSO-transduction and so is (L > €)", by
Proposition 105 and Lemma 107 (2).

Conversely, since L is a finite union of sets Li<1€ and singletons {€}, it suffices
to prove that each L€ is QF“-equational. This follows from Lemma 107 (3)
by a similar argument as above. O

We will improve Lemma 107 (2) in order to have statements like the above
corollary relating QF- and QF°-recognizability. Let us first state an immedi-
ate corollary of Lemma 107 (3) and Proposition 20.

Corollary 110 Let € € STR[X, C] be a structure such that € = €[C]. For ev-
ery formula p(x1, ..., x,) € QF[XUC], one can construct a formula p(z1, ..., x,) €
QF[X(C)], such that we have

AEpa) iff AEp),

for every structure % € STR[Y, C] with A[C] = € and all a € A",

PROOF. Let 7 : STR[X(C)] — STRI[%, C] be the transduction of Lemma 107 (3).
We can set ¢ :=¢7. O

Among the QF“-operations, it will be convenient to single out particular ones.
If d € C, we denote by fgt, the operation STR[X, C] — STR[X, C'\ {d}] that
“forgets” the constant d. Nothing is changed except that some element of the
domain is no longer denoted by d.

Proposition 111 The function ” : STR[X, C] — STR[X(C)] is a finite-state
derived heteromorphism based on the mapping A — A[C].

PROOF. We recall that on STR[X,C] we use the disjoint union and the
QF°-transductions as unary operations. We first observe that the mapping
A — A[C] is QF -computable. This follows from the following obvious facts.

(1) For all structures 2 € STR[X, C| and B € STR[I', D] with C N D = 0,

we have
(A @B)[CUD|=AUC]®B[D].

(2) For every QF°“-operation f : STR[X, C| — STRIT, D], we have
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(This is true because Dygqy C Cy.)

Going back to the main proof, we consider the various operations. First it is
clear that

ADB) =ADB.

The case of a QF“-operation f : STR[Y, C] — STR|I', D] is more involved.
Suppose that f is defined by the definition scheme

D = (p, ¥, (YRr)Rer, (K’Cd>c€C’,d€D)‘

~

We consider a structure 2(. Our objective is to express f(2A)" as ¢(2() for some
QF-term t that may depend on 2A[C]. Let Cy be the set of all elements of A
denoted by some constant ¢ € C'. We denote by N C Cg the set of all elements
that are not deleted by f (i.e., that satisfy ¢)) but that are not denoted by
any constant d € D in f(2A). (Note that we can compute N from A[C].) The
set Cy is thus partitioned into Dy, N, and the set of all elements deleted
by the transduction f. The domain of f(2A)" consists of N and all elements of
A=A \ Cy that are not deleted by f. We distinguish several cases.

(a) First, suppose that N = (). The domain of f(A)" is the set of elements
of A that satisfy ¢ in 2. By Corollary 110, these are the elements that satisfy
¥ in 2.

Now we consider a relation in I'(D), say R[*cxddx| to take a representative
example. We have

(z,y, 2) € R[xcxdd*] i
iff (2, cre), vs dpas dray, 2) € By
iff A ez, dy,d,d,2) ANP@) AY(y) Ap(2) A kee A Kaa
for some ¢, d' € C
i A = "5‘6/761/ for some ¢, d € C
iff ﬁl ): Q§ = \/ éc’,d’ s
c,d
where 190/7(1/ is the formula associated with
Or(z,d,y,d,d,2) ANp(x) Ap(y) Ab(2) A Kee N Kara
according to Corollary 110.

The formula 1) which defines the domain of f ()" and the formulas D as
above yield a definition scheme for the transformation 2 — f(21)". Hence, ¢ is
a quantifier-free operation.
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(b) Next, we consider the case that N # () and f = fgt,. Then N = {d} and
there is no ¢ € C'\ {d} such that co = dy. The domain of f()" is that of A
augmented with dy. Hence we have f()" = /(2 & D) where ¢ and D are
defined as follows.

% is a structure with the single element dg. The relations of © either are empty
or consist solely of the tuple (dgy,...,dy) depending on whether the corre-
sponding relation of 2[C] contains this tuple. For example, if (dgy, be(, a1, day, dgt) €
Ry, for b,c € C, then we put the tuple (dg, dy, dy) € R[xbck*]n. We also use

a special new unary relation symbol to “mark” dg, that is, to distinguish it
from the elements of A .

Let us call a relation R[w] a d-relation if d occurs in w. The mapping ¢ is a
quantifier-free operation that performs the following transformations:

(1) It preserves those relations of 2 and ® that are not d-relations.

(2) It removes all d-relations (they are all in 2).

(3) For every tuple in a d-relation, like (z,y, 2z) € R[+xxabddxd], it creates a
corresponding tuple (x,y, dg, dg, 2, dgy) in the relation R[xkabkkxx|. The
marking of dgy is useful here.

(4) Finally, it removes the “marking” unary relation.

Hence, in this case we can take for ¢t the QF-term ¢'(z ® D).

(c) For the general case, we show that every QF°-operation can be expressed
as the composition of a bounded number of transformations of the above two
forms.

Fix an enumeration ag,...,a; of N. (If it is empty case (a) applies.) Let
E ={ey,...,er} € Cy be a set of constants disjoint from C' and D.

Let g be the QF“transduction that maps a structure € with €[C] = 2A[C]
to the structure ¢g(€) € STR[X, D U E] obtained from f(&) by assigning the
value a; to the new constant e;, for i < k.

The definition scheme of g can be constructed by adding to D the formulas
Kee;, := true where, for each i, c is some element of C such that cy = a;. This
choice can be made depending only on 2[C]. The resulting QF°-transduction g
is of the type considered in case (a). Furthermore, for every structure 98 with
B[C] = A[C], we have

f(B) = (fgt,, o---ofgt,, )(9(B)).

Hence the general case follows by combining the constructions of (a) and (b). O

The main result of this section is the following theorem.
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Theorem 112 Let L C STR[X, C|. The following statements are equivalent:

(i) L is QF°-recognizable.
(ii) Ly is QF -recognizable.
(iii) (L @)" is QF -recognizable, for every € with €[C] = €.

PROOF. (ii) < (iii) Note that, by Lemma 107, for every €, the sets (L>€&)"
and (L > @)y are in bijection by an MSO-transduction the inverse of which
is also an MSO-transduction. It follows from Theorem 51 that one is OF-
recognizable if and only if the other is. Furthermore, the set {2 | A = A[C] }
is MSO-definable and hence recognizable. This proves (iii) = (ii) since

Ly ={A|A=92AC] or, A € (L €)", for some €}
and a finite union of recognizable sets is recognizable.

For the other direction, note that, if Ly is QF-recognizable then so is (L><x€)y
because the conditions A[C] = € and A 2 € are MSO-definable.

(iii) = (i) Suppose that (L<@)" is QF-recognizable, for every €. Then L€
is the inverse image of (L><1€)” under the finite-state derived homomorphism "
(Proposition 111). Hence it is QF“-recognizable, by Lemma 14. It follows that
L is QF“-recognizable since L is a finite union of recognizable sets.

(i) = (iii) We now assume that L is QF°-recognizable. Let ~ be a finite
congruence saturating L. By replacing it if necessary by a finer one, one can
assume that 2 ~ 2’ implies that 2A[C] = A'[C] and the same relations from %
are nonempty in 2 and in 2. Hence this congruence saturates each set L €.

Consider now the inverse mapping (*)~! : STR[X(C)] — STR[X, C]. For every
¢ € STR[X, C] such that € = €[C], one can construct a QF° -term ¢, using
both the relations of X(C') (this set contains ¥) and the constants of C' such
that, for every structure 2 € STR[Y, C] < €, we have A = t(ﬁl @ ).

The effect of applying ¢ to 2 & € must be to replace a tuple like (z,y, u, v, w)
in a relation R[xxabsxcx| by the tuple (z,vy, ag,be, u, v, ce,w) € R. This can
be done by a QF-transduction 7 : STR[X(C)] — STRI[X, C]. Hence, we can
set t 1= 7(x).

The restriction of the congruence ~ to the sets STR[Y] is a QF-congruence
since QF is a subsignature of QF°. It remains to check that it saturates
(L > €)". Consider a structure 2 € (L > €)", and suppose that A" ~ 2.
Let B € L« ¢ be such that 2 = B. Since A'[C] = A[C] = A, A[C] 2 ¢,
and the same relations from ¥(C') occur in 2 and 2, there exists a structure
B’ € STR[X, C] < € such that A’ = B’. Applying the term ¢ defined above we
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obtain B = t(ASC) and B’ = t(A' & ). Hence B ~ B'. But the congruence ~
saturates L < €. Hence B’ belongs to L1 € and 2" belongs to (L < €)". Tt
follows that each set (L1 €)" is recognizable. O

Some variants of the operations of QF° are considered in [8] where it is shown
that one can use the following generalization of disjoint union. If 2 and B
have a common set of constants C' then their parallel composition 2 // B is
defined from their disjoint union by fusing those elements in 2 and in B that
are denoted by the same constant. The results of this section extend to the
corresponding variant of QF°.

9 Conclusion

The main results we have established above (Theorem 51, Theorem 68, The-
orems 88 and 104, and Theorem 112) tighten even more the relationships
between recognizability for algebras of relational structures, monadic second-
order transductions, and operations on relational structures defined in terms
of logical formulas — quantifier-free or with a limited form of quantification. We
have extended older results on the fusion operation and we gave new uniform
proofs in a wider algebraic setting.

Some questions remain open though. In particular, a uniform treatment of the
fusion operation for relational structures would be desirable.

Open Question 1 Are the signatures QF and QF U Fuse equivalent ?
Let us mention some other possible future research directions.

(1) Which quantifier-free operations on relational structures preserve recog-
nizability ?

(2) Is it true that, if a set of graphs of clique width at most k is VRy-recog-
nizable, for some set II of size at most k& (or f(k), for some fixed function f),
then it is recognizable?

(3) Using the signature Q]-"g and its distinction between auxiliary relations
and those of ¥, one can define a complexity measure on relational structures
that generalizes the notion of clique width: Given a structure 2 € STR[Y], let
w(2A) be the minimal number n such that there exists a signature I and a term
t € T(QFo[2,T]) with A = valgrr(t) and > pep ar(R) < n. By Proposition 63,
it follows that a set L C STR[X] is the image of a set of terms under an MSO-
transduction if and only if w(L) is bounded.
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For the case of the so-called HR-operations and HR-recognizability, questions
related to (1) and (2) have been considered in [29,32]. A measure similar to (3)
but based on a different signature is investigated in [10].
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