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Tree-width they can check MSO, properties of graphs of bounded tree-width. This is possible because:
Clique-width (1) an MSO, property of a graph is nothing but an MSO property of its incidence graph and
Algorithmic meta-theorem (2) the clique-width of the incidence graph of a graph is linearly bounded in terms of its
Fly-automaton tree-width. Our constructions are actually implementable and usable. We detail concrete

constructions of automata in this perspective.
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1. Introduction

Graphs are finite and, either directed or undirected. Our goal is to check their monadic second-order (MSO) properties
by using finite automata running on the terms that denote input graphs, and to obtain in this way fixed-parameter
tractable (FPT) algorithms whose parameters are tree-width or clique-width. We want these automata to be constructable
automatically from logical formulas and practically usable. We recall the following algorithmic meta-theorem [10,7]%; the
notions it uses will be reviewed in Section 2.

Theorem 1. (a) For every integer k and every MSO sentence ¢, there exists a linear time algorithm that checks the validity of
@ in any graph of clique-width at most k given by a relevant term.

(b) For every integer k and every MSO, sentence ¢, there exists a linear time algorithm that checks the validity of ¢ in any graph
of tree-width at most k given by a relevant tree-decomposition.

A sentence is a logical formula without free variables. An MSO sentence can only use quantifications over vertices and sets
of vertices, whereas an MSO, sentence can also use quantifications over edges and sets of edges. The incidence graph Inc (G) of
a graph G is a bipartite graph constructed as follows: its vertices are those of G together with new vertices representing
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its edges: its adjacency relation is the incidence relation of G (relating an edge and its ends). Assertion (b)® is actually a
consequence of (a) because:

(1) an MSO,, property of a graph G is nothing but an MSO property of its incidence graph Inc(G) and

(2) if G has tree-width k, then Inc(G) has clique-width at most f (k) for some fixed linear function f,

(3) a tree-decomposition of G of width k can be converted in linear time (for fixed k) into a clique-width term of width at
most f (k) that defines Inc(G).

Point (1) is just a matter of definitions. Point (2), in particular the fact that f is linear (f (k) < 2k 4+ 5, (see details in
Section 3) together with the linear time transformation of (3) make practically usable this reduction of (b) to (a).

Automata constructions.

The classical proof of Assertion (a) constructs from an MSO sentence ¢ and a positive integer k a finite automaton A, i
that takes as input a term ¢t of width at most k that denotes an input graph assumed of clique-width < k. This automaton
recognizes the terms that denote graphs satisfying ¢. The construction is done by induction on the structure of ¢. First, one
constructs automata for the atomic formulas that are of only two kinds®: X < Y (set inclusion) and edg (X, Y) (meaning
that X = {x},Y = {y} and there is an edge from x to y, or between them if the graph is undirected). As we will recall,
MSO formulas can be written with set variables only and these two types of atomic formulas. From automata #, x and Ay ,
one can build automata for Ay x and Ay .y by taking the product of 4, , and A, , equipped with appropriate accepting
states. Other constructions handle negation and existential quantification. See [10,7].

It is actually useful to precompute automata A, ; for some formulas ¢ expressing basic MSO properties, such as
Partition(Xy, ..., X,) (meaning that Xy, ..., X, is a partition of the vertex set), stability of X (denoted by St(X) and
meaning that there are no edges between vertices in X, equivalently, that X is an independent set), connectedness of
the considered graph, existence of directed or undirected cycles, degree bounds, etc. See [7]. The logical expression of a
property can be made simpler as we allow, in some sense, more atomic formulas. For example, 3-colorability is expressed
by: 3X1, X3, X3.(Partition(Xq, X3, X3) A St(X1) A St(Xz) A St(X3)).

However, even with this technique, this construction is intractable because #,, x has in most cases, even for k = 2, so
many states that it cannot be implemented in the classical way. This is not avoidable [15]. The notion of a fly-automaton (an
FA in short) remedies to this fact. Its states are not listed in huge tables. Although numerous, states have a common syntactic
structure and can be described by words.® The necessary transitions are not stored in tables but computed by (small)

programs. A deterministic FA having 22" states needs and computes only 100 states on a term of size 100. The maximum
size of a state (the number of bits for encoding it) used on an input term is more important to bound the computation time
than the total number of states. Implementation of FA has been tested in significant cases [7,9].

The present contribution:

Our objective is to apply to Assertion (b) the tools developed in [7,9]. However, the reduction of (b) to (a) necessitates
some work on automata. For instance, the clique-width operations allow to write terms that do not define incidence graphs.
For example, if some vertex intended to represent an edge has degree more than 2, the defined graph is not an incidence
graph. We will define an automaton ¢ to check whether a given term is correct, i.e., defines an incidence graph.

Furthermore, in MSO, logic seen as MSO logic on incidence graphs, the property edg(X, Y) is no longer atomic. It is
expressed by:

“there exists a vertex representing an edge that is adjacent to the unique vertex of X and to the unique vertex of Y”,

hence, the automaton for this formula is more complicated than the one for edg(X, Y) in the case of MSO logic because of
the quantification on vertices representing edges. We will detail the construction of such an FA for edg (X, Y) and of other
FA for related properties such as domination. We will also construct FA for checking Hamiltonicity, a graph property that is
MSO,-expressible but not MSO-expressible.

We consider directed graphs because they are in general algorithmically more difficult to handle than undirected ones. In
the present setting they are no more difficult to deal with, and it is easy to simplify our automata, constructed for directed
graphs, so that they handle undirected graphs.

3 By a result of Bodlaender (see [1,12,13]), a tree-decomposition of G of width k can be computed in linear time (for fixed k) if there exists one. Hence
the variant of (b) where a tree-decomposition is not given but must be computed also holds, but this variant is not a consequence of (a). Furthermore, the
linear time decomposition algorithm is not practically implementable.

4 The survey article [18] reviews different proofs of Theorem 1 and its extensions, together with tools for obtaining practical algorithms, not all based
on automata.

5 Automata /A, can also be defined for formulas ¢ with free variables. See Theorem 5.

6 FA can have infinitely many states: a state can record the (unbounded) number of occurrences of a particular symbol. We can thus construct fly-
automata that check properties that are not MSO expressible (for example that a graph is regular or can be partitioned into p disjoint regular graphs).
These automata yield FPT or XP algorithms [12,13] for clique-width as parameter. By equipping fly-automata with output functions, we can make them
compute values attached to graphs: for example, assuming that the input graph is s-colorable, the minimum size of X; in an s-coloring (Xi, ..., X;). We
can compute the number of p-vertex colorings. We computed the number of so-called acyclic 4-colorings of Petersen’s graph: 10800, and the number of
acyclic 3-colorings of McGee’s graph: 57 024. See [9].
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Our method, that consists in computing automata from logical formulas, yields usable algorithms very quickly as it
combines predefined automata by means of a few standard procedures operating on FA. It has been implemented.” The
produced algorithms follow the general scheme of dynamic programming over graph decomposition, however, specialized
algorithms for particular problems designed with ad hoc data structures can be quicker. Our purpose is to obtain by meta-
algorithmic tools, usable algorithms with reasonable, but not necessarily optimal, time complexity. We do not improve the
lower and upperbounds of [ 10,15] for MSO expressible problems, and furthermore, we cannot handle MSO sentences of too
large quantifier alternation.

Section 2 reviews definitions and constructions of automata. Although the present article is a continuation of [ 7], we recall
most definitions to make it readable independently. In Section 3, we adapt definitions to incidence graphs. Our constructions
of automata for the correctness of terms and for properties based on adjacency are in Section 4. Other properties, in particular
Hamiltonicity, are handled in Section 5. We quote a few related works in the conclusion.

2. Definitions and background constructions

First, some notation: £ (X) denotes the powerset of a set X, £ (X), the set of its finite subsets, $~,,(X), the set of its
subsets of cardinality at most m and [X — Y]y the set of partial functions: X — Y having a finite domain.

A (functional) signature is a set F of function symbols, where f € F has arity p(f) € Nand T(F) is the set of (finite) terms
over F. The set of positions of a term ¢ is Pos(t) and positions are formally denoted by Dewey words. They are considered as
the nodes of a labeled tree, and the terminology of trees will be used for expressing properties of positions in terms. For an
example, the positions of t = f(a, g(a, b)) are the words ¢ that it is the root of t, denoted by root; and the unique occurrence
of f, 1and 21, the occurrences of a, 2 the occurrence of g and 22, the occurrence of b. If t' is the subterm t /u of t issued from
position u, then Pos(t’) is the set of words w such that uw € Pos(t). Positions of t are partially ordered by <, such thatu <, v
if and only if v is a prefix of u, i.e., v is an ancestor of u or is equal to it.

By a language, we mean a set of words or of terms, not to be confused with a logical language such as monadic second-order
(MSO in short) logic.

Graphs and MSO logic.

A simple graph is, here, a finite directed graph without parallel edges and loops. These graphs will be used as incidence
graphs of more general graphs, to be defined in the next section. We identify a simple graph G to the logical structure
(Vg, edg:) whose domain is Vg, the set of vertices, and where edg is the binary relation such that (x, y) € edg if and only if
there is an edge from x to y, which we denote by x —¢ y, or by x — y if G is clear from the context. We extend this notation
to sets: X —¢ Y means that x —»¢y forsomex € X andy € Y,x —¢ Y that x -y for some y € Y and similarly for X —¢ y.

MSO logic uses individual variables (x, y, z, . . .) to denote vertices, and set variables (X, Y, Z, . . .) to denote set of vertices.
Quantification over binary relations is not allowed. Rather than giving a formal syntax (see [10]), we take the example of
3-vertex colorability, expressed by the MSO formula 3X, Y.« (X, Y) where a (X, Y) is the formula

XNY =0 AVu,viedg(u,v) = [~UeXAveX)AmUeYAveEY)A-(UE€XUY AV LXUY)]}.

The formula a (X, Y) expresses that X, Y and V; — (X U Y) are the three color classes of a 3-vertex coloring of G. More
generally, p-vertex colorability is expressible in a similar way. Other MSO expressible graph properties are connectedness,
strong connectedness, planarity (via forbidden minors) and the existence of directed cycles.

Every MSO formula can be written so as to use only set variables and the atomic formulas X C Y (for set inclusion) and
edg(X, Y) (meaning that X = {x}, Y = {y} and x — y): for doing that, we replace the atomic formulax € Y by X C Y where
X denotes a singleton set, intended to be {x}. The property that X is singleton, denoted by Sgl(X), can be expressed itself in
terms of inclusions. It is however useful to allow X =Y, X = ¢, SgI(X), Partition(Xy, ..., X,) (meaning that (Xq, ..., X;) is
a partition of the vertex set, where some sets X; may be empty) as atomic formulas. Furthermore, universal quantifications
VX.¢ are replaced by —3X.—¢. These syntactic constraints facilitate the construction of automata. Details are in [10].

A sentence is a formula without free variables. It expresses a property of the considered graph.

Clique-width

Clique-width is a graph complexity measure, comparable to tree-width, that is defined from operations that construct
simple graphs equipped with vertex labels. Let C be a finite or countable set of labels. A C-graph is a triple G = (V, edg, 7¢)
where 77 is a mapping: Vo — C. If mg(x) = a we say to be short that x is an a-vertex.

We let F¢ be the following set of operations on C-graphs:

@ is the union of two disjoint C-graphs,
relab,_,p, fora # b, a, b € C, is the unary operation that changes every vertex label a into b,

add, p, fora # b, a,b € C, is the unary operation that adds an edge from each a-vertex x to each b-vertex y (unless we
already have an edge from x to y),
@ is a nullary symbol denoting the empty graph,

7 The system AUTOGRAPH that builds and runs FA is written in LISP [6] and http://dept-info.labri.u-bordeaux.fr/~idurand/autograph.
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and for each a € C, the nullary symbol a denotes an isolated a-vertex.

The set F¢ is finite if C is finite.

Every term t in T (F¢) defines a C-graph G = val(t) (a formal definition is in [7,10]). Its vertex set is the set of positions in
t of the nullary symbols a, a € C. The clique-width of a graph G, denoted by cwd(G), is the least cardinality of a set of labels
C such that G is isomorphic, up to vertex labels, to val(t) for some t in T (F¢). It is clear that cwd(G) < |V;|.

Let t’ be a subterm t/u of t € T(F¢) for u € Pos(t). The graph val(t’) is, up to vertex labels, isomorphic to a subgraph
G’ of G = val(t). More precisely, let i, : Pos(t') — Pos(t) map w to uw (we recall that positions are Dewey words). Then
iy(Pos(t')) = {v € Pos(t) | v <; u}. The restriction of i, to the set of occurrences in t’ of the nullary symbols a fora € C
is the isomorphism: val(t') — G'. If x =gy ¥, then i, (x) —¢ iy (y), however we may have i, (x) —¢ i, (y) without having

—>
X —yaiy ¥ because an edge from i, (x) to i,(y) can be added to G’ by an operation add,  above u in t. To simplify notation,
we will use in the above case the following:

Convention about subterms: we will forget i, and consider val(t’) as identical to the subgraph G’ of G = val(t).

Hence, a node w of val(t’) will be identified to the node i, (w) = uw of G.
—
Aterm t in T(F¢) is irredundant if an operation add, , never “tries to create” an edge from an a-vertex x to a b-vertex y

SN
such that we already have x — y. In particular, t has no subterm of the form add, ,(t’) such that val(t') has an a-vertex x
and a b-vertex y such that x — gy ¥. (The formal definition is more complicated because of relabelings). Every term can be

made irredundant by an easy preprocessing [7,10] consisting in removing some operations add, p.

Lemma 2. Let t € T(Fc) be irredundant, u € Pos(t),t’ = t/u. If a vertex x of val(t’) has indegree p in this graph, then it
has indegree p + q in val(t), where q is nonnegative and depends only on t, u and the label of x in val(t’). The same holds for
outdegrees.

This statement uses our Convention about subterms. Its proof is straightforward from the definition (Definition 5 of [7]).
It follows that if t, t’, x, g are as in the statement and X" is another vertex of val(t') with same label and of indegree p’, then
it has indegree p’ + q in val(t).

We denote by twd(G) the tree-width of a graph G [1,10,12,13].

Proposition 3. For every simple graph G, we have cwd(G) < 22™4©+2 1 and cwd(G) is not polynomially bounded in terms
of twd(G), as it can be at least 2*~' for some graphs of tree-width 2k.

References for the proofs and comments are in [ 10], Proposition 2.114.

Finally, we explain how a term in T (F¢) can be enriched so as to define, not only a graph, but also vertex sets Xy, ..., X,
of this graph. We replace in F¢ each nullary symbol a by the nullary symbols (a, w) for all w € {0, 1}P. We obtain a set of
operations F.”.

Lett € T(Fc), X1, ..., Xp € Viay and x € Vyg(. We let w(x) be the sequence in {0, 1}* whose ith element w(x)[i] is 1
if x € X; and 0 otherwise. We replace in t a nullary symbol a at position u by (a, w(u)) (u is a vertex of val(t)). We obtain
a term in T(Fc(p)) that defines the graph val(t) and also the p-tuple (X, ..., X;). We denote this term by ¢ * (X1, ..., Xp).
Conversely, every term t’ in T(Fép)) is of this form, and we will also denote by val(t’) the graph val(t).

If P is a property of graphs,® then Lp ¢ is defined as the set of terms t € T(F¢) such that val(t) satisfies P. More generally,
if P(Xq, ..., Xp) is a property of vertex sets Xy, ..., X, of graphs, then

yaees

Lpxy....xy).c is the setof terms € % (X1, ..., Xp) € T(Fc(p)) such that P(Xy, ..., X,) holds in val(t).

IfP(Xy, ..., Xp) is expressed by an MSO formula ¢(Xj, .. ., X;), we denote by Lyx,,

.....

Xp).C the language Lp(x, ..., Xp).C-

Automata.
If (X1, ..., Xp) is an MSO formula and C is finite, then Ly,
finite automaton. However, if C is infinite, Lyx,

,,,,, Xy).C is a recognizable language, hence, is definable by a
Xp),C Can be defined by an infinite automaton that is usable in algorithms.

yenes

Definition 4. Fly-automata.

(a) A set is effectively given if, either it is finite and the list of its elements is known, or it is countably infinite and its
elements are bijectively encoded by words over {0, 1} (or another finite alphabet) that form a decidable set. Through this
encoding, we have the notion of computable functions on effectively given sets. If D is effectively given, then so are D° for
s > 2, (D), the set of finite subsets of © and the set [.D" — D] of partial functions having a finite domain, where D’ is

8 Saying that P is a property of graphs means that it is invariant under isomorphisms and arbitrary vertex relabelings. Labels are used for constructing
graphs, but at the end, they are forgotten.
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effectively given. A signature F is effectively given if the set F is effectively given, the arity mapping p is computable and the
least upper bound p(F) of the arities is finite.’

(b) Let F be an effectively given signature. A fly-automaton over F (in short, an FA over F) is a 4-tuple A = (F, Q4,
8.4, Acc 4) such that Q4 is an effectively given set called the set of states, Acc 4 is a decidable subset of Q4 called the set of
accepting states,'? and § 4 is a computable function such that, for each tuple (f, q1, . . ., dp(r)) suchthatqq, ..., q,¢5) € Qa
and f € F, the set of states §,(f, q1, . .., q,(p)) is finite. The transitions are the pairs f[q1, ..., g ] =>4 q(@and f — , qif f
is nullary) such thatq € 6, (f, q1, ..., q,)). We say that f[qy, ..., qo¢)] = 4 q is a transition that yields q. We say that A is
finite if F and Q4 are finite, and we get the usual notion of a finite automaton.

(c)ArunofanFA Aonatermt € T(F) isa mapping r : Pos(t) — Q, such that:

if u is an occurrence of a function symbol f € F and uy, ..., u,, is the sequence of sons of u, then f[r(uq), ...,
r(Upg)] — 4 r(); (if o(f) = 0, the condition reads f — , r(u)).

For g € Q4, we define L(+, q) as the set of terms t in T(F) on which there is a run r of 4 such that r(root;) = q. A run
ron t is accepting if the state r(root,) is accepting. We define L(+4) = (J{L(+, q) | ¢ € Acc,} C T(F). It is the language
accepted (or recognized) by ». A state q is accessible if L(A, q) # . We denote by Q, | t the set of states that occur in the
runs on t and on its subterms, and by Q4 | L the union of the sets Q4 | t fort € L C T(F).

We denote by run’, , the mapping: Pos(t) — #7(Q,) that associates with every position u the finite set of states of the
form r(root,,) for some run r on the subterm t/u of t issued from u. This mapping is computable and the membership in
L(4) of a term in T (F) is decidable because t € L(+) if and only if the set run ,(root;) contains an accepting state. Hence,
whether all states of an FA are accessible or not does not affect the membership algorithm: the inaccessible states simply
never appear in any run. There is no need to try to remove them, which is actually impossible in general, unless if - is finite.
Removing them in the case of a “small” finite automaton permits to reduce the size of small transition table.

We define ndeg 4 (t), the nondeterminism degree of 4 on t, as the maximal cardinality of run’_,(u) for uin Pos(t). We have
ndeg () < [Qu | tl.

A sink is a state s such that, for every transition f[qq, ..., gm] — 4 g, we have ¢ = s if g; = s for some i. If F has at least
one symbol of arity at least 2, then an automaton has at most one sink. A state named Error (resp. Success) will always be a
nonaccepting (resp. accepting) sink.

We say that an FA 8 = (H, Qg, 3, Accg) is a subautomaton of an FA A if H C F, Qg € Q4, Accg = Acc, N Qg and
8a(f,q1,....q05) =84, Q1. ..., dp) iff € Hand qq, ..., q,5) € Qz. Then L(B) = L(A) N T(H).

(d) Deterministic automata. An FA 4 is deterministic (implicitly, and complete) and if all sets 5,,(f, q1, ..., g,()) have
cardinality 1. A deterministic FA 4 has, on each term t, a unique run denoted by run, ; we let q 4 (t) := runy,_((root;). The
mapping q, is computable.

The computation time of 4 on a term t is bounded by p. |t| where p bounds the time used for computing a transition.

For every fly-automaton .4, there exists a deterministic FA 8 denoted by det(+) such that Qg = ££(Q), rung = run, ,
and L(8B) = L(). (See [7], Proposition 45(2)). A run of B on a term ¢, that is, a bottom-up computation of rung ;, is called
the determinized run of 4. The maximal size of a state of det(+4) on a term ¢ is bounded by ndeg , (t).s where s is the maximal
size of a statein Q4 | t.

If the state Error (resp. Success) is met at any point of the computation of a deterministic FA, the term can be immediately
rejected (resp. accepted). Hence, using sinks Success and Error in this way can shorten some computations.

(e) Direct and inverse images of automata.

Let H and F be effectively given signatures. Let h : H — F be a relabeling, i.e., an arity preserving mapping having a
computable inverse, that is, such that h~'(f) € H is finite and computable for each f. Let h be extended from T (H) to T (F) in
the obvious way. If L € T(H), then h(L) := {h(t) | t € L}. If 4 is an FA over H, then h(A) is the fly-automaton over F
[7, Proposition 45] obtained from + by replacing each transition f[qs, ..., g, 1 =4 @ by h()Iq1, ..., o] = q. We say
that h(+) is the image of 4 under h. It is not deterministic in general, even if 4 is. We have h(L(4A)) = L(h(+4)) (because
h(+) has the same accepting states as +4).

Let now h : T(H) — T(F) be a computable relabeling. If K € T(F), then h~'(K) := {t € T(H) | h(t) € K}.If A is an FA
over F, we let h~1(A) be the FA over H with transitions of the form f[qq, . . ., 4] = qwhenever h(f)[q1, ..., dy5)] =4 q.
We have L(h~1(A)) = h™1(L(4A)). We call h~1(4) the inverse image of 4 under h [7, Definition 17(h)]. It is deterministic if
A is so.

Automata for checking graph properties.

Theorem 5. Let ¢(X, ..., X,) be an MSO formula and C be an effectively given set of labels.

(1) There exists a deterministic FA #yx, Xp),C over Fc(p ) that recognizes the language Lyxy,...%p).C- This automaton can be

constructed by an algorithm.

,,,,,

9 We could omit the condition that p(F) is finite. All facts reviewed in this definition would remain true. However, Lemma 7 of [9] that gives FPT bounds
on computation times of certain fly-automata would not hold. Furthermore, we had no use, up to now, of function symbols of arity more than 2.

10 Fly-automata can also compute functions if one replaces the accepting states by a computable mapping from states to some effective domain. See [9].
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(2) If €’ C Cis effectively given, then Ay, ,... x,).c’ is a subautomaton of A,
(3) If Cis finite, then A, ... x,).c Is finite.

,,,,,

We first construct automata for the atomic formulas, X C Y and edg (X, Y) and also for some useful MSO properties such
as X = @, Sgl(X), Partition(X, ..., X,), Conn(X) (expressing that the induced subgraph with vertex set X is connected)
and DirCycle (expressing that the graph has a directed cycle). These constructions are based on our understanding of the
considered properties.

Operations on FA “implement” the logical connectives Vv, A, —, 3 and variable substitutions. The operation reflecting
existential quantification consists in taking an image automaton, followed by a determinization. We have:

A%, 0 (X1....%p).c = det(h(yx,....x,).c))

where h : Fép) — Fc(pfl) deletes the last Boolean of w in each nullary symbol (a, w).

The transformation reflecting substitutions of variables consists in taking an inverse image: if ¥ (Xq, ..., X;) is defined
as o(Xi,, ..., Xi,) from ¢(Ys, ..., Yp), then the automaton Ay (X,....Xp).C IS an inverse image of Ay(v,,...vm),c [7, Lemma 13
and Section 4.2.1]. For an example, if ¥ (X1, Xz, X3) is defined as edg (X3, X1), we obtain Ay x; x,.x3),c = h‘l(eAedg(Xl_xz),c)
where h((a, wiw,ws)) = (@, wsw;) for all wy, wy, w3z € {0, 1}. If (X, ..., X,) is the conjunction of two formulas for
which we know automata, then the automaton for ¢(Xj, ..., X,) is the product of these two automata, provided they are
built for formulas having the same list of free variables. Variable substitution is useful to insure this technical point.'

As explained in [7], Section 7.3.1, these constructions work for infinite sets of labels. The three assertions of Theorem 5
can be proved by induction on the structure of ¢. To be more precise,'? we define, for each set X and integer i > 0, the set
Li(X) as follows:

Lo(X) =X,
Lit1(X) = Li(X) U Pr(Li(X)) U (Li(X) x Li(X)).
Itis clear that X C Y implies £;(X) C £;(Y) and that .£;(X) is finite if X is finite. The set .£;(X) is effectively given if X is.
For every MSO formula ¢ (X, ..., Xp), one can define a finite set B and an integer i such that, for each effectively given set
C of labels, one can construct a deterministic FA A x;, .. x,).c Over Fc(p ) that recognizes the language Loxs,...,
set of states Q (C) satisfies the following properties:
(i) Q(C) € Li(BU ),
(ii) Q(C) = Q) N Ly (BUC)ifC' C C,

Xp),C and whose

Xp).c’ 1s the FA obtained from Ay, . x,).c by replacing, in all its states and
transitions, a by £(a) for each a € C (informally, £ yields an isomorphism of automata: Ay x; ..., X).C > Ay, Xp).C’ )-

For an example, the automaton segg(x,v),c constructed in [10,7] has states in {Error, Ok} U (P<1(C) x P<1(C)) thatisa
subset of £, ({Error, Ok} U C). (As they are defined in [10,7], states are in .£1(B U C) for some finite set B.)
It follows from Properties (i)-(iii) that we need only construct a single FA #,x; ... x,).c OVer Fép) where C is an infinite

.....

effectively given set of labels. We will take C = N,.. Running #yx; ... x,).c on terms in T(Fl(,f?), where [k] := {1, ..., k},is

the same as running sy x, ... x,),[k)- A0 implementation of A, x,,)c yields a single program that works for all terms in

T(F[%)), k > 1, hence for graphs of all clique-widths.

The membership in Ly, ... x,).c of aterm¢ € T(F[(,f])) can be decided in (FPT) time f (k). |t| for a function f depending only
on@(Xy, ..., Xp). This function bounds the time for computing transitions. This gives a linear time recognition algorithm for

graphs of clique-width at most some fixed k given by terms in T (Fy;), but finding such terms takes (presently) cubic time.
See [10] for details and references.

Properties of induced subgraphs

We apply to the relativization of a property P to a set X the notion of inverse image of an FA. If P is a graph property, we
denote by P[X] the property of (G, X) where X is a set of vertices of G such that the induced subgraph G[X] satisfies P.

Let t € T(Fc) define a graph G := val(t) and X be a set of vertices of G. (We recall that X is a set of occurrences of the
nullary symbolsafora € C.)Lett’ € T(Fc) be obtained from t by replacing each a by the nullary symbol & (that denotes the
empty graph) at its occurrences not in X. Then val(t’) is G[X], the induced subgraph of G with vertex set X. (If t is irredundant,
thensoist’.)

Then the subset Lpx) ¢ ofT(FC(U) ish™(Lp.c) where h : T(FC“)) — T(F¢) replaces in a term ofT(FC(U) each nullary symbol
(a, 0) by @ and (a, 1) by a. Hence, if P is defined by an MSO sentence ¢, then P[X] is defined by an MSO formula ¢[X] with

1T Wwe use this observation in Section 4.2.
12 This definition is used in [8] to prove that the (Strong) Recognizability Theorem, Theorem 5.68(1) of [ 10], can be proved via the construction of automata.
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free variable X (we need not write this formula) and Ax; ¢ is the inverse image by h of 4, ¢. See Definition 4(e) and Lemma
15 of [7], or [10].

Irredundant terms

The set of irredundant terms in T (F¢) or in T(Fép)), denoted by L., is recognized by an FA { (see [7]), whose states are Error
and the finite subsets of C2. For each term t, g, (t) = Error if t is not irredundant and is {(Tvaey X), Ty @) | X—=vaiy ¥}
if t is irredundant. Its transitions are easy to define.

We will construct automata ogyx,,..., Xp).C intended to work correctly on irredundant terms. This means that
L(Apxy....%).0) N Lir = Lyxy....xp).c N Ly If an input term is not irredundant, the answer of A, ... x,),c may be incorrect.
By taking the product of #x; ... x,).c and £, we can get an automaton that recognizes exactly Lyx,.... x,).c N Lir. However,
we will assume that the verification of irredundancy is done by the parsing algorithm that builds the term denoting the input
graph to be processed by the automaton.

AAAAA

3. Incidence graphs

When the domain of the relational structure representing a graph is its vertex set, and since quantifications over binary
relations are not allowed, MSO formulas cannot use quantified variables denoting sets of edges. In the incidence graph Inc(G)
of a graph G, each edge of G is made into a vertex, hence an MSO formula over Inc(G) can be seen as an MSO formula using
quantifications on sets of edges and it is called an MSO, formula intended to express a property of G. The formula: “there
exists a set of edges that induces a directed cycle and goes through all vertices”, expresses that the considered graph has a
directed Hamiltonian cycle. This property is not expressible in MSO logic over the relational (V¢, edg) [10].

Assertion (b) of Theorem 1 does not extend to inputs Inc(G) for G of clique-width at most k because the clique-width of
such graphs Inc(G) is unbounded. It can be used for graphs G of tree-width at most k. Proposition 3 gives cwd(Inc(G)) =
20wd©) (hecause twd(Inc(G)) < twd(G) + 1) however cwd(Inc(G)) = O(twd(G)) as we will see.

Definition 6. Incidence graphs.

Let G be a directed graph that can have parallel edges and loops. We define it as a triple (Vg, Eg, incg) such that V; is its
set of vertices, E is its set of edges (of course Vg NEg = @) and incg C (Vg x Eg) U (Eg x Vi) is such that, for u, v € V; and
e € Eg, we have (u, e) € incg and (e, v) € incg if eis an edge u — v. We define Inc(G) as the simple, directed and bipartite
graph identified to the relational structure (V; U Eg, incg, isvg) where isv is unary and isvg(u) holds if and only if u € V.
This relation is useful to distinguish the vertices from the edges in an arbitrary relational structure (X, inc, isv) isomorphic
to (Vg UEg, incg, isvg). It follows that G can be reconstructed up to isomorphism from any structure (X, inc, isv) isomorphic
to (Vg U Eg, incg, isvg).

If G is undirected, then we define incc C E; x V; where (e, u) € incg if u is an end of e. In this case, the predicate isvg
is not necessary because the vertices of G are the elements x of the domain such that inc(x, y) holds for no y. We will only
discuss directed graphs in the sequel, leaving to the reader the easy task of simplifying our constructions so as to handle
undirected graphs.

We will use some adaptations of MSO formulas and clique-width operations. We will consider a relational structure
S = (Ds, incs, isvs) as a simple graph, also denoted by S, whose vertex set is Ds, adjacency relation is incs and that is
equipped with a distinguished set of vertices isvs. In such a structure isomorphic to an incidence graph (V¢ U Eg, incg, isvg),
we will call v-vertices the vertices of S that satisfy isv and represent the vertices of G and e-vertices the others, that represent
its edges. It is FO expressible whether a relational structure S = (Ds, incs, isvs) is Inc(G) for some directed graph G. If this is
true, then G is unique and its vertex set is isvg.

For expressing properties of such structures S, we will write MSO formulas with two types of set variables: X, Y, ... to
denote sets of v-vertices and U, V, . . . to denote sets of e-vertices.'> The atomic formulas will be of the forms X C Y, U C
V,inc(X, U) and inc(U, X); aformula X C U orinc(X, Y) is not allowed, and the predicate isv will not occur in formulas, as
it is replaced by the typing of variables, forcing them to denote either sets of vertices or sets of edges.

For constructing incidence graphs with clique-width operations, we will use pairs (C, D) of disjoint, effectively given sets

of labels. Those in C will define the v-vertices, and those in D the e-vertices. The operations relab and add will be those from
Fcup such that:

no label in C can be changed to a label in D, and vice-versa,

no edge-addition c?d()ia,b can be used witha, b € Cora, b € D.

We obtain an effectively given signature F¢ p. Every term t € T(F¢ p) defines a simple bipartite graph val(t) = H =
(Vu, incy, isvy) where isvy (x) holds if and only if x is defined by a for some a € C. We have incy (x, y) if and only if X — g1 y-
We say that t is correct if H = Inc(G) for some graph G, whose vertex set is then necessarily isvy. This is the case if and only
if each vertex having a label in D has indegree and outdegree 1.

13 These formulas could be alternatively defined as MSO formulas where each variable X (resp. U) comes with the condition that the elements x of X
(resp. of U) satisfy isv(x) (resp. —isv(x)).
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Proposition 7. If a directed graph G has tree-width k, then Inc(G) is defined by a term in T (Fc p) such that |C| = 2 and
|D| = 2k + 3.If Gis undirected, then Inc(G) is defined by a term in T (Fc p) such that |C| = 2 and |D| = k + 2. Terms witnessing
these bounds can be constructed in linear time from tree-decompositions of G of width k. Conversely, twd(G) = O(cwd(Inc(G))).

Proof. See [2,5] for the first three assertions. We have actually cwd(Inc(G)) < 2k + 4 for G directed if we allow relabelings
a — dsuchthata € C and d € D in terms defining Inc(G). Similarly, cwd(Inc(G)) < k + 3if G is undirected.

The last assertion holds because twd(G) < twd(Inc(G)) and, by [16] (also Proposition 2.115 of [10]), since Inc(G) has no
subgraph isomorphic to K3 3, we have twd(Inc(G)) < 6.cwd(Inc(G)) — 1. O

By the last assertion, the reduction of (b) to (a) in Theorem 1 does not work for the verification of MSO, properties of
graphs of bounded clique-width. This is not a surprise because there are MSO, properties that are not FPT for clique-width
unless FPT = W[1] (see [ 14]) which is unlikely, similarly to P = NP (see [12,13] for the classes FPT and W[1]).

In order to represent in terms sets of vertices Xy, ..., X, and sets of edges Uy, ..., Uy, we replace in F¢ p each nullary
symbol a, fora € C, by the nullary symbols (a, w) for w € {0, 1}? and each nullary symbol d, for d € D, by the symbols (d, w)

for w € {0, 1}™. We obtain a signature F(p "™ and, for each MSO formula oX1,..., X, Uy, ..., Up), arepresenting language

,,,,,

which ¢ holds in val(t). We will construct FA that recognize these languages.

Lyxq.... X Up....Um).C.D & T(FC(” m)) consisting of the correct terms t that encode an assignment to Xy, ..., X, Uy, ..., Up for

Denotation of subgraphs

Let Gbe a graph, X C Vg and U € E¢. We let Inc(G)[X, U] := (X U U, incc N (X U U)?, isvc N (X U U)). This structure is
an incidence graph Inc(H) if and only if the ends of all “edges” u € U are in X. If this is the case, then Vy = X, Ey = U
and H is a subgraph of G. We call Subgraph(X, U) this property of (G, X, U). Assume now that Inc(G) = val(t) where
t € T(Fcp), and X, U as above are sets of occurrences in t of nullary symbols respectively in C and in D. Let t[X, U] be
obtained from t by replacing by & (denoting the empty graph) the nullary symbols at their occurrences not in X U U. It is
clear that val(t[X, U]) = Inc(G)[X, U].

Then t[X, U] is a correct term if and only if Inc(G)[X, U] is an incidence graph. The set of correct terms t[X, U] € T(F(l 1))
is h~1(L) where L is the set of correct terms in T(F¢) and h maps (a, 1) toa and (a, 0) to @ fora € C U D. We will define L by
an FA Acr. The property Subgraph(X, U) will thus be defined by its inverse image, h™! (sAcr).

4. Automata

In this section, we construct FA to check MSO, properties of directed graphs. It is easy to modify them in order to check
similar properties of undirected graphs. These automata will be deterministic and designed so as to work correctly on
irredundant terms in T (F¢ p) for pairs (C, D) of disjoint effectively given sets of labels.

They will be linear FPT-FA, meaning that their computation times are linear in the size of input terms over fixed finite
subsignatures of F¢ p.

Their constructions are the same for C U D either finite or infinite, as explained after Theorem 5. We will construct FA
for unspecified pairs C, D, either C = Ny and D = {—n | n € N,} (for being concrete) or finite subsets of them. The
complexities of our automata will appear from their numbers of states when C and D are finite. An FA constructed from a
formula ¢ will be denoted by 4, without reference to C, D.

4.1. Correct terms

Every term t € T(F¢ p) defines a simple bipartite graph val(t), and is correct if and only if val(t) is an incidence graph. A
C-vertex of val(t) is a vertex having a label in C, a D-vertex is one having a label in D. These definitions apply even if t is not
correct.

We describe an FA Acr that checks the correctness of terms in T(F¢ p), assumed to be irredundant. Its states are the
sink Error and the 6-tuples (y1, ¥2, 800, 801, 610, 811) € JPf(C)2 X !Pf(D)4 such that y4, ¥, do0, 801, 810 and 817 are pairwise

disjoint. We will denote (Sqg, 891, 510, 811) by ?
—
At the root of a term t € T(F¢ p), Acr reaches the state (yq, y2, 6 ) if and only if, we have in val(t):
(i) y1 is the set of labels a € C that label a single C-vertex,
(ii 2 is the set of labels a € C that label at least two C-vertices,

)
) Y
(iii) 8 = (800, So1, 810, 811) where for i, j € {0, 1}, §; is the set of labels of D-vertices of indegree i and outdegree j,
(iv) the sets 8qg, S01, 510, 911 defined in (iii) are pairwise disjoint,

(v) no D-vertex has indegree or outdegree 2 or more.

It reaches the state Error if (iv) or (v) does not hold.

The accepting states are the tuples (y1, y2, 8 ) such that §gop = §p1 = 819 = 0.
For any subterm t of a correct term, Condition (iv) is necessary by Lemma 2 and so is Condition (v) because the D-vertices
in an incidence graph represent edges. Transitions are listed in Table 1. In order to simplify the table, we use the following
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Table 1
Some transitions of Acr.

Transitions Conditions

—
g— 0
—
a— ({a}, 9)
N
d— (1,0,{d}, 9)

— —
relabq_p[(y1, ¥a2, _3))] - (", 72, 8_)) ag Uy
relabqp[(y1, 2, 8)]1 = (V1,72 &) {a,b} S iUy 7y =y1 —{a b}
andy, =y, U {b} — {a}
— =
relabg_p[(y1, v2, )1 — (V1,V2, 0) acyiUyy,bdy Uy,
Y1 =wla— blandy, = ys[a — b]
rd rd d
relaby_,.[(y1, vz, _5))] - V1,2, 8 [d—e]) Disj( 8_[3 —e)])
relabg_.c[(y1, y2, 8 )] — Error —Disj( § [d — e])
— = — —
addq al(y1, y2, 61— (V1, %2, 8) agyUyordg §
— — —
addq al(y1, y2, 8 )] — Error (aey,andd e § )or
aeyandd € 519 U dyq
—> — —?
addg al(y1, 2, )] = (1,2, 8") a ey andd € 8gy U 8y1,

800 = oo — {d}, 8g; = o1 — {d},
819 = if d € 8gp then 819 U {d} else 819,
81, = if d € 8o1 then 817 U {d} else 8y3.

rd ! ! _/) - - rd ﬁl ) e _/) - ’ !
SL(y1, v2, 8), (Vv )] = (V1,72 8 US) Disj(6 U &), 7, =rnUy, Ui Ny,
Yi=W—@Uym)U—iUy)).
= 2 e
®L(y1, v2, 8), (V] v5, 8")] — Error —Disj(§ U §")

notations and conventions. First, we do not list the transitions with Error on the left side as they always yield Error (cf.
Definition 4(c)). Furthermore,

a,b d_e)note elements of C and d, e denote elements of D,

de imeansd € 800 U 80] 0] 8]0 U 81],

Disj( 6 ) means that &g, 891, 819, 811 are pairwise disjoint,

T U = (800 U8y, So1 Ul 810U 80, 811U S,

ﬁa — b] is the set y where a is replaced by b, and similarly for §[d — e],

_5>[d — e] == (8pold — e], 8o1[d — e], §10ld — e], §11[d — e]),

¢ denotes a sequence of empty sets of appropriate length.

Remarks. (1) We do not list the transitions relative to (Eadﬂ because they are similar to those of a_d()ia,d.

(2) For the transitions relative to (;i_aa,d, there are three cases. It is clear that the conditions on a and d are mutually
exclusive and cover allﬂgssibilities. R

(3) The transition add, 4[(y1, y2, 6 )] — Error is correct because the input term is assumed irredundant. Without
irredundancy, it may happen thata € y;,d € 11 U 819 and mm has no effect because there are already edges from the
a-vertex to the d-vertices, so that the d-vertices stﬂl have indegree 1. In that c_a)se, the transition should yield (y1, y», _8>).

(4) If we replace the transitionsa — ({a}, ¥) andd — @, 4,{d}, @) by (a,w) — ({a}, ¥) and (d, w') —
(@, 0, {d}, @) respectively for w € {0, 1}’ and w’ € {0, 1}'", we obtain an automaton that checks the correctness of a
term in T(Fc(f’bm)).

(5) Some states (y1, ¥2, _8>) are not accessible: for example, those such that y; U y, = @ and 691 U 819 U 811 # 0.

If C U Dis finite, k = |C| and £ = |D|, the number of states is 3*.5¢ + 1 and the size of a state is O(k + £). Each transition
is computable in time O(k + £) (our time complexity evaluations are based on straightforward data structures). We obtain
a linear FPT-FA.

As noted previously, ™! (Acr) = Asubgraph(x,uy Where h maps (a, 1) to a and (a, 0) to @ foreacha € CUD.

All automata constructed below are designed so as to work properly on correct terms. Hence, if we are sure that the input
term is correct, we need not check this fact by using Acr. However, errors may occur in the construction of terms and it may
be useful to check their correctness in order to avoid getting false answers. Furthermore, understanding its construction
helps to understand the others.

4.2. Adjacency in incidence graphs

In the case of MSO graph properties reviewed in Section 2 the atomic formula edg (X, Y) is checked by an FA over FC(Z) that
has k? + k4 3 states if C is finite of cardinality k. This construction is easily applicable to the atomic formula inc(X, U) (resp.
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Table 2
Some transitions of Acqg(x,v)-

Transitions Conditions

N
g— 0
@,00) > ¢

N
(@, 10) — ({a}, ¥ )_)
(a,01) — (@, {a}, (A_))
@, 11) - ({a},{g}, 7)
d— @,0,{d}, 9)

— — —
(Ega,d[(w,yz,_é))]%(yuyz, 5) agyjord¢gs
addq a[(y1, 2, 8 )] — Ok acy andd € b,
— —
Cﬂ‘)ja,d[(yh Y2, 8)1 = (v1,¥2, 8,87, 82) aey,ded—5,8 =35 U{d
add, 4[Ok] — Ok

< e / ’
relabo[(v1, 2, )] — (V] vy, 8) y1 = vila — bl, y; == y2la — b]
relab,_,,[Ok] — Ok

— - = —
relabg—e[(y1, v2, )1 = (v1, 72, &) 8 = 45[d—e]
@[O0k, Ok] — Error

— ,
L, 2, i), 0k] — Error viFEdory, #0
®l(v1, v2, 5)’Ok]ﬁ% n=y.=90
< ’ ’

®L(1. 72, 3). (v, 3 8)1 = Error Il + |yl = 20rlyal + |y3] = 2
S, 2. 8). (71, 5> 8] Otherwise

’ g e

= Uy, Uy, 6 Ud)

inc(U, X)) stating that X consists of one vertex x and U of one edge u whose tail (resp. head) is x. We will describe A, (x,u) at
the end of the section for purpose of comparison.

In MSO formulas expressing properties of Inc(G), the property edg(X,Y) is no longer atomic; it is expressed by
AU.(inc(X, U) A inc(U,Y)). We can apply the general construction of [7,10] to this formula, but, in view of practical

constructions, it is useful to define directly an automaton #.qg(x,y) OVer ngo).

The FA Aedg(x,v)-
2,0)

We now construct an FA #A.qg(x,y) intended to run on correct and irredundant terms in T(Fc(,n ). See Table 2. As for
irredundancy, we will assume that correctness is guaranteed by the parsing algorithm.
—
The states of Ae4g(x,v) are Ok, Error and the tuples (yi, y2, 6 ) € P<1(0)? x J)f(D)3 such that the components of
—
8 = (8, 81, &) verify the condition §; U 6, C 6.

Lett € T(Fé?bo)) be a correct and irredundant term. It defines an incidence graph val(t) = Inc(G) and two sets of vertices

X, Y of G.Every subterm t’ of t is irredundant and defines a bipartite graph val(t’) that we consider as a subgraph of val(t) (by
our Convention about subterms, cf. Section 2). It may not be an incidence graph, because some D-vertices may be of indegree
or outdegree 0. Let X' = X N Vygiery, Y/ = Y N Vyery- Their sets of labels are myqry (X") and 77y (Y'), both subsets of C. To
simplify notation we will denote 7,4y by 7 and — 4y (the edge relation) by —. At the root of t’, .4 (x,v) reaches the
following state:

Error if and only if X" or Y’ has cardinality 2 or more,
Ok if and only if X’ = {x}, Y’ = {y} for some x, y such that x — u — y for some D-vertex u (so that x —¢ y),

(y1, ¥2, & ) otherwise, and we have:
y1 =n(X') and |X’| <1,
y=n() and |Y|<1,
4 is the set of labels of D-vertices,
81 =m(Out(X")) € 8,
8 =m(In(Y")) € 6,
where Out (X") (resp. In(Y’)) is the set of D-vertices u such that X’ — u (resp.u — Y’).
The accepting state is Ok.

Remarks. (1) The transitions ®[(4, @, _8)), Ok] — Ok “loose” the value _8) This value is not needed after Ok is obtained.
The only thing that remains to be checked is that the sets X, Y are singletons. It follows that we have transitions such as

@[O0k, Ok] — Error and ®[(y1, 2, _8>), Ok] — Error if 1 # @ or y, # (. The state Ok is not a sink.
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(2) Let us comment on §;. A D-vertex u such that u — Y’ corresponds either to a partially defined edge with head in Y’
and whose tail is not yet found or to an edge from a vertex not in X’ to a vertex in Y’. The set §; is the set of their labels. The

—
transition addg [ (y1, 2, 6 )] = Ok when y; = {a} and d € §, is correct because, since t is assumed to be a correct term,
a D-vertex u with label d cannot correspond to an edge from a vertex not in X’ to a vertex in Y’. Hence, u — y € Y’ and the

operation (ﬂi_aa,d creates an edge in G from the vertex of X’ to y.
—
(3) Some states (y1, ¥2, & ) are not accessible, for example, those such that y; = ¢ and §; # @.
If CUD s finite, k = |C] and £ = |D|, the number of states is (k + 1)2.5¢ + 2 and the size of a state is O(log(k) + £). Each
transition is computable in time O(log(k) + £). We obtain a linear FPT-FA.

Comparison with the automaton constructed with Theorem 5.

The automaton wAjycx,u)y Over FC( b is obtained by a straightforward adaptation of the automaton segg(x,y) Over F¢
defined in [7,10]. It has states Ok, Error and the pairs (y, 6) in £<1(C) x P<1(D).

Lett*x (X,U) € T(F(1 1)) be correct and irredundant. It defines an incidence graph val(t) = Inc(G), a set X of C-vertices
and a set U of D-vertices. Every subterm t’ of t defines a bipartite graph val(t’). Let X" = X N Vygry, U' = U N Vi) At the
root of t" x (X', U’), sinc(x.uy reaches the following state:

(2)

Error if and only if X" or U’ has cardinality 2 or more,
Okif and only if X" = {x}, U’ = {u} and X =g U,
| 1.8 = myaey(U) and |U'| < 1.

The accepting state is Ok and the transitions are easy to define. If C UD is finite, k = |C| and £ = |D|, the number of states
istk+1).(£+ 1)+ 2.

Similarly, we have 4, y) with same set of states, except that we write (8, y) = (7wya)(U"), maey(Y)) € P<1(D) x
P~1(C) instead of (y, §).

Let us now consider edg (X, Y) defined by 3U.(inc{(X, U, Y) Ainc, (X, U, Y)) where inc (X, U, Y) is defined as inc(X, U)
with extra (useless) variable Y and inc, (X, U, Y) where inc,(X, U, Y) is defined as inc(U, Y). These useless variables are
added so that the two parts of the conjunction inc{(X, U, Y) A inc,(X, U, Y) have the same free variables.

The automaton B := Ajnc, (x,U,Y)Ainc,(X,U,Y) OVET FC(?,’;) is thus the product of Ajnc, (x,u,y) and Ajnc,x,u,y). Furthermore,
Ainc,x,u,y) and Ainc,x,u,y) have the sames states as, respectively, Aincx,uy and sAicw,y). (See the remarks on variable
substitutions after Theorem 5). The construction of Theorem 5 replaces 8 by a nondeterministic FA C over Fé?bo) that
characterizes 3U.(inc1(X, U, Y) A inco(X, U, Y)). The FA 8 has ((k + 1).(¢ + 1) + 2)? states if k = |C| and £ = |D|,
which gives more than 2/ states for the deterministic automaton det(C) obtained from €. However, some states of B
are inaccessible, for instance, those of the form ((y, 8), (&, ¥')) where § # §'. Furthermore, the states of det(C) are more
complicated to write than those of #A.4g(x,v): the latter ones are in the set {Ok, Error} U (£<; (0)? x !Pf(D)3) whereas those
of det(€) are in & ([{Ok, Error} U (P<1(C) X F P.1(D)]?).

This observation motivates our interest for “direct constructions” of FA for properties related to adjacency, as these
properties are defined with edg (X, Y).

4.3. Links and domination

We consider the following four properties based on adjacency, ordered by increasing complexity, measured by the sizes
of the automata we will construct (G is the graph whose incidence graph is val(t) and t the given correct term):

Link®(X, Y) meaning that X —¢ Y, ie,x—¢yforsomex € Xandy € Y,
Link"3(X, Y) meaning that for all x € X there isy € Y such that x —¢ y, (Y dominates X for < ),

Link"™ (X, Y) meaning that x —>cy forallx € X andy € Y,
Link® (X, Y) meaning that there is x € X such that x —>¢ y forall y € Y (x dominates Y for —¢).

The property that X induces a complete directed graph (with loops on all vertices) is expressed by Link”™ (X, X). That X is
stable, i.e., that the induced graph G[X] has no edge, is expressed by —Link™ (X, X).

The logical expressions of these properties by MSO formulas interpreted in (Vg U Eg, incg) have the following respective
quantifier structures: 333, V33, VV3 and 3V3 with 0, 1,1 and 2 quantifier alternations. We will construct FA or sketch their
constructions. Their sets of states will reflect the differences of quantifier alternations. Notation is as for the definition of

sedg(x,v)- All FA will be intended to run on correct and irredundant terms in T (F:" 2.0 ).
Thg FA ‘A’.“”"aa(x ) . . . . . . .
It is similar to #A.qg(x,v) With some interesting differences. It is simpler to describe because it need not check that X

%
and Y are singletons, however, it has more states. Its states are the accepting sink Success and the tuples (y1, y», 6 ) €
Pr(C)? x Pr(D)* such that §; U 8, C 8. As above for Aegg(x.v), if t’ * (X', Y’) is a subterm of a correct irredundant term
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Table 3
Some transitions of A, x vy

Transitions Conditions

— — —

ddeal(v1. v2. $)1 = (1,20 8) agyordds

addq a[(y1, 2, 8 )] — Success acy andd €5,

— —

addqal(y1, y2, 8)] = (y1, 2,68, 81 U {d}, 82) acy,ded—26
e 1 / ratwa

Ol(y1,v2, ), (¥, 2, )1 => Uy, 12Uy, 6 UG

tx(X,Y) e T(FC(,Z,’JO)) where X’ = X N Vyqy and Y =Y N Vygqy, then i3 x,y) Teaches the following state at the root of

t'xX',Y):
Success if and only if x — u — y for some x € X" and y € Y’ and u (so that X' — Y’); otherwise (y1, 2, _(S)) where:
n=nrX)cc,
ya=n(") CC,
d is the set of labels of D-vertices,
81 = m(Out(X)) <4,
8 = m(In(Y")) C 6.

Some transitions are listed in Table 3 (the others are easy to define or are similar to those for seqg(x,v))-

The accepting state is the sink Success. All transitions with Success on the left yield Success. (In Aeqg(x,v), We use a state Ok,
that looks like Success but is not a sink.) See Remark (2) relative to .qg(x,y) to verify the validity of the transition to Success
in this table. There is no Error state.

If C U Dis finite, k = |C| and £ = |D|, the number of states is 4“.5¢ 4 1. These states have size O(k + £). Each transition
is computed in time O(k + £). We obtain a linear FPT-FA.

The FA Ao x v)
Notation is as for the previous automaton. The state at the root of t’ will contain the relation:
0={(mX,7®) |xeX , yeY and fu.(x - u — y)},
and will be accepting if and only if this relation is empty, because 6 indicates the existence of “missing” edges. However,
additional information will be needed for the construction of transition rules.
A state of ;v v) IS @ 4-tuple of finite sets (3, A, A, ©) such that:
8§ CD,
A CC x P5(5),
AC P()xC and
O CAxACCxPD) x P(D) xC.
The state at the root of t" % (X', Y') is (8, A, A, ®) such that:

4 is the set of labels of D-vertices,
A = {(w(x), 7(Out(x)) | x € X'},
A={@n), 7)) |y €Y},
O = {(mX), m(Out(x)), 7(Iny)), 7¥)) | x € X',y € Y and Pu.(x — u — y)}.
A tuple (a, n, ', b) in ® encodes the following information about a “missing edge” from some x € X' tosomey € Y':

a = n(x),b = m(y), n contains the labels of the partially defined edges with tail x and similarly, n" contains the labels of
th_)ose, partially defined, with head y. An edge from x to y in the graph G whose incidence graph is val(t) can be created by

add, 4 ifd € n’ or by aTdc)id,b ifd € n (assuming that labels a, d are not modified above t").

Remark. The states of ;v y) contain more information than those of ;33 y, because 7 (X") = {a € C | (a,n) €
A for some 5}, w(Out(X’)) is the union of the sets 5 such that (a,7) € A for some a and similarly for 7 (Y’) and
7 (In(Y')). Hence, the state of ;3 y, at some position u can be computed from that of 4, w y y, at u. One could
formalize that by the existence of a homomorphism: Ay v y) = Apudxyy. U

Lin

The accepting states are those such that ® = (J because, at the root of a correct term t, 6 is the set of pairs (a, b) such
that (a, n, n’, b) € © for some 7, 1. Transitions are as follows. We begin with the easier cases.

—
o — 0
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@, 11) = @, (@ D)}, (&, @)}, (@, 0,6, )},
@,10) — (@, {(a, D)}, ¥ ),

@@,01) — (@, (&, a)), ¥),

(a, 00) — @)

d— ({d), 7).

Transitions for relabelings are straightforward:
relaby_.,[(8, A, A, ©)] — (&', A’, A’, ®) where §' := §[x — y] and similarly for the other components.

Transitions for disjoint union are as follows:
B[(81, A1, A1, ©1), (83, Ay, Ay, @) — (81 U8y, AU A, A1 U Ay, ® U O, UO") where
©":={(a,n,n,b) | ((a,n) € Arand (1, b) € Ay) or ((a,n) € Az and (', b) € A1))}.
Transitions for edge addition are as follows:
aTdaa,d[((S, A, A, ®)] - g where we have:

q:= (8, A, A, O®)ifadoesnotoccurin Aord ¢ 4,

q:= (8, A, A, ®) otherwise, where:
A’ is defined from A by replacing each pair (a, ) by (a, n U {d});
©®' is defined from © as follows: a tuple of the form (a, n, n’, b), forany b € Cis deleted ifd € n’; otherwise it is replaced
by (a,n U {d}, n', b).

In the transitions for add, 4, we cannot have a and d occurring both in A because the input term t is assumed irredundant
and correct. If d belongs to r’/, then it labels vertices of indegree 0 because t is correct and irredundant.

If C U D is finite, k = |C| and £ = |D|, the number of states is at most 2t 5K*4° However, there are less accessible states.
Counting them precisely seems difficult and is actually not important for our use of FA. The size of a state is O(k?.4%). We
obtain a linear FPT-FA.

The FA Ayagey) . . - -
The construction is similar to the previous one. The set of states is a bit smaller, although of similar type. Notation is as
in the previous cases. The states are sets of 5-tuples of sets (y, 8, A, A, @) € £ (C) x Pr (D)? x Pr(C x Py (D))? such that:

yCC,8CD,ACS and © C ACC x P(d).
The state at the root of t’ x (X', Y') is (y, 8, A, A, ©) such that:
y =n(Y),
§ is the set of labels of D-vertices,
A =m(n(Y")) €4,
A = {(w(x), 7 (Out (x))) | x € X'},
O = {(r(x), 7(Out(x))) | x € X'and Pu.(x - u — Y')}.

The accepting states are those such that ® = .
Transitions for disjoint union are as follows:
O[(y1, 81, A1, A1, O1), (¥2, 82, A2, Az, @2)] — (Y1 U 2,81 U b2, A U Ay, A1 U Ay, @1 U B,).

The most complicated transitions are for edge addition:
—>
add, 4[(y, 8, X, A, ®)] — q where the following holds:

if a does not occurin Aord ¢ §,thenq := (y, 8, A, A, ©),
otherwise g .= (y, 8, A, A, ®'), where A’, ®' are defined as follows from A and ©:
a pair (a, n) in A is replaced by (a, n U {d}),
a pair (a, n) in @ is deleted if d € A and is replaced by (a, n U {d}) otherwise.
a_dzid,b[(y, 8, A, A, ®)] — q where the following holds:
ifbg yord¢é, theng=(y,6, A, A, O),
otherwise g := (y, 8, A U {d}, A, ®) where @’ is defined from @ by deleting each pair (a, ) such thatd € 7.
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Table 4

Comparison between FA over Fy,) and Fi (—1,...,—¢)-
Property FA over Fi FA over Fc p
edg 0(log(p)) O(log(k)+¢€)
Link™ 0(p) Ok + £)
Link™ 0(p) 0(k.2%)
Link™ 0(p?) 0(k.2%)
Link® 0(2%) 0(2k2")

If C UDis finite, k = |C| and £ = |D|, the number of states is bounded by 2¥3¢.3%2"_ The size of a state is O(k.2%) and the
computation time of a transition is O(k.2%). We obtain a linear FPT-FA.

The FA ALinkdY (x.v)+

This automaton is more complicated than the two previous ones, as it checks a formula with two quantifier alternations
instead of one. Its states are triples of finite sets (§, A, &) such that:

8§ CD,
A C P56 xC,
F CCx ff(S) X ?f(A) CCx JPf(D) X f'f(f/)f(D) X C)
The state at the root of t’ % (X', Y) is (8, A, &) such that:
8 is the set of labels of D-vertices,
A={@(n),7¥) |y €Y'},
Z is the set of triples
(7w (%), w(Out (%)), {(x(In®)), 7)) |y e Y, fu.(x > u— y)}) forallx e X'
The accepting states are those (8, A, &) such that = contains a triple of the form (a, n, ¥) fora € C and n € D. We show
some transitions.
®[(81, A1, &1), (82, Az, E2)] = (61U 8y, AU Ay, 51 U E, U E')
where Z’ is the set of triples of the form (a, n, @ U A,) for (a, n, @) € &, and of the form (a, n, @ U A;) for (a, n, @) € &,.
The other ones are easy to define, by the same methods as for the previous automata.
4

If C U Dis finite, k = |C| and ¢ = |D, the number of states is bounded by 2¢.2k2° 2k2°2>" The size of a state is 0(2K2")
and the computation time of a transition is O(Zk'zﬁ).

Table 4 compares the bounds on the sizes of the states for the linear FPT-FA over F¢ p we just constructed for checking
MSO properties of incidence graphs to the bounds for those over Fj,; constructed in [7] for checking MSO properties of graphs
of clique-width at most p. In this table C := [k] and D := {—1, ..., —¢} (cf. the beginning of Section 4). For terms obtained
by Proposition 7 from a tree-decomposition of width g, we have k = 2 and £ < 2q + 3. In this case, for checking these MSO

properties, the FA over Fy,;) where p = 0(229) (by Proposition 3) and those over Fi21,{-1,...,—2¢—3) have states of comparable
sizes.

5. Automata for other properties

5.1. Inc-invariant properties

Definition 8. Invariance for taking the incidence graph.

A graph property P is Inc-invariant if P(G) <= P(Inc(G)) for every graph G.

So are, for instance, for a directed graph G, connectedness and strong connectedness, the properties that all its vertices
are of outdegree at most p, that G has a directed cycle, or an undirected cycle (a cycle in which edge directions do not matter),
or that G has a path from vertex x to vertex y.

For such a property P, an FA over F¢ p intended to check it on incidence graphs defined by correct terms can be constructed
from the FA 4Ap ¢ over F¢ that checks P on “ordinary” graphs G, without needing significant modification: essentially, we
replace C by C U D. Although the FA for the relation edg(X, Y) is more complicated in the case of incidence graphs than for
ordinary graphs, this increasing complexity does not extend to all properties expressed by means of edg (X, Y).

5.2. An automaton for directed Hamiltonian cycle

The property DirHam that a graph G has a directed Hamiltonian cycle is MSO, expressible but not MSO expressible. It is
expressed in Inc(G) by “there exists a set of edges of G that forms a directed cycle going through all vertices”. Without using
the corresponding logical expression, we will construct an FA for this property.
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We let P mean that the considered graph is a directed cycle or is empty, and L be the set of correct irredundant terms t
in T (Fc p) such that P(val(t)) holds. We first construct an FA 8B over F¢ p that recognizes L among correct and irredundant
terms, that is, such that L(8) N L N Lo = L.

Lett € Land t’ be a subterm of t. Then val(t’) satisfies one of the following properties:

(a) it is a single directed cycle (and then val(t') = val(t)),
(b) it consists of isolated vertices X1, ...,X,, (p > 0) and of pairwise disjoint paths from y; to z, ¥, to 23, ...,y tO
Zm(m > 0), such that the labels of X, ..., X,, ¥1, ..., ¥m: Z1, . . ., Zy are all different.

Each of them implies:
(c) no C-vertex has indegree or outdegree 2 or more.

Since t in L is assumed correct, every D-vertex of val(t) has indegree and outdegree at most one. A transition that shows
a violation of Condition(c) will yield Error.

We define 8 with the following states: Ok, Error and the 3-tuples (c, 8, ¥) in £ (CUD) x P (C) x P ((CU D)?). At the
root of aterm t’ € T(F¢ p) as above, the automaton B reaches the following state:

Ok if (a) holds,
Error if neither (a) nor (b) holds,
(a, B, W) if (b) holds and:
a is the set of labels of the vertices x4, .. ., Xp,
B is the set of labels of the C-vertices of indegree and outdegree 1,

U= {1, w @), .. (TWm), T (@Zm)}
From any finite set ¥ = {(a;, b1), ..., (am, bm)} € (C U D)?, we define ¥; := {ay, ..., an} and ¥ = {by, ..., bn). If
o = (a, B, ¥) isreached at the root of t’ satisfying (b), then:

(i) the sets «, B, W1 and ¥, are pairwise disjoint,
(ii) no two pairs in ¥ have a component in common (by (i) this condition reduces to: a; # a; and b; # b; fori # j).

We denote by D(o) the conjunction of these two conditions.

Remarks. When B reaches state («, 8, ¥), the labels of the C-vertices of val(t’) are allin U 8 U ¥; U ¥;, but («, 8, ¥)
does not indicate the set § of labels of the D-vertices that are on the paths from y; to z; but not at their ends. These vertices
have indegree and outdegree 1. Since t is assumed correct and irredundant, Lemma 2 yields that § N (¢« U ¥ U ¥,) = (.0

The accepting state is Ok. We now describe some transitions.
%
g— 0,
—
a— ({a}, ¥)forae CUD,
—
@[O0k, ¥ ] — Ok, N
@[O0k, q] — Error,ifq # () (in particular if g = Ok),
®lo, o'l > oUcd ifanNa =@, ¥ NY¥' =@and D(oc Uc’) holds, where, if o = (a, B, ¥) and o’ = (o', B/, ¥'), we
haveo Uo' = (¢ U/, BUB, ¥ UY'),
®[o, 0'] — Error otherwise.

We denote by a, b any labels in C U D. The transitions for relabelings relab,_, in F¢ p are:

relab,_.,[Ok] — Ok,
relab_,p[0] — Error if {a, b} € « or D(¢”) does not hold'* where ¢’ is obtained from ¢ by replacing everywhere a by b;
otherwise relab,_.p[c] — o'.

Let us comment on the last case.Ifa € Canda ¢ o U 8 U ¥; U W5, then relab,_,, has no effect and the last transition
yieldso’ = o.If a € Dand a ¢ o U ¥; U ¥, it may happen that a € § (cf. the above remarks) hence that relab,_,, might
have some effect. But since the input term is irredundant and correct, Lemma 2 shows that b cannot belong to o U ¥ U 5.
Hence § is replaced by §[a — b] and nothing else is modified. Hence the transition yields correctly ¢’ = o.

Transitions for edge additions are as follows:

—>

add,_p[(a, B, ¥)] = o ifaorbisnotina U S U W Uy,

—>

add,_p[(ce, B, ¥)] — Okifa =@ and ¥ = {(b, a)},

—>

add,_p[(c, B, ¥)] — («’, B/, ¥’) as described in Table 5.

14 That D(o”’) holds implies that a and b are not both in ¥; and not both in ¥,.
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Table 5

Transitions ma_)b[(a, B, W) — (o, B, ¥).
Condition o B v’
a,bea o — {a, b} B ¥ U {(a, b)}
aca,(bc)ew o —{a} B U {b} ¥ U {(a, o)} —{(b,0)}
(d,a) e¥,bea o — {b} B U {a} v U{d,b)} —{d,a)}
(d,a), (b,c) e ¥ o B U {a, b} v U{(d,c)}—{d,a), b, o)}

By Properties (i) and (ii), a, b, c, d are pairwise distinct. Finally,
—
add,_p[(a, B, ¥)] — Error in all other cases.

—
Note that by our usual argument using Lemma 2, if add,_.p[ (¢, 8, ¥)] is to be fired, then b cannot belong to §.

If CUD s finite, k = |C| and £ = |D|, then the number of states is bounded by 3*.2¢.m(k + £) where m(n) is the number

of ordered matchings over n elements (of sets of pairwise disjoint ordered pairs). We have [n/2]! < m(n) < 2" The size
of a state is O((k + £) log(k + ¢)) and the time for computing a transition is also O((k 4 £) log(k + £)).

The property DirHam, i.e., the existence of a directed Hamiltonian cycle in the graph G such that Inc(G) = val(t) is
expressed by:

“There exists a set U of D-vertices of val(t) such that P(val(t)[Vyar), U]) holds”

(cf. the end of Section 3). Note that t[V\q, U] is a correct irredundant term for all sets U if t is so. This property is thus

—
checked by the nondeterministic FA € obtained from B by adding the transitionsd — @ for d € D. These new transitions
correspond to the elimination of the edges that will not be on the directed cycle under construction. The FPT-FA det(C)

checks DirHam in time 0(22("““‘3)2 .n) where n is the number of vertices and edges of the input graph.

6. Conclusion

These results indicate that the tools of [7,9] can be applied to the verification of MSO, properties of graphs of bounded
tree-width given by their tree-decompositions. The software AUTOGRAPH'® can be used basically as it is (up to minor
syntactic adaptations) although the algebras of terms describing tree-decompositions and of terms defining clique-width
are fairly different (as discussed in [4]).

We have introduced in [4] a variant of tree-width called special tree-width intended for the verification of MSO, properties.
It is weaker than tree-width in the sense that bounded special tree-width implies bounded tree-width but not vice-versa.
Its advantage is that special tree-decompositions can be formalized in terms of clique-width operations. A decomposition of
width p is formalized by a term in T (Fjp42)). Hence, this article also provides tools for checking MSO, properties by FA based
on clique-width operations.

The article [17] presents a method to check MSO, properties of graphs of bounded tree-width using games as opposed
to automata, and [ 18] surveys theoretical and practical aspects of the verification of MSO properties of graphs of bounded
tree-width.
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