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I willassume some familiarity with

Automata taboo
Regular languages

Regular expressions alba bb

Basic complexity classes

NL E P E NP E PSpace E ExpSpace






































































































































IGRAPHDATIH
Graph databases are used to represent semi structureddata
in domains where the topology is as important as the data itself

Social Network analysisApplications in sis
Ontologies

oDttA

Property graphs the mostgeneral data model

Used in commercialgraph DB engines

Allows to represent topology t properties

exactsrole Bill

nniPersflKEiEIien 1Efn.q
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A property graph is a tuple g V E 9 t o where

V is a finite set of node id's
E is a finite set of edge id's

q E K V sit 9 e unve means un e Ve

1 Vue Lab where Lab is a set of labels
G Vue x Prop Str is a partial function where

Prop set of properties
Str setofstrings

For theoreticalexploration we consider the simplemodel of

LiI I

GRAPHS






































































































































A graph database over IA is a tuple g V E where

V is a finite set of nodes

E e Vx IA XV a set of edges labeled by IA

We draw v f v todenote u a v e E

IA ZE AI

IF






































































































































IREGULARPATRIEHI
dea

An essential feature behindpractical graphDB languages
theability to navigate the data

RPQ the languageallowingto traverse thegraph while
checking whether a condition holds

A path in g V E is a sequence

p vote v I vets v un tvn
St Vin ai vile E forall ne cen

The label of p is lab p an an e IA

per is a path with lab p e

I anIE A path with label
1 It

Iggy
friendfriend supervise

IF






































































































































A regular path query RPQ over IA is an expression

Q x y x y
where L is a regular expression over IA

Given a graph DB g V E the evaluation of Q on gdenoted Q g is the set

un e Ver F a path p from a tow in g sit
lab p e L

QQ y x Etty
I anIE

1 It

IF
This is called the arbitrary path semantics






































































































































Arbitrary path semantics any path
Simple path semantics only simplepaths ie no repeating nodes

Trail semantics paths with no repeatededges

Obs In general u u E Q g under simple path semantics

WA
u u E Q g under trail semantics
WA

un E Q g under arbitrary path semantics

INVERSAL

IA finite alphabet
At IA v a a e IA

A 2RPQ over IA is an expression

QQ y x by
where L is a regular expression over At

Q x y x y G supervisor relation

Fast
1 It

000






































































































































IF
SEMANTICS

given g V E over IA

let gt V Et over At where

EI Eu Cnn NIV EE

given a 2RPQ QQ x y we define

Q g as Q gt seen as an Rpa over At

eve

dea

CRPQ CQ
RPQ Relational atoms

Useconjunction of RPQ and projectonto some variables

I






































































































































Conjunctive Query A first orderquery of the form

Iza em Ranka a n a fan enYu

Lemma Chandra Merlin 77

gt Q iff 7h hem gaitman Q g

Q F x y z Ra x y a Rb ye n RaGy

hTo bGÉÉ

gaitman Q g

Now atoms are RPQ

A conjunctive 2RPQ C2Rpa is an expression

Q Zn z entry n n xm ym
where the xi's andyo's are variables

Zn Zn is a tuple of free variables in ta emyes gym
Each Li is a regular expression over IA






































































































































A homomorphism from Q to g V E is a mappingin
from

thevariables of Q to V
A homomorphism satisfies Q if Mai M yi e ki yo g

forall i
Finally the evaluation Q g is theset

fu Zn su Zn in a satisfying homomorphism
from a tog

Q x x Etsy n x friends

Retrieve allpersons being friendswith some descendant
in the supervisor genealogy

QC x Fist x

Thee is a cycle in the supervisor genealogy






































































































































When QC is Boolean nofree variables
we write gtQ instead of C E Q gT

theemptytuple

IDecisionproII

query evaluation Is cnn.me e Q g

Static Analysis Does Q have a certain property

Emptiness

Containment

Equivalence

Boundedness






































































































































IIVALUATINFREJI

Problem eval IQ
Given Qe Q agraphdb g a tuple I
whether I e Q g

2 flavour
combined complexity both Q gas input

data complexity Q is consideredto befixed

Thm
eval 2 RPQ is NL complete

both in data and combinedcomplexity

and in linear time 0 191 14

idea Input un Ky g V E

we wanttocheck ui q.S where an an et

turn L into an automaton AL in logspace lineartime






































































































































L g p et
see g as an automaton Ag with initial final states ur
take the intersection of both in logspace linear time
check for emptiness in NL

Thm

eval c 2 RPQ is NP complete in combinedcomplexity
NL complete in data complexity

idea for NP upper bound

guess a homomorphism m vars Q V
sendingthe free vars z zu to theinput tuple

Check in polynomialtime that hail Mayi e fi try gin NL

forevery i In other words thatm is satisfying

NL upper bound same as before noticing that since Q is fixed

a can be written in logspace

NP lower bound from eval ca which is NPcomplete
Chandra Merlin 77

Obs CQ CRPa whole languages are ofform a






































































































































What about other semantics

Thin Mendelson Wood 95

eval RPQ under simplepath semantics is
NPcomplete both in data and combined

complexity

Consider the RPQ Q x y x ty
On a labelled graphs it checks if there is a

8
o

simplepath between twogiven vertices which
is NP complete Lapaugh Papadimitriou 84

Then the query x et y is bad NP c

for simplepath semantics but x y is good Ntc






































































































































Thm Bagan BonifatiGraz 20 MartensNiewerthTrautner 20

For every RPQ Quy tty eval Ql under
simplepath or trail semantics is

NP complete

NL complete or

in L even in AC

Characterizations are effective in Pspace






































































































































i

her queries EX
in the absence of data

StaticAnalyyy

of importance to optimization or forchecking
correctness properties






































































































































I iana.is sI

Satisfiability Is there some g s t g ta

Containment Is g F Q g k Q forall g

Equivalence Is g F Q E g FQ forall g

Boundedness Can the expressions of thequery be simplified
Can we avoid the useof recursion
Is there some Q without Kleene star st
QQ

Semantic Acyclicity Can the shape of a query besimplified
Can cycles be avoided
Is there some Q without non trivialcycles
St QQ






































































































































Kanata

Problem Sat Q
Given QE Q
whether there is some graph dbg sit Q g to

sat FO is undecidable Trabhtenbrot 50
sat PROP is NP complete

sat ca is constanttime always true

Obs For any QECRPQ over IA an an TFA E

i Q is satisfiable

9 I Dan F Q
mi Ltd forevery Lang L in Q






































































































































Lemma

Sat CRPQ is in polynomial time In fact

in L if languages given by regexp

in NL if languages given by NFA DFA

Same her RPQ UCZRPQ

Emptiness for DFA NFA is NL complete

Emptiness for regular expressions is in L











































































































































































































































































IONTAINMENTI

Problem cont Q
Given Qu Q E Q
whether Q g E Q g t graphdb g

Why do we care

about containment

The most basicreasoningtask Useful to

Optimization Can I safely replace Q with Q

Verification Can I obtain Qsecret from Q

Integrity checking Is Q between Qunder and Q over
i






































































































































RPQct men

given antsy and Qr x y

is a g EQ g forevery graph dbg

Lemma

by e tty iff In Elz

Proof
e If L EL and Cun ve E x 7 g

A label p El El Cvn.ve Effy g

g






































































































































If by e tf y let we In fer w an ane

We show we Lz
Consider g v In Gun Then von e x y g
and thus von e x by g Since there's only one path
fro Voteun this means an an E Lz

Corollary Containmentpb for
E RPQ is Pspace complete

regular langs is Pspace c

smoooooooooooooooooon






































































































































IIQcontainMENTII

Thin Calvanese al KR 00 FlorescudalPODS98
The CRPQ containment problem is decidable

ExpSpace complete
Also for UC2RPQ

Forsimplicity let's focus on Boolean queries

give Q Q E CRPQ Hg f eQe

g fan gear
Visual representation

Q n Ft tax t It tr n x It n t tr n htt X
g g

t.EE catb













































































 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

CQ I CRPQ whose
every long is a singleton symbol has

dea

CR PQ I YCQ

old I o u otros votes sobs U

Q is an epansion of Q if it is the result of
replacing each L with sus fer sene wet

Exp Q set ofallexpansions of Q an x set ingral

Q cath Is me Q
A
ExpQe

ft Eye
be
c f a

T a
a y

Q U
Eeexpca

E for every Q E Rpa



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Lemma For every Qa QzECRPQ Boolean

QnEQ iff KQEEEepCa
7 QEE Exp Q2 sit QE't Qi

Alternatively

Q.IQ iffFQieExp On FQieExpQe QE Qi
Towitnessfornon containment

Remember

sins
Égof A hot B



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Proof Remember for a CQ Q GFQ iff Q g

Let an ÉÉÉj Qe B.IE y
Assume fi Fj it Bj Ai

gf Anu Fi g FA ie ti g
Take j St B Ai Then Bigg

hence gt Bj
Thus SFB v

Assume Anu E B v and let's show fit Bj Ai
Take any i and let g Ai
Since g t Anu then gt Bru

IIÉ Isostasy
Bj g f Ai



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    
 
 
 
 

 
 
 
 
 

IKPQcontalNMENtpperbound

Checking Q E Q in ExpSpace

STATIC ANALYSIS

EM CONTAINMENT

EI CRPQHE
wmxw

Mhhfgyyyyy
x

Consider the encoding of expansions into words

enc Exp Q Ai 1 I v Vars Q



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

h

g
Q 14th D me Q

A

G I a
b tr

It
enc ane k ababe tnx x ccc x a bx

Let Lene enc Qe Qe e Eep Qr Ere CAu 1 I ul Vai Q11

NFA

a
ee no expansion of Q is a witness for non containment

I e V En EEp Qr F Eze Exp Q2 s t E z En

for each ac ai we need to test the existence of a homomorphism

Ep Qr 2 Qi Qi

In Qi E Exp Qe has 2 sortsofnode 1
nodes from Vars Qe

other nodes



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Weencode assignments

Éh Var Qr Qi

Q Y tax 772

given Qi e Exp Qr h Vars Qr Vars Qi

we define enc Qi h e Au 1 u Vars a u 2 197

defn by example

enc Qi h in a a a babe tnx x ly ccc x a bx
A

weenadehbyinset
CAu1lsJuVa.s a u Ian

I I uVarsQe thepreimageofeach node
toavoidexpalphabet

Leif enc Qeh QEExp a h Vars Qe Vars Qe Egl 1

1 Basically enc Qi t scatteredpaging gras al

an exponential

It can be described by a poly NFA

ÉE
Iabaa

bbabyÉÉ___



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0113 Build an automaton for

Lo enc Qi h e Lem Qi 9 Qi forsome Qi e Eep Qe
sit he g

AIDAN given an getage y
5
y of Qi

Lyssy enc Qi h e Lem Qi hey hey t ys y
poly2NFA Theregynspathhamshe

4 3
onto to to

y

Q Y tax 772
no ma n

atom y CbatbCbalty of Qr

Define La I.ly poly 2NFA



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Obs La enc Qi h elem Qi's Qi forsome Qi e Eep Qe
sit he g

g
H

Q Y
IFITY

Now define

LE TAuyarsca.lu Laz exp NFA

Obs Lot enc Qi Qi cExp Qi is not a witness for
non containment

Q E Q E Lene E Lta

MyxpspÉ



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

free vars allowed we consider only mappings which are identity on

free vars assuming free Q free Q2

two wayness Carpe 2NFA can follow paths in 2 directions

Unions UCRPQ Exp Y Exp



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

IIRPQCONTAINMENTMLWERBOUNDI

O 1 E CRPQ is ExpSpace hard

STATIC ANALYSIS

twitter.pt

EE CRP Q
EY LOWER BOUND

Reduction fromExpSpace complete

Exponential CorridorTiling problem



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Exponential CorridorTiling problem

Input ne IN in unary
T finite set of tiles
H V E Txt
to tf ET

Question Fm 7 me 2 tiling q 31 imitate 2 T

verifying constraints H V

É

Encodingof a tiling solution g n 4

0000 t oooh tn 0010 to 1111 ta 24
0000 tan 2,24

i tm1,24

tm24 E 197

ve
Q E Qe no successful tiling
booleand E no we is theencoding of a successfultiling

Into
exotic

A All

A



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

enc we A wtf atthe encodingof a filing r incrementing error
missplaced
bitstringtoolongshort

init Eto't Infin Yat

it a
t cotit t

right Ion Yes ti j loti it IA'll 1
CA l 1 ti j Coty E

In yjeY
tC

CA l 1 ti j Coty E

a i i
If we A is not an en adigof successful tiling FQEeEep Az
st Qi G x Ty
If we IA is a successful encoding but there was an QEe Ep Qe
thatembeds into x Ty it would witness an error I



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

LCRPQCONTAINMENT DS UBCLASSESTII

Two natural ways to define subclasses of CR PQ

Restrict the shape of queries of ÉÉÉ

Restrict the regular expressions É

I



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Restrict the shape of queries

Theunderlying multigraph of a CRPQ

The one obtained by disregarding regeep's

1
Q underlyingmultigraph of Q

For a class Z of mu tigraphs

CRPQ E QE CRPQ underlying multigraph
of Q is in Z



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tree like queries

o o o

d o

E lo
n

mopWe don't need to guess the variable assignment in Lene in the
alphabet we rather guess on the fly using alternation

noooooo We obtain some Lot Elena
TEZAFAYYNFA

g
Weneedto answer p

whichis awitness for La I fnon containment

lift a ay
ftp.n

Lene

NFA
iii iii

mafia

i

ii



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ooo or any
class of graphs as far as no matter where

every bridge f minimalcut is of bounded size

A bridge in a multigraph is aminimalsetof edges whose
removal increases the numberof connected components
The bridgewidthof g noted bar g max size of bridge ing
The bridgewidth of a class C bu e sup ba g

gee

0 O O

d d
o o o

d A
bold add
A bridge of site

I

nota separator

O O O

d d
o o o

bold bold
Not a bridge
notminimal

Not a bridge
not minimal



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

bu g k e of contains otto as minor

Hence E CRPQ e is Pspace if bae Eb

Onthe other hand if ft we can find a o as a

a miner ofsiege then we can reproduce theEepSpacelowerbound

This yields

Thm Figueira so

For
any

class E ofmulti graphs under mild assumptions
the CRPQ e containment problem is

Pspacecomplete if bar e a or

ExpSpace complete otherwise



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Restrict the regular expressions

Very often CRPas are used with simple regular expressions

Like a for a e IA Ta

ant tan for an an E IA TA

at for aelA Tax

ant tan for an an e IA Tat

de
One can then define subclasses of CRPQ
based on the allowed types of expressions

CRPQ Ta E CQ

every Qe CR PQ Ta is equivalent to a Uca

CRPQ Ta E CR PQ TAUTax



 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

Thm Figueirada 20

Murmur



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ÉE
Problem bound Q
Given QE Q
whether Q Q for some Q E UCQ

Another way to see the problem

Remember Q E U E
EEExp Q

Is there a finite subset E Efin Exp Q St

Q E Ele E

Q Fx É NO
at bad at

adtct

Q2 Fx AYO NO
at bad at



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

btc adit

Q Fx AID YES
at bad at

equivalent to ni ulObiang

Q Fx bday



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Let's start with an easy one Atomic queries

RPQBouÉDNE I

Q When is gey x y bounded

A it is bounded iff L is finite

Q When is get Fy x y
bounded

A it is bounded ifI lie fuel wet w prefix
is finite

Why i Fy thy Ya Fy et

ii Fy x Ty E Fy thy ift v fpret n

i tri Fy by U
weref Fy

tf

pairwise incomparable



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Lemma

thy is bounded iff IL 20

Fx thy is bounded iff Prefix

Fy thy is bounded iff suffix
a

Fxx thy is bounded iff factor so

where

E we L Fuels.tw wandw a



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Lemma

checking if
Pret

is finite is Pspace complete

Proof idea forthe upper bound same ideas for suffix factor

From a NFA chof L mo a NFA B of

L u v MEL V E

words with proper prefix in L
Consider NFA B for

Pref
Ln L of exponential size

check if B is finite on the fly ie in NL art 133 l
11

NPSpace art Idl
Savitch

Pspace art 141



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Then Thin Barcelo Figueira Romero 19

Boundedness for R Pas is NL complete

Boundedness for CRPas of the form
i Fy Xt y
ii Fx xby or

iii Fx thy
is Pspace complete

What about the general case

Thm Barcelo Figueira Romero 19

The Boundedness problem for CRPQ is
ExpSpace complete

also for UC2RPQ

Reductionto limitedness fordistance automata



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

DISTANCE AUTOMATA

NFA with 2sortsof transitions s
costly

non costly
cost of run sum of costly transitions therein
cost of word min costofaccepting run

A is limited if I ne IN every word in lang of A has ast en

Limitednessproblem Is a given dist art limited

Pspace complete Hashigushi 82 Leung Podolsky 91 04



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

IEMANTICACYCITYHI

FEMERBE eval CRP e is in PTime iff tw e Coo

assuming FPT WE13

y
withself6psandHedges

In particular eval CRPQ Trees is in PTime

Acyclic CRPQ a CR PQ whose underlying simple graph

has no nontrivial cycles

6age meQ
pretax

Q is Acyclic

Can a query QecRPQ that doesnot look like a tree
be rewritten into an acyclic one

Yes it can happen

t
tf get r.ttf.itg.igIrI
Hp ft y



 
 
 
 
 
 
 
 
 

Semantic Acyclicity problem

Problem SemAcyclicity Q
Given QE Q
whether Q E Q for some acyclic Q E Q

Thm Barcelo'dal 16
SemAcyclicity CRPQ is ExpSpace complete
Alsofor UCR PQ

given a UCRPQ Q produce a VCRPa QaPP where

QaPP Ife maximalacyclic undepprogimation of Q
QAPPE Q

n QaPP is an acyclic UCRPQ
2 QAPPE QC
3 forevery acyclic Q EUCRPQ sit Q EQ
we have Q E Qapp



Now a CRPQ Q is Semantically Acyclic if QE QaPP

Whydoes such QaPPexist And howtoproduce it

List all the types in which thequery can
bearranged in the shape of a tree

a

a fly only bandedly many
II a IIe.ggO gs0

Q FIFI

Define QaPP Y Qi



RECAP
RPQ CRpa fundamental

query languages
for
querying topology

labels of graph db's

CRPQ E CQ t basic recursion
a pattern with navigation

evaluation ok but static analysis generally hard

complexity depends on the notion of path we take

Nice surveys on graph query languages by
Barcelo PODS 13

Wood SIGMODRec 12

Angles Gutierrez ACM Comput Surv 08

Angles Arenas Barcelo Hogan Reutter Vrgot
ACMComputSurv 17

OWEN WOOD


