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[−∞,+∞[
,m# (�/ ���310HnHI# ( R & � ( # * o-� 6)6 # S I

,m:'#nO?� /'( # /'*
i
,�#$� (�/ � � 6 �7:sr / ���310HnHI# (R & � ( # * o-� 6)6 # S J

:'#89 * 1�ÎÅ10� :'# /'*
i + 1

, 6 1 * � EG/ #
I ⊂ J

Q|����� �=!$# (+( # * #49 *32 �3#4� ( � (+& 10�m,s10�Ï� 1 ( #
f(I)

6 #
� 10H7> * #�:'# � 6 �":'# 6 r & � ( # * o0� 6)6 #

I L *32 9 24( 10� � EN/ r¶�79 *+& 1 *+& , f(I)
�mrt#$� ( 9?�0�´>|1 * � 2 � *+& #4�}�mrt#4Hn9^�$!3O # / �

TedgfihjflkbmonqporJs�tvuqw xzy w{t8|Q}



�������%)+	,��������� � �C���J����)j$
���� #	.
���� Ñ��
& � ( # * o-� 6)6 #f:'#�O?� /'( # /'*

i + 1
:srt� (+* #-, ~ O?� /'( # /'*

i
,?: 2 !$1 / 9 2 #4� / ��P * ��� :;� 10H8> * #8:sr & � ( # * o0� 6)6 #$��Qal��

� P /'* #7Ò.Q��qHI10� (+* # 6 � 6)& � ( #�:'# 6 � � P /'* #8Ò.QQP-,.H & �3#��51 / �"ÎÅ1 * HI#�:sr¶� * > * #-Q

[−∞, 1[ [1, 2[ [2, 3[ [3, 4[ [4, 5[ [5, 6[ [6, 7[ [7, 8[ [8, +∞

[7, 8[

[8, +∞

[8, +∞

[−∞, +∞[

[4, 7[[−∞, 4[

[−∞, 2[ [2, 4[ [4, 7[

[7, +∞[

[2, 3[ [3, 4[[−∞, 2[ [4, 7[ [7, 8[

\ �4](^ Ò.Q�� �	� #49 *32 �3#4� ( � (+& 10�Ï�31 / �<ÎÅ1 * HI#�:sr¶� * > * #7:sr & � ( # * o-� 6)6 #$�


���
���������
��������|Ç0¯¾­ ± Ä k
Æ ± ­7x4z){f­4Ä S

Æ ± ­ ± ÃB­��M¬Lz)­7«3­ÊÈa«3{UÃ$­ ± ÄÊ{�Ã4Ç0ÆGÃ �$Ç0«��M­�²N­�z ¯�ÃLÄÊ­ BqÃ4ª-Æ�Ä Ã"!��^Ç0¯ Ä�#
È.Ç0Æ�«

i ≤ r
#
Ii(k)

z%$ ¯ ± ÄÊ­4« a�ª-z�zF­7²G­�³.ª0Æ�ÄÊ­4ÆG« i & ÆG¯ x3Ç ± ÄÅ¯Ð­ ± Ä k
!

'�Ç ± ÄÅ«+­4« & Æ ­8z($ ÇUÈ'{L«+ª-ÄÅ¯ÐÇ ± �7�?���^�v�?� (k, S)
È'­4Æ�Ä*)4ÄÅ«3­8«+{3ª0z ¯�Ã${5­n­ ± ÄÊ­���È?Ã

O

(

r
∑

i=1

(1 + f(Ii(k)))

)

.

+ Æ,$ ­ ± ­UÃ4ÄÅ°Ê¯ z�²N­UÃ8ÇUÈ {L«�ªpÄÅ¯ÅÇ ± Ã �3�m���?�s� � (k, S)
­4Ä �8�'�s���s�?� (k, S) -

2/.430.21 354/687:9e;<;>=�4�? @@?#6A986.7:9E;
N�1 /'* 9 *32 ! & �3# *"/ ��HI1�: ©46 #�9 * 10>?��> &)6)& � ( #�:'# 6)& � ( #$� ~ �5� /'( �B, &)6 � 1 / �´ÎÐ� /'( : &)* #%!$10HnHI#4� ( ,'9^1 /'*</ �

#4� �3#4H8> 6 #
S
:'10�'� 2 ,s� 1 / �7� 6)6 10� �8!3O 1 & � &)*76 #$� 246F2 HI#4� ( � EN/'& !$10Hn9^1-�3#4� ( !3O?�0! / � :'#$��� & op#B� /.� :'# 6 �

6)& � ( #-Q
lm# HI1G: ©46 # EG/ # � 1 / � 24(+/ : & # * 10� ��#$� ( # ��(+* �4HI#4HI#4� ( � & Hn9 6 #��B9|1 /'* !3O?� EG/ #§! 6F2

k
,��310��� & op#B� /

`(k)
,

!3O 1 & � & z)Ç0«UÃ%²N­%z($ ¯ ± Ã$­L«4ÄÅ¯ÅÇ ± # (´EG/'& � #=�3# * �CB4ªD�Iª0¯�ÃC�IÇB²0¯ E´{ ( ��� (<EN/ # 6 �7! 6F2 �3# (+* 1 / op# * �8: ��� � 6 � 6)& � ( #-,
#$� ( : 24( # * H & � 2 9?� *7/ � #no-� *+& ��> 6 #Z� 6F2 � ( 1 &)* #GFN{+ÇD�M{4ÄÅ«L¯ & Æ'­;:'#n9?� * ��H ©4(+* #

1/2
Q��J� #M� /'(+* #nÎÐ�DH$10� :'#

op1 &)* 6 #$�§!3O 1-�3#$��,p9?� * Î¾� &)( #4HI#4� (<2$EN/'& o-� 6 #4� ( #-,�#$� ( :'#�: &)* # EG/ #-, 6 #d� & op#B� /
Li

24( ��� ( : 24( # * H & � 2 ,�!3O?� EG/ #
246F2 HI#4� ( :'#

Li
RÐ� /'(+* # EG/ # 6 #$� �5#4� (+& � # 6)6 #$� −∞ # (

+∞ S � / � #J9 * 10>?��> &)6)&)(32 1/2
:sr¶��9'9?� * �:F (+* #%#4� !$1 * #

� / � & op#B� /
i+1

, & � : 2 9^#4� :'#4HnHI#4� ( :'#$�\� /'(+* #$��Q�lv�dO?� /'( # /'*�( 1 ( � 6 #
r
#$� ( ,�9?� * : 2L� � &)(+& 10�m, 6 �d9 * #4H &F©4* #

~f6 � EG/ # 6)6 #7� / ! / ��:'#$� 246F2 HI#4� ( �J:'#
S
�mr¶��9'9?� * �:F ( 9 6)/ �BQ

l��Ï� (+*+/ ! (+/'* # * #49 *32 �3#4� ( ��� (n/ � #4� �5#4H7> 6 #
S
,v10> ( #4� / # ~ 9?� *+(+&)* :sr / � #w� /'&)( # EN/ # 6 !$10� EG/ #}:sr & � @

�3# *+(+& 10� ��# ( :'#q� / 9'9 * #$�3� & 10� ��,a� #q: 2 9^#4� :y:'10� ! EG/ #q:'#$��!3O 1 &A� � 6F2 � ( 1 &)* #$�%ÎÐ� &)( � 6 1 * ��:'# 6 �}:'# * � &F©4* #
& � �3# *+(+& 10��:'#n!5O?� EN/ #M! 6F2 �3# (+* 1 / o0��� ( #4� !$1 * #I: ��� � 6 rt#4� �5#4H7> 6 #

S
� 6 #$� & � �5# *+(+& 10� �7# ( � / 9'9 * #$�3� & 10� �

:sr¶� /'(+* #$�%! 6F2 �B,a� & � � &vEG/ # 6 rt1 * : * #f:'#$� & � �3# *+(+& 10� ��, � #Ju�1 / #4� ( � / ! / � *`_06 #-Q M 6 �Br¶��P &)(=6 ~ :sr / � #f!B� * �0! (32L@
*+& � (+&FEG/ #�# �.(+* �4HI#4HI#4� (=/'(+&)6 #�9^1 /'*d6 rFª ± ª0zJI�Ã$­7:'#$�d9^# * ÎÅ1 * HM��� !$#$�=:'# 6 �n� (+*+/ ! (+/'* #7:'#�:'10�'� 2 #$��!$10� � &A@
: 24*32 #��s10�y9|# /'( #4�®# µ # ( �3#n!$10� ( #4� ( # * :srt# � ��H & � # *�6 �w� (+*+/ ! (+/'* #n# 6)6 # @ HI�4HI# ~}/ �ÌHI10HI#4� ( :'10�'� 2
RÅ!-rt#$� (�@D~�@ : &)* # / �w10>.u�# ( 9 * 10>?��> &)6)& � ( #fÃ4Ä¾ª-ÄÅ¯ & Æ'­ S ,.# ( � 10� 6 �C�4ªLK�Ç ± :'10� ( 10� 6 r¶�f10> ( #4� / RÅ!-rt#$� (�@D~�@ : &)* # 6 #
9 * 1�!$#$�3� / �7²DI ± ªL�f¯ & Æ ­ EG/'& �I��>^1 /'(+&v~f6 rt10>.u+# (d( # 6mEN/ r &)6 #$� ( �0! (+/ # 6)6 #4HI#4� ( S Q

���
���������
����NMO'�Ç ± ÄÅ«3­L« & Æ'­Ïz%$ ­UÃ¾È'{4«�ª ± x5­®²N­�z%$ ­LÃ¾È.ªpxU­��M{��IÇ0¯�«3­Ï«3­ & Æ�¯ ÃMÈ.Ç0Æ�«;ÃLÄ¾Ç�x�P0­L«ÏÆ ± ­ÏzÉ¯�ÃLÄÊ­ B
Ã4ª-Æ�Ä Ã8ª0zF{+ª-Ä¾Ç-¯�«3­q²N­

n
ÇN¬�BB­4Ä ÃQ#<­UÃLÄ

Θ(n)
!
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& #'(��'(	*)+	,�������
� �������	� ��
 ���	
 �������|Ç0¯ÅÄ

Rn
z)­ ± ÇL�I¬4«+­%²N­ ± ¯ a�­+ª-Æ��n² $ Æ ± ­<zÉ¯�ÃLÄÊ­�B�Ã$ª0Æ.Ä Ã�ª0z){3ª-Ä¾Ç0¯ «+­%²N­ n

ÇG¬�B$­$Ä Ã !���z)Ç0«5Ã
E(Rn) = O(log n)

#´­4Ä ¯ zv­��0¯�ÃLÄÊ­7Æ ± ­fx3Ç ± Ã4Ä¾ª ± ÄÊ­ K
# ¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­f²N­ n

# ÄÊ­Lz�zF­ & Æ ­
P(Rn > K log n) = o(1)

� xU­ & Æ'­7z%$ Ç ± «3{UÃUÆ �M­ FN{ ± {4«�ª0zF­��M­ ± Ä�È.ª-«��
R = O(log n)

ª<a�­+x �$Ç0«LÄÊ­<Èa«+ÇN¬+ªG¬L¯�zÉ¯ÅÄÊ{��L!
� ��
���� 
�� ¦ 10HnHI#4� H$10� �79?� *76 ���3#$!$10� :'#M��K * HM� (+& 10�mQ�l��wO?� /'( # /'*8( 1 ( � 6 #M:'# 6 � 6)& � ( #I#$� (

R =
1 + maxx∈S `(x)

,<# (�6 #$��: &Aµs24* #4� ( �
`(x)

�310� ( :'#$��o-� *+& ��> 6 #$��P 2 10H 24(+*+&FEN/ #$��:'#y9?� * ��H ©4(+* #
1/2

,
& � : 2 9^#4� : ��� ( #$�BQI��Ï�., 9|1 /'*<( 1 /'(

x ∈ S
,
P(`(x) > m) = (1/2)m , !$# EG/'& #4� (+* � & � #

P(R ≥ m) ≤ n.(1/2)m Q����
9^1-�5��� (

m = α log2 n
, &)6 o & #4� (

P(R > α log2 n) ≤ 1

nα−1
,

!$# EG/'& HI10� (+* # EN/ # ( 1 /'( #�!$10� � ( ��� ( #
K > 1

!$10�No & #4� ( QN\�0�3�310� �<HM� & � ( #4�?��� (�~86 �fHM��u�1 * � (+& 10��:'# 6 r ­LÃ¾È'{L«+ª ± xU­f:'# R
, EG/'& : 2 !$1 /'6 #�: / !B� 6 ! /'6 9 *32 ! 2 :'#4� ( Q

� #4HM� *3EG/ 10� � EN/ #-,a9|1 /'*�/ � #�o-� *+& ��> 6 #f� 6F2 � ( 1 &)* #q#4� (+&F©4* #89^1-� &)(+& op#
N
,?10�y�

E(N) =
∑

m≥0 P(N >
m)

QgN�1 /'*
m ≤ log2(n)

,'� 1 / �JHM��u�1 * 10� �
P(R > m)

9?� *
1 L # ( ,'9^1 /'* m > log2(n)

, � 1 / � /'(+&)6)& �310� �
6 r & � 2 PN� 6)&)(32

P(R > m) ≤ 1/2m−log2(n) Q
� /�( 1 ( � 6 ,'� 1 / ���Bop10� � RÅ#4��� / 9'9|1-�5��� ( 9?� * # � #4Hn9 6 #

n > 2 S
E(R) =

∑

k≥0

P(R > k)

≤ log2(n) +
∑

m>log2(n)

1

2m−log2(n)

≤ log2(n) +
∑

m≥0

1

2m

≤ log2(n) + 2

2

G=1 / ��� 6)6 10� ��HM� & � ( #4�?��� (y24(+/ : & # *;6 � !$10Hn9 6 # �.&)(32 HI1 C #4�'� #�:'# 6 rt109 24* � (+& 10� �7�?���^�v� � : ��� �
/ � # 6)& � ( # ~ �5� /'( �q� 6F2 � ( 1 &)* #-Q ¦ 10HnHI#Zo / 9 *32 ! 2 :'#4HnHI#4� ( , 6 �Ï!$10Hn9 6 # ��&)(32 :'# �7�?���^�v� � (k, S)

#$� (
: 24( # * H & � 2 #�9?� *

R
∑

i=1

(1 + f(Ii(k))) = R +
R
∑

i=1

f(Ii(k))

� �������	� ��
 ���	
 ���NMO�|Ç0¯ÅÄ
I
Æ ± ¯ ± ÄÊ­L«ba�ª0z z)­f² $ Æ ± ­�zÉ¯�ÃLÄÊ­zBnÃ$ª0Æ.Ä Ã8ª0z){3ª-Ä¾Ç0¯ «+­"!���zAÇ0«UÃ8Ç ± ª

E(f(I)) ≤ 2,

Ã4ª-Æ �%ÃL¯
I = [−∞,+∞[

#´ª0Æ & Æ ­Lz�x5ª�Ã8Ç ± ª
E(f(I)) ≤ 3.

� ��
���� 
�����1 &)(
I
6 r & � ( # * o-� 6)6 #7!$10� � & : 24*32 ,?# (

i + 1
�310�w� & op#B� / Q	��1 &)(

y0
6 �f>^1 * � # & �.Î 24*+& # /'* #7:'#

I
,

# ( �31 & #4� (
y0, y1, . . . , yk = +∞ 6 #$� 246F2 HI#4� ( ��:'#

Li
R 6 #7� & op#B� / ­ ± ° ²N­UÃUÃ4Ç0ÆGÃn:'# I S � / HI1 & � � 2 PN� /.�

~
y0
Q



�������%)+	,��������� � �C���J����)j$
���� #	.
���� Ñ��
M 6 #$� ( ÎÐ�0! &)6 #<:'#"op1 &)* EG/ # 6 #´� 10H7> * #�:'# � 6 �

f(I)
:'# 6 r & � ( # * o-� 6)6 #

I
,-#$� (�2 PN� 6 � / 9 6)/ ��9^# (+&)(�& � : & !$#

j( # 6?EG/ #
yj ∈ Li+1

Q�I * ,N!5O?�0! / �Z:'#J!$#$� 246F2 HI#4� ( � 24( ��� ( :'#<� & op#B� / � / HI1 & � �
i
9?� * !$10� � (+*+/ ! (+& 10�m, &)6 �

9 * 10>?��> &)6)&)(32
1/2

:srt� (+* #=:'#=� & op#B� / � (+*+& ! ( #4HI#4� ( � / 9 24*+& # /'*<~
i
# ( :'10� !=:sr¶��9'9?� *+( #4� &)*=~

Li+1
� H & � ~9?� *+(

yk = +∞ , EG/'& #$� ( : ��� �
Li+1

9?� * !$10� � (+*+/ ! (+& 10�mQgN�� * !$10� � 2$EN/ #4� ( ,
f(I)

#$� ( : & � (+*+& > / 2 !$10HnHI#
/ � #�o0� *+& ��> 6 #�P 2 10H 24(+*+&FEN/ #%:'#J9?� * ��H ©4(+* #

1/2
,sx3Ç ± ²-¯ ÄÅ¯ÐÇ ± ± {5­ ~ � (+* #%� / 9 6)/ � 2 PN� 6 # ~

k L 6 rt#$�+9 24* ��� !$#:sr / � # ( # 6)6 #}o0� *+& ��> 6 #�� 6F2 � ( 1 &)* #�#$� ( , EG/ # 6)6 # EG/ #}�31 &)(86 �Ïo-� 6 # /'* :'#
k
,vHM��u�1 *32 #}9?� *

2
R 6 rt#$�+9 24* ��� !$#

:sr / � #�o-� *+& ��> 6 #�P 2 10H 24(+*+&FEG/ #7:'#%9?� * ��H ©4(+* #
1/2

� 10�Ï!$10� : &)(+& 10�'� 2 # S Q¦ # (+( #=���?� 6)C �3#J:'1 &)( � (+* # (+*3© � 6F2 P ©4* #4HI#4� ( HI1G: &A�?2 #�: ��� � 6 #d!B�0�§1��
I = [−∞,+∞[

RÅ!-rt#$� (�@D~�@ : &)* #
� &

I
#$� (\6 r / � &FEG/ # & � ( # * o-� 6)6 #d:'#"� & op#B� /

R S Q����I# µ # ( ,09 /'& � EG/ # R
#$� (\6 #"9 * #4H & # * � & op#B� /M~ � #<!$10� ( #4� &)*

� / ! / � 246F2 HI#4� ( :'#
S
,N10�Z� /'* ��9?� * !$10� � (+*+/ ! (+& 10�

f(I) ≥ 2
QN����� � !$#J!B�0�B,

f(I)
#$� ( ( 1 / u�1 /'* �§:'10H & � 2

� ( 1�!3O?�0� (+&FEG/ #4HI#4� (�� 9?� *M/ � #�o-� *+& ��> 6 #;P 2 10H 24(+*+&FEG/ #�:'#�9?� * ��H ©4(+* #
1/2

,§!$10� : &)(+& 10�'� 2 # ~ � (+* #�� /
HI1 & � � 2 PN� 6 # ~

2 L 6 rt#$�+9 24* ��� !$#7:sr / � # ( # 6)6 #�o-� *+& ��> 6 #7� 6F2 � ( 1 &)* #7#$� ( :'# 3
Q

2

� �������	� ��
 ���	
 ����� �|Ç0¯ÅÄ
S
Æ ± ­7zÉ¯ Ã4ÄÊ­zBnÃ$ª0Æ�Ä Ã7ª0zF{+ª-Ä¾Ç-¯�«3­n²N­7Ä¾ª0¯ z�zF­ n

# ­$Ä
k
Æ ± ­fx4zF{"!

��z)Ç0«UÃ%zF­fx3Ç��.Ä �nÇLIp­ ± ²N­7z%$ ÇLÈ'{L«+ª-ÄÅ¯ÅÇ ± �8�?���^�v� � (k, S)
­UÃLÄ

O(log n)
!

� ��
���� 
���G�1 / ���5�$op10� ��: 2 u ~qEG/ # 6 �fO?� /'( # /'* :'# 6 r¶� * > * #�#$� ( , #4�;HI1 C #4�'� #7# ( �Bop#$!%ÎÐ1 *+( #�9 * 10>?� @
> &)6)&)(32 ,

O(log n)
,s# (�EG/ #q!3O?� EG/ #I�310HnHI# ( : / !3O #4H & ��:'# * #$!3O # * !3O #}:'#

k
� / �Ì� 10H7> * #I#$�39 24*32 :'#

� 6 �
O(1)

Q
lm# *32 � /'6)( � ( 9 *32 o / � #§: 2 !$1 /'6 #"9?�0�\�3# /'6 #4HI#4� ( : /f*32 � /'6)( � ( � /'*v6 ��O?� /'( # /'* HI1 C #4�'� # L � 1 / ���Bop10� �*32 # 6)6 #4HI#4� ( >|#$�51 & �q: /q*32 � /'6)( � ( :'# ÎÐ1 *+( #"9 * 10>?��> &)6)&)(32 R 6 �%!$10Hn9 6 # �.&)(32 �Brt# � 9 *+& HI#<!$10HnHI#<�310HnHI#<:sr / �

� 10H7> * #�� 6F2 � ( 1 &)* #�:'#�o0� *+& ��> 6 #$�<� 6F2 � ( 1 &)* #$�<:'10� ( � 1 / �§�mr¶�$op10� � EG/ r / � #=HM��u�1 * � (+& 10��:'#$�´#$�+9 24* ��� !$#$� L10�Ì� #n9^# /'( 9?�0��: 2 : /'&)* #I:'# ( # 6)6 #$��O C 9|1 ( O © �3#$� EN/ # 6 rt#$�39 24* ��� !$#I:'# 6 �w�510HnHI#I�31 &)( ,^9?� * # � #4Hn9 6 #-,
HM��u+1 *32 #�9?� *d6 #%9 * 1�: /'&)( :'#$�d#$�+9 24* ��� !$#$� S Q��1 &)(

Yi
6 #´� 10H7> * #<:sr & � ( # * o-� 6)6 #$��o & � &)(32 � ~ O?� /'( # /'*

i
:'# 6 r¶� * > * # L 10�q�U� &)(�EG/ # 6 rt10�I� E(Yi) ≤ 2

,0# (
Yi ≤ n

Q ��1 &)( 2 PN� 6 #4HI#4� (
Y =

∑

i Yi
6 #"� 10H8> * # ( 1 ( � 6 :sr & � ( # * o-� 6)6 #$� o & � &)(32 � � / !$1 /'* ��:'# 6 � * #$!3O # * !3O #-Q

G=1 / �J�$op10� �

E(Y ) =
+∞
∑

i=0

E(Yi)

=

+∞
∑

i=0

E(Yi|Yi ≥ 1)P(Yi ≥ 1)

=

+∞
∑

i=0

E(Yi|Yi ≥ 1)P(R ≥ i)

≤
+∞
∑

i=0

2P(R ≥ i)

≤ 2 log2(n) + 2
∑

i>log2(n)

n

2i
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EG/ # 6)6 # 6 1 & : &Aµ|/ �5#�!$10�No & #4� : * � &)( L 6 � 6 1 &m/ � & ÎÐ1 * HI#�#$� ( �5# /'6 #4HI#4� (J6 �n9 6)/ �d� & Hn9 6 #��

�=*�� !$# ~M6 �I9 * 109 *+&F24(32 :sr / � & ! &)(32 , 6 # (+* #B��9y10> ( #4� / ��9 *3© � / � #f� /'&)( #8:sr & � �5# *+(+& 10� �=# ( :'#f:'#$� (+*+/ ! @
(+& 10� �q� #}: 2 9|#4� : EG/ #Z:'#$� (+&)* ��Pp#$�I� 6F2 � ( 1 &)* #$�n:'#$�f9 *+& 1 *+&)(32 �I:'#$�q10>.u+# ( � EG/'& «+­UÃ4ÄÊ­ ± Äf: ��� � 6 r¶� * > * #-,# ( � 10��9?�0�B,a� & :'# 6 rt1 * : * #8:'#f!$#$� & � �3# *+(+& 10� �B,a� & :'#$� 2 op#4� (+/ # 6 ��10>.u+# ( � EG/'& 10� (�24(32�* # (+&)*32 �=9|1 /'* � #



ÒL� �������
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�����������
���������
����������! #"�"�$
�#�%�

& #'(��'(	*)+	,�������
9?�0�J� (+* # *324& � � 24*32 �BQ ���Ï9?� *+(+& ! /'6)& # * , 6 # (+* #B��9�10> ( #4� / #$� ( ¯Ð²N­ ± ÄÅ¯ & Æ ­ ~ !$# 6)/'&vEG/ # 6 rt10��� /'* � &)( 10> ( #4� /
#4� & � � 24* ��� (�6 #$��! 6F2 ��: ��� � 6 rt1 * : * #n! * 1 & �5�5��� ( :'#$�=9 *+& 1 *+&)(32 � EG/'&\6 # /'* 10� (�24(32 �0�3� & P-� 2 #$�BQ^����� ��!$# (+( #
� &)(+/ � (+& 10�m,�� / ! / � # * 1 ( � (+& 10���mr¶� 6)& # / � 6 r & � �3# *+(+& 10� �5#qÎÐ� &)( # � �0! ( #4HI#4� ( !$10HnHI#Z: ��� � / ��� * > * #Z> &A@
�?� &)* #�:'# * #$!3O # * !5O #-Q ¦ # (+( #%9 * 109 *+&F24(32 #$� ( #$�3�3#4� (+& # 6)6 #4HI#4� (J6 �fHI�4HI# EG/ #�!$# 6)6 # EG/ #%� 1 / �d�$op10� �J: 2 u ~
HI#4� (+& 10�'� 2 #$��9^1 /'*d6 #$�d��� & 9 6)& � ( �B,'# ( 9 *32 �3#4� ( # 6 #$�<HI�4HI#$�=�$o-��� ( ��Pp#$�BQ

����ÎÐ� &)( ,?9?� * !$# EG/ # 6 #$�d9 *+& 1 *+&)(32 �%�310� ( !3O 1 & � & #$� & � : 2 9^#4� :'#4HnHI#4� ( :'#$��! 6F2 �B, 6 # (+* #B��9�10> ( #4� / ,|� &
6 rt10�f� # * # (+& #4� (\EG/ # 6 #$��! 6F2 ��,��mrt#$� (v*+& #4�n:sr¶� /'(+* # EG/ r / �I� * > * # > & �?� &)* #<� 6F2 � ( 1 &)* #iRÐ� * > * #´> & �?� &)* #§10> ( #4� /
#4� & � � 24* ��� (J6 #$��! 6F2 �d: ��� � / ��1 * : * #f� 6F2 � ( 1 &)* #-, ( 1 /'( #$� 6 #$�d9^# * H /'( � (+& 10� � 24( ��� (�2$EG/'& 9 * 10>?��> 6 #$� S Q	���9?� *+(+& ! /'6)& # * , ( 1 /'( #}P * ��� :'# /'* 9 * 10>?��> &)6)& � ( #�!B� 6 ! /'6F2 #w� /'*f6 #$�I� * > * #$�8> & �?� &)* #$�I� 6F2 � ( 1 &)* #$��,\9|# /'( � (+* #
(+* ��� �+9^1-� 2 # ~ � 1 (+* #�HI1�: ©46 #�:'# (+* #B��9 �BQ
2/.��8.43 � @�AJ9<;=A8= 6 ;=7 @@=�?>= ;=7 ?�6�� @�6 = ;=7 6 ;<= ; ��� ; = ���
; @@9��g@ 9L4j6 = ; 7

����� � 6 #J!B�0� EG/'& � 1 / � & � (324* #$�5�3#-, 6 #J!$1�
 ( :sr / � # & � �3# *+(+& 10�}#$� ( HM��u�1 *32 9?� * 6 ��O?� /'( # /'* :'# 6 r¶� * > * #-,
EG/'& #$� ( :'10� ! 6 �fP * ��� :'# /'*JEG/ #%� 1 / �d:'#4op10� �J���?� 6)C �3# * Q�� �3�3#4� (+& # 6)6 #4HI#4� ( ,a� 1 / �J� 6)6 10� �d: 2 HI10� (+* # *J6 #
( O 2 1 *3© HI#7� /'& o0��� ( �
	 ��
�� �
��� 
 �@� ����ª8³�ª0Æ.ÄÊ­LÆG«

hn
² $ Æ ± ª0«B¬L«+­7¬L¯ ± ª0¯�«3­%²N­�«3­+xL³.­4«�xL³'­7ª0zF{+ª-Ä¾Ç-¯�«3­�²N­ n

Ã4ÇD� �M­4Ä ÃQ#�a�{L«L¯ E´­
E(hn) = O(log n)

M 6 # �.& � ( #79 6)/ � & # /'* �=H 24( O 1G:'#$��: &Aµs24* #4� ( #$�=9^1 /'* 9 * 1 / op# * !$# ( O 2 1 *3© HI# L !$# 6)6 # EG/'& #$� ( 9 *32 �3#4� (32 #& ! & #$� ( #$�5�3#4� (+& # 6)6 #4HI#4� ( !$# 6)6 #�9 * 109^1-� 2 #�: ��� �������ÊQ
lm# 6 #4HnHI#7Ò.Q �f� 1 / �"ÎÐ1 /'* � &)(d/ � #�:'#$�3! *+& 9 (+& 10��# � 9 6)& ! &)( #-, #4�wÎÐ10� ! (+& 10��:'# 6 rt1 * : * #�:sr & � �5# *+(+& 10��:'#$�

! 6F2 �B,':'#$�=��� !$� (+* #$�J:sr / � #�! 6F2 : ��� � / ��� * > * #�> & �?� &)* #7:'# * #$!5O # * !3O #-Q
�,
���� 
��@��� �|Ç0¯ÅÄ

σ
Æ ± ­�È'­L«��fÆ.Ä¾ª-ÄÅ¯ÐÇ ± ²N­LÃ

n
­ ± ÄÅ¯Ð­4«5Ã 1, . . . , n

#%­4Ä�Ã$Ç0¯ Ä
T

z%$ ª0«B¬L«3­�¬L¯ ± ª0¯�«3­�²N­Z«3­L°
xL³.­4«�xL³'­nÇN¬4ÄÊ­ ± Æ�­ ± ¯ ± Ã${L«+ª ± Ä z)­UÃf­ ± ÄÅ¯Ð­4«5Ã7²pª ± Ã%z%$ Ç0«�²-«+­ σ1, . . . , σn

!
��z)Ç0«UÃQ#^È.Ç0Æ�«

i < j
#
σi

­UÃLÄ Æ ± ª ± xQ)4ÄÅ«3­q²N­ σj
ÃU¯ ­4Ä Ã$­LÆ�zF­��M­ ± Ä§ÃU¯

σi = min {k` : 1 ≤ ` ≤ i
­$Ä

σ` > σj}
Ç0Æ

σi = max {k` : 1 ≤ ` ≤ i
­4Ä

σ` < σj}
RÅ#4��:sr¶� /'(+* #$� ( # * HI#$�B, 6 �

i
@Ê© HI#7! 6F2�& � � 24*32 #7:'#4o & #4� (�/ ����� !$� (+* #7:'# 6 �

j
@Ê© HI#8� & # ( �5# /'6 #4HI#4� ( � &

� / ! / � #�! 6F2 !$10Hn9 *+& �5#�#4� (+* #8# 6)6 #$�<�mr¶� 24(32%& � � 24*32 #7�Bo0��� (J6 �
i
@Ê© HI# S� ��
���� 
��	��1 &)(

Ti
6 r¶� * > * #�10> ( #4� / #4�Z�mr & � � 24* ��� ("EG/ # 6 #$�§! 6F2 �

σ1, . . . , σi
Q�� &

σi
#$� ( / �}��� !$� (+* #=:'#

σj
,.� 6 1 * ��, 6 1 * �<:'#%�310� & � �3# *+(+& 10�;: ��� �

Tj−1
, 6 �f! 6F2

σj
� /'&)("6 #%!3O #4H & ��:'# 6 � * �0! & � # ~

σi
Q ¦ #%!5O #4H & �

#$� ( # � �0! ( #4HI#4� ( !$# 6)/'& EN/ r &)6 � /'* � &)( � /'& o & : ��� �
Ti L 9?� * !$10� � 2$EG/ #4� ( ,m� & σj

24( � &)(�& � � 24*32 : ��� �
Ti
, &)6

�3# * # (+* 1 / op# * � &)( !$10HnHI# � 6 �7:'#
σi
QjI * ,s: ��� � / ��� * > * #n> & �?� &)* #n:'# * #$!3O # * !5O #-, / � #fÎÐ# /'&)6)6 #n#$� ( �31 &)(

6 �89 6)/ �"P * ��� :'#�! 6F2%EN/'& �31 &)("& �.Î 24*+& # /'* # ~ �510�Z9 ©4* #CRÅ� & !-rt#$� ("/ � #=ÎÅ# /'&)6)6 #=PN� / !3O # S ,?�31 &)(§6 �f9 6)/ �´9^# (+&)( #EG/'& �31 &)( � / 9 24*+& # /'* # ~ �310��9 ©4* #!RÅ� & !-rt#$� (d/ � #�ÎÅ# /'&)6)6 #�: * 1 &)( # S Q� / 9'9^1-�310� �=HM� & � ( #4�?��� (�EN/ #
σi

�31 &)(=6 �n9 6)/ �=9^# (+&)( #7! 6F2 ,a9?� * H &v6 #$�
i
9 * #4H &F©4* #$��, EG/'& �51 &)( � / 9 2L@

*+& # /'* # ~
σj

R 6 r¶� /'(+* #f!B�0�B, 1��
σi

#$� (d6 �q9 6)/ �JP * ��� :'# EG/'& �31 &)(d& �.Î 24*+& # /'* # ~
σj
,?�3# (+* � &)( #7:'# 6 �qHI�4HI#

HM��� &F©4* # S Q � 6 1 * �B, 6 1 * �%:'# 6 r & � �3# *+(+& 10�®:'#
σj
, &)6 #$� (�& � : & �5!$# * �?��> 6 #n:'#

σi
( ��� (�EG/ rt10��� # 6 #q!$10Hn9?� * #

EG/ r ~ :'#$� ! 6F2 � & � � 24*32 #$�§�Bo0��� (
σi

@ !$# EN/'& #$� (�6 #d!B�0� :'# ( 1 /'( #$� 6 #$� ! 6F2 � EN/'& �5# (+* 1 / op#4� ( � /'* 6 #d!5O #4H & �
:'# 6 � * �0! & � # ~

σi
Q N\� * !$10� � 2$EN/ #4� ( ,

σj
� /'& o * � 6 #fHI�4HI#n!3O #4H & � EG/ #

σi
6 1 * ��:'#q�310� & � �3# *+(+& 10�m,s# (

�3# * �q:'10� ! & � � 24*32 !$10HnHI#�:'#$�3!$#4� : ��� ( :'#
σi
Q

2



����� � ��
��
���#� Ò��
N�1 /'*J/ � #�! 6F2

s = σj
,'9?� *+(+&)(+& 10�'� 10� � 6 rt#4� �3#4H8> 6 #8:'#��3#$����� !$� (+* #$��#4� Ë ��� !$� (+* #$�JPN� / !3O #$��Í RÅ!$# /.�

EG/'& �310� ( � / 9 24*+& # /'* � ~
s
,0:'10� (

s
��9'9?� *+(+& #4� ( � / �31 / � @ � * > * #dPN� / !3O # S # ( Ë ��� !$� (+* #$� : * 1 &)( ��Í&R & �.Î 24*+& # /'* �~

s S �
Ls = {σi : i < j, σi ≤ σj, σi = max{σ` : ` ≤ i, σ` ≤ σj}}
Rs = {σi : i < j, σi ≥ σj, σi = min{σ` : ` ≤ i, σ` ≥ σj}}

N�1 /'*
r < s

,
r ∈ Rs

� & # ( �5# /'6 #4HI#4� ( � &?6 �8! 6F2
r
#$� (§& � � 24*32 �Bo0��� ( !5O?�0! / � #�:'#$�§! 6F2 �

r +1, . . . , s L6 rt1 * : * #=:sr & � �3# *+(+& 10� 24( ��� ( � 6F2 � ( 1 &)* #-,�!$# (§2 o 2 � #4HI#4� ( �3#d9 * 1�: /'&)( �Bop#$!J9 * 10>?��> &)6)&)(32 1
s−r+1

QG�=#JHI�4HI#-,
9^1 /'*

r > s
,
r ∈ Ls

� & # ( �3# /'6 #4HI#4� ( � &
r
#$� ( & � � 24*32 �Bo0��� ( !3O?�0! / � #%:'#$�"! 6F2 �

s, s+1, . . . , r− 1
,G�31 &)(

�$op#$!�9 * 10>?��> &)6)&)(32 1
r−s+1

Q
���Ï!$10� � 2$EN/ #4� !$#-,?10�Ï�

E (|Rs|) = Hs − 1

E (|Ls|) = Hn−s+1 − 1

I���#4�;: 2 : /'&)(=EN/ # 6 #%� 10H8> * #
As = |Rs|+ |Ls|

:sr¶��� !$� (+* #$�J:'#
s
,.o 24*+&A� #

E(As) = Hs + Hn−s+1 − 2 ≤ 2 ln(n) + O(1).

�v1 /'( #LÎÅ1 & �B,^!$#f� & Hn9 6 #f!B� 6 ! /'6 :srt#$�39 24* ��� !$#f� #89|# * HI# ( 9?�0�%:'#8!$10� ! 6)/'* # EG/ ��� (�~I6 rt#$�39 24* ��� !$#q:'#
6 ��O?� /'( # /'* :sr / � � * > * #M> & �?� &)* #w:'# * #$!3O # * !3O #Ì�v#4� # µ # ( , 6 ��O?� /'( # /'* :'# 6 r¶� * > * #}#$� (f6 # �Iª �0¯��qÆ��
:'#$�

As
, 6 #$� EN/ # 6 �8� #w�310� ( 9?�0�q: /�( 1 /'(q& � : 2 9^#4� : ��� ( �BQJN�1 /'* ��K * HI# *f/ � # & � 2 PN� 6)&)(32 :'# 6 �;ÎÐ1 * HI#

P(h ≤ k) < ε
, &)6 � 1 / �<ÎÐ� / : * � &)("/ � # & � 2 PN� 6)&)(32 : /�(ÊC 9^#

P(As ≤ k) < ε
n L 1 * , 6 r & � 2 PN� 6)&)(32 :'#��y� * �p1BoR 6 �q�3# /'6 #���9'9 6)& !B��> 6 #�� &s6 rt10���mr¶� & Æ'­ 6 rt#$�+9 24* ��� !$# S � #%� 1 / �d:'10�'� # * � &)(d/ � # ( # 6)6 # & � 2 PN� 6)&)(32�EN/ #%9^1 /'*:'#$�<o-� 6 # /'* �J:'#

k
> & #4��� / 9 24*+& # /'* #$� ~

lnn
QN�1 /'* 10> ( #4� &)*f/ � # & � 2 PN� 6)&)(32 9 6)/ �f9 *32 ! & �3#-,�� 1 / �q:'#4op10� �f� 1 / � & � (324* #$�3�5# *n~�6 �Ìz)Ç0¯%²N­7Èa«+ÇN¬+ªN¬4¯�°

zÉ¯ ÄÊ{Z:'# |Rs|
R 6 r¶���?� 6)C �3#M#$� ( #$�3�3#4� (+& # 6)6 #4HI#4� (q6 �wHI�4HI#M9|1 /'*

Ls S Q ¦§6 � &)* #4HI#4� ( , Rs
� #I: 2 9^#4� : EG/ #

:'# 6 rt1 * : * #}:sr & � �3# *+(+& 10�¹:'#$�7! 6F2 �
1, . . . , s

R 6 #$�8! 6F2 �8� / 9 24*+& # /'* #$�8�mr & � ( # * o & #4�'� #4� ( 9?�0� S Qvl���o-� *+& ��> 6 #
� 6F2 � ( 1 &)* #

1 + |Rs|
R 6 #

+1
9 * 1�o & #4� ( :'#

s
, EN/'& �mrt#$� ( 9?�0�=9 *+& ��#4�Ì!$10Hn9 ( #f: ��� �

Rs S #$� (%6 #7� 10H8> * #:'#n«3­+x3Ç0«+²�Ã%R 246F2 HI#4� ( ��9 6)/ �<P * ��� :'� EG/ # ( 1 / �J!$# /.��EN/'&s6 #$��10� ( 9 *32 ! 2 : 2 � S : ��� � 6 �q� /'&)( #7:sr & � �3# *+(+& 10�:'#$� 246F2 HI#4� ( �
1
~

s
Q�I * , 6 �y9 * 10>?��> &)6)&)(32 9^1 /'*I6 �

k
@Ê© HI# & � �5# *+(+& 10� :'#;!$10� � (+&)(+/ # *Z/ � * #$!$1 * :¨#$� (

# � �0! ( #4HI#4� (
1/k

RÅ!$# EG/'& o0�Z� 1 / � * #$:'10�'� # *8/ � #n#$�+9 24* ��� !$#n:'#
Hs

9|1 /'*
1 + |Rs| L ( 1 /'( #LÎÅ1 & ��,s!$#$�2 o 2 � #4HI#4� ( �M�310� ( HM� & � ( #4�?��� (n& � : 2 9|#4� : ��� ( ��R 6 #IÎ¾� &)(8EG/ # 6 #

k
@Ê© HI# 246F2 HI#4� ( :'# 6 ��� /'&)( #}�31 &)(f/ �

* #$!$1 * :Ì: 2 9^#4� : / � &FEN/ #4HI#4� ( :'# 6 �w!$10Hn9?� * � & �310��� /.�y246F2 HI#4� ( �79 *32 ! 2 :'#4� ( �B, & � : 2 9^#4� :'#4HnHI#4� ( :'#
6 # /'* 1 * : * #�:sr & � �5# *+(+& 10� S Q=N\� * !$10� � 2$EG/ #4� ( ,?10���;�
� �������	� ��
 ���	
 ����� ��­ ± ÇD�M¬L«3­ |Rs|

² $ ª ± x )4ÄÅ«+­LÃ;²-«�Ç0¯ÅÄ Ãw²G­
s
#�­UÃ4Ä�²0¯�ÃLÄÅ«L¯Ð¬LÆ {;x5ÇD� �I­;z)ª�Ã4ÇD� �M­�²N­

s− 1
a�ª0«L¯ÅªG¬Lz)­LÃf²N­���­4« ± Ç-ÆGz z ¯ ¯ ± ²G{ÊÈ'­ ± ²Nª ± ÄÊ­UÃ #´²N­"Èa«�ÇG¬+ªN¬L¯ z ¯ÅÄÊ{UÃ 1/i

È.Ç-ÆG«
i
a�ª0«L¯Ðª ± Ä§²G­ 2

B
s
!

�f­	� )��M­ #JzF­ ± ÇD�M¬L«+­ |Ls|
² $ ª ± xQ)4ÄÅ«3­UÃ}²-«�Ç0¯ÅÄ�²N­

s
#�­UÃLÄ%²0¯�ÃLÄÅ«L¯Ð¬LÆ {wx3ÇD� �M­Zz)ª;Ã$ÇD� �M­Z²G­

n − sa�ª0«L¯ÐªN¬LzF­UÃf²N­	��­4« ± Ç-ÆGz z ¯ ¯ ± ²G{ÊÈ'­ ± ²Nª ± ÄÊ­UÃ #´²N­<Èa«+ÇN¬+ªN¬L¯ zÉ¯ ÄÊ{UÃ 1/i
È.Ç-ÆG«

i
a�ª-«U¯Ðª ± Ä´²N­ 2

B
n− s + 1

!
�y� & � ( #4�?��� (JEN/ #�� 1 / �": & �+9^1-�310� �":'# 6 � 6 1 & ,�9|# /'(�@ � (+* # / ��� & Hn9 6 #=!B� 6 ! /'6 :'#=o-� *+& ��� !$#%� / K * � @¾(�@¾&)6

~ !$10� ! 6)/'* #�
fl rt# � # * ! & !$#�� /'& o-��� ( 9^# * HI# ( :'#�HI10� (+* # *�EG/ r &)6 �mrt#4��#$� (<*+& #4�mQ

���
���������
������ � ± «3­ÊÈa«3­ ± ²Zz)­LÃ ± Ç-Ä¾ª-ÄÅ¯ÐÇ ± Ã È|«+{+xU{+²N­ ± ÄÊ­LÃ �

Rs
­UÃ4Ä�zF­ ± ÇL�I¬4«+­8² $ ª ± xQ)4ÄÅ«3­UÃ8²0«+Ç0¯ÅÄ Ã�²G­�z)ªx4zF{

s
²Nª ± Ã�Æ ± ª0«B¬L«3­q¬L¯ ± ª0¯�«3­f²N­7«+­3xL³.­L«+xL³.­Mª0z){3ª-Ä¾Ç0¯ «+­q²N­8Ä¾ª0¯ z z)­

n
# ²pÇ ± Ä z)­LÃ8x4z){LÃ�Ã4Ç ± Ä 1, . . . , n

!
� !�
��UÈa«L¯2�M­L«�z)ªwo-� *+& ��� !$#}²G­ |Rs|

Ã4Ç0ÆGÃ�z)ª*�$Ç0«��I­f² $ Æ ± ­%Ã$ÇD� �M­7²N{DÈ'­ ± ²pª ± Ä<²N­ s
!



Ò�Ñ �������
	���
�����������
���������
����������! #"�"�$
�#�%�

& #'(��'(	*)+	,�������
� ! 'yÇ ± ÄÅ«3­L« & Æ'­�z($ Ç ± ª

Var(|Rs|) = Hs−O(1)
� z)­

O(1)
­LÃLÄ\¯Ðx4¯vÆ ± ¯ �4Ç-« �M­ �m¯�z^²pÇ0¯ÅÄ ­��0¯�ÃLÄÊ­L«=Æ ± ­�Iª B$Ç0«+ª-ÄÅ¯ÐÇ ± ¯ ± ²N{DÈ'­ ± ²pª ± ÄÊ­fª0ÆNÃUÃU¯´¬4¯Ð­ ± ²N­

s & Æ ­q²N­ n
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C ′

n2
.
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!

 
�� 
 � 
 ��� 
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l�� (+*+& > / >^1 *3246)& #4�'� #M!$10� (+& #4� ( ,\#4� (+* #}� /'(+* #$�B, ( 1 / � 6 #$� & � ( # * o-� 6)6 #$�%RÅ1 / op# *+( �B,sÎÐ# * H 2 �B,m1 / �3#4H &A@
1 / op# *+( � S ,?� & � � &�EN/ # 6 # /'* � / � & 10� �J: 2 � 10H7> * ��> 6 #$��Ql�� (+*+& > / >|1 *3246)& #4�'� #%�3# *+( :'# Ë (+*+& > / 9?� * : 2 Î¾� /'( Í5,.#4�Z!$#=�3#4� � EN/ #-,�!3O?� EG/ #dÎÐ1 & � EN/ # 6 rt10�Z9?� *+6 #%:'#
o-� *+& ��> 6 #7� 6F2 � ( 1 &)* # *32 # 6)6 #-, 6 rt#$�39?�0!$#�HI#$� /'* ��> 6 #��31 / � @ u+�0!$#4� ( #$� (

R
H / � & :'# 6 � (+*+& > / >^1 *3246)& #4�'� #-Q
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 � 
 ��� 
�� �����
� 
�� � � 
�� �|Ç0¯ÅÄ
(Ω,F)

Æ ± ­UÃ¾È.ªNx5­ �M­UÃLÆG«+ªN¬LzF­"! � ± ­ �$Ç ± x$ÄÅ¯ÐÇ ± µ
#d²N{�E ± ¯Ð­qÃUÆ�« F­4Ä�B%a�ª0zF­LÆG«UÃn«+{5­Lz�zF­UÃ=È.Ç�ÃL¯ ÄÅ¯ a�­UÃIÇ0Æy¯ ± E ± ¯¾­UÃQ#<­UÃLÄ<Æ ± ­MHI#$� /'* #f9^1-� &)(+& op#wÃU¯<­Lz z)­Ca�{L«L¯ E´­IzF­UÃqx3Ç ± ²0¯ÅÄÅ¯ÅÇ ± ÃÃUÆ�¯ a�ª ± ÄÊ­UÃ��



����� ����$���	*"�	 ��	� #"��c��� "� i�g����	  #"i� ���

� µ(∅) = 0 �
� ÃU¯

(Ai)i∈I
­UÃ4Ä<Æ ± ­ �$ªD�q¯�z zF­ E ± ¯¾­nÇ0Æ®²N{ ± ÇD�M¬L«�ªG¬Lz)­Z²N­=È.ª0«4ÄÅ¯Ð­UÃ �M­UÃUÆ�«+ªN¬LzF­UÃ}:'# /.�Ì~ :'# /.� : & � @

u�1 & � ( #$� #§ª0z)Ç0«5Ã
µ (∪i∈IAi) =

∑

i∈I

µ(Ai).

� ± ­ �M­UÃLÆG«3­%È.Ç�ÃU¯ÅÄÅ¯ a�­
P
­UÃLÄ<Æ ± ­ZHI#$� /'* # � Ç0Æ 6 1 & �}:'#q9 * 10>?��> &)6)&)(32 ÃU¯dÇ ± ªÏ²N­%Èaz ÆGÃ

P(Ω) = 1
!

��­8ÄÅ«L¯¶È|z)­4Ä
(Ω,F , P)

­UÃ4Ä§ª0z)Ç0«UÃ8ªUÈpÈ'­LzF{n#$�39?�0!$#�:'#�9 * 10>?��> &)6)&)(32 �IÇ0ÆÏ#$�39?�0!$#�9 * 10>?��> &)6)& � 2 !

 
�� 
 � 
 ��� 
�� �N����� �	
 � 
 ���	
 � 
�� � � � � ��
	� �|Ç-¯ Ä (E, E) Æ ± ­UÃÊÈ.ªpx5­ �M­UÃUÆ�«�ªG¬Lz)­�#�­4Ä

(F, T )
Æ ± ­UÃU°

È.ªpxU­�Ä¾ÇUÈ'Ç0zAÇQF0¯ & Æ'­"! � ± ­ �$Ç ± x$ÄÅ¯ÐÇ ± f : E → F
­UÃLÄ´HI#$� /'* ��> 6 #nÃU¯ 6 r & HM��Pp# *32 ! & 9 * 1 EN/ #=:'# ( 1 /'( #=9?� *+(+& #

1 / op# *+( #�:'#
F

#$� (</ � #�9?� *+(+& #�HI#$� /'* ��> 6 #8:'#
E

�

∀B ∈ T , {x ∈ E, f(x) ∈ B} ∈ E

 
�� 
 � 
 ��� 
�� � �
��� � ��� � � �2
 � � 
 � 
 � �2��
	��� ± ­C�$Ç ± x$ÄÅ¯ÐÇ ± �I­LÃUÆ�«�ªN¬4z)­w² $ Æ ± ­UÃÊÈ.ªpx5­8Èa«�ÇG¬+ªN¬L¯ z ¯�Ã${ a0­L«5Ã
Æ ± ­UÃÊÈ.ªpx5­nÄ¾ÇUÈ.Ç0z)Ç%F0¯ & Æ ­I­UÃLÄ"ªUÈpÈ ­Lz){5­qo-� *+& ��> 6 #7� 6F2 � ( 1 &)* #�!

� ��
"
 �jM 6 � *+*+& op# EG/ # 6 rt10� *32 �3# * op# 6 # ( # * HI#8:'# Ë o0� *+& ��> 6 #q� 6F2 � ( 1 &)* #LÍ79^1 /'*J6 #$�<ÎÐ10� ! (+& 10� ��HI#$� /.@
* ��> 6 #$� ~ o-� 6 # /'* ��«3{3­Lz z)­LÃLQ ¦ #%�mrt#$� ( 9?�0� 6 #%9^1 & � ( :'#�o / #��0:'109 (32�& ! & Q

 
�� 
 � 
 ��� 
�� ��� � 	 �D� � � 
�
 �:
 
 � �

�
 � � � � 
 
 � � ��� � � �2
 � � 
 � 
 � ����
	� �|Ç0¯ÅÄ Ω Æ ± ­ ± Ã$­��M¬LzF­ ± Ç ±aB¯Ð²N­ & Æ ­LzAx5Ç ± & Æ ­ #J­4Ä X

Æ ± ­8�4Ç ± x$ÄÅ¯ÐÇ ± ²G{�E ± ¯¾­%ÃLÆG« Ω
­4Ä#B a�ª0zF­LÆG«UÃ8²pª ± Ã%Æ ± ­UÃ¾È'ªpx5­

(F, T )
!

��ª (+*+& > / #4�'Pp#4� : *32 #�9?� *
X
# ± Ç-ÄÊ{3­ σ(X)

# ­UÃLÄvz)ªJÈaz ÆGÃ�È'­$ÄÅ¯ ÄÊ­=ÄÅ«L¯Ð¬4ÆIÃUÆ�«
Ω
«3­ ± ²pª ± Ä X �M­UÃLÆG«+ªN¬LzF­"!

� $ ­UÃLÄ´ª0ÆNÃUÃU¯�z)ªMÄÅ«L¯¾¬LÆ�­ ± FG­ ± ²0«3{3­JÈ.ª-«�z)­LÃf­ ± Ã$­ �I¬4z)­UÃ

X−1(B) = {ω ∈ Ω : X(ω) ∈ B}
Ç��

B
È'ª0«�x5Ç0ÆG«4Ä�# Ã$Ç0¯ÅÄ z)ªMÄ¾ÇUÈ'Ç0zAÇQF0¯Ð­ T ²G­

F
#�Ã$Ç0¯ÅÄ�ÃU¯���ÈazF­��M­ ± Ä Æ ± ­<È.ª0«4ÄÅ¯¾­ & ÆG¯ z%$ ­ ± FN­ ± ²0«+­ !

����� � 6 #8!B�0��,?Î *32$EG/ #4� ( ,^1��
Ω
#$� ( : 2 u ~ H / � & :sr / � # (+*+& > / F # ( 1��

X
#$� ( : 2 u ~ : 2L� � & #f!$10HnHI#

/ � #}o0� *+& ��> 6 #;� 6F2 � ( 1 &)* #-,
σ(X)

��9'9?� * �:F ( �?� (+/'* # 6)6 #4HI#4� ( !$10HnHI# / � #w�31 / � @¾(+*+& > / :'# F Q ¦ rt#$� ( ,�#4�EG/ # 6FEN/ #��31 *+( #-, 6 rt#4� �5#4H7> 6 #=H & � & HM� 6 :sr 2 o © � #4HI#4� ( �"9^# * HI# (+( ��� ( :'#�: 2L� � &)*´6 �7o0� *+& ��> 6 #%� 6F2 � ( 1 &)* #
X
Q

� � � � ��
 
 
 
 ��� ���
�%# /.� o-� *+& ��> 6 #$��� 6F2 � ( 1 &)* #$�

X
# (

Y
,�9 * #4�?��� (�6 # /'* ��o-� 6 # /'* �\: ��� � / �fHI�4HI#"#$�+9?�0!$#

F
,��310� ( { Fpª0zF­UÃ

­ ± zAÇ0¯�ÃL,^� & # 6)6 #$��10� (�6 �MHI�4HI# 6 1 & :'#f9 * 10>?��> &)6)&)(32 ,m!-rt#$� (�@D~�@ : &)* #M� & ,?9^1 /'*�( 1 /'( #4� �3#4H7> 6 #IHI#$� /'* ��> 6 #
B

:'#
F
, 10��� 6 r 2 PN� 6)&)(32

P(X ∈ B) = P(Y ∈ B)
R � QQP SM 6 #$� (�& Hn9^1 *+( ��� ( :'#8� 1 ( # *�EN/ #

X
# (

Y
�mrt10� ( � /'6)6 #4HI#4� ( >|#$�51 & �y:srt� (+* #q: 2L� � & #$��� /'*=6 #8HI�4HI#

#$�+9?�0!$#w:'#Z9 * 10>?��> &)6)&)(32 � L 6 r 2 PN� 6)&)(32 #4� 6 1 & �f� # Ë 9?� *+6 #LÍ EG/ #Z:'#$� 6 1 & �q:'#Z9 * 10>?��> &)6)&)(32 �BQ ¦ rt#$� ( !$# EG/'&
9^# * HI# ( :'#%9?� *+6 # * :'# Ë o-� *+& ��> 6 #7� 6F2 � ( 1 &)* #7:'# 6 1 &

µ
Í5Q

l r 2 PN� 6)&)(32 #4� 6 1 & � & Hn9 6)&FEG/ #-, #4�;9?� *+(+& ! /'6)& # * , 6 r 2 PN� 6)&)(32 :'# ( 1 / � 6 #$�<HI10HI#4� ( ��: 2L� � & ��Q
��� #J!$10� : &)(+& 10��� / KM�5��� ( #zRÅ# ( � 2 !$#$�3�5� &)* #-,G9 /'& � EG/ r &)6 �Br¶��P &)( :sr / � #=�31 / � @ !$10� : &)(+& 10� S 9|1 /'*´6 r 2 PN� 6)&)(32#4� 6 1 & :'#�:'# /.� o-� *+& ��> 6 #$�B, #$� (ZEN/ # R � QQP S �31 &)( o * � & #�9^1 /'*I( 1 /'(

B
��9'9?� *+( #4�?��� (�~y/ � #4� �3#4H7> 6 #

:sr 2 o © � #4HI#4� ( � EG/'& ­ ± FN­ ± ²-«+­ 6 � (+*+& > / :'#
F
QN��� # ( # 6)6 #�9 * 109 *+&F24(32 #$� ( 9?� *+(+& ! /'6)&F©4* #4HI#4� (<& � (324* #$�3�5��� ( #

EG/ ��� :
F
#$� (´/ �}#$�+9?�0!$#�9 * 1�: /'&)( RÅ!-rt#$� (�@D~�@ : &)* #=� &

X
# (

Y
�310� ( :'#$��ÃUÆ�¯ ÄÊ­LÃ=:'#�o0� *+& ��> 6 #$�<� 6F2 � ( 1 &)* #$� S L# 6)6 #��Br 2 � 10� !$#8� 6 1 * �J� & � � & �
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	 ��
�� �
��� 
 � ��� �|Ç0¯¾­ ± Ä X = (Xn)n>0

­4Ä
Y = (Yn)n>0

#J²N­LÆ ��ÃUÆ�¯ ÄÊ­LÃI²G­Ca�ª-«U¯ÐªN¬LzF­UÃZª0zF{+ª-Ä¾Ç0¯ «3­UÃ Ba�ª0zF­LÆ�«5Ãq²pª ± Ã�Æ ± ­UÃÊÈ.ªpx5­
F
!

X
­4Ä

Y
Ã4Ç ± Ä { FNª0z)­LÃ7­ ± z)Ç0¯ Ã #�ÃL¯�­4Ä�Ã$­LÆ�z)­ �I­ ± Ä\ÃU¯2#aÈ.Ç0Æ�«%Ä¾Ç-Æ�Ä k > 0

­4Ä Ä¾Ç0Æ�Ä
k
°ÊÆ�Èaz)­$Ä

(B1, . . . , Bk)² $ ­ ± ÃB­��M¬Lz)­LÃ �I­LÃUÆ�«�ªN¬4z)­UÃn²pª ± Ã F
#§Ç ± ªMz($ { Fpª0zÉ¯ÅÄÊ{

P(X1 ∈ B1, . . . , Xk ∈ Bk) = P(Y1 ∈ B1, . . . , Yk ∈ Bk).


 � � 
�� � 
 ��
 
�
 � � ��� � 
 ��

lm1 * � EN/ #

X
#$� (d/ � #%o-� *+& ��> 6 #7� 6F2 � ( 1 &)* #-,?10�;� 1 ( #7�31 / op#4� (

(X = a)
6 r 2 o © � #4HI#4� (

{ω ∈ Ω : X(ω) = a} = X−1 ({a}) .

�%#dHI�4HI#-,G� &
X

#$� ( / � #�o0� *+& ��> 6 #=� 6F2 � ( 1 &)* # *32 # 6)6 #�R ~ o-� 6 # /'* � : ��� �
R S ,G# ( � & I #$� ( / � & � ( # * o-� 6)6 # *32 # 6

EG/ # 6 !$10� EN/ #-, 10��� 1 ( #
(X ∈ I) = X−1(I) = {ω ∈ Ω : X(ω) ∈ I} .l r ­LÃ¾È'{L«+ª ± xU­n:sr / � #�o-� *+& ��> 6 #7� 6F2 � ( 1 &)* # *32 # 6)6 # X

,.� 1 (32 #
E(X)

, #$� ( : 2L� � & #�9?� *

E(X) =
∑

a

aP(X = a)

=
∑

ω∈Ω

X(ω)P(ω).

¦ # (+( #=: 2L� � &)(+& 10�Z�mrt#$� ( o-� 6 ��> 6 # EG/ #J: ��� � 6 #J!B�0�´1��
X

9 * #4� :M�5#$� o-� 6 # /'* �§: ��� � / �Z#4� �5#4H7> 6 # � � &
1 / : 2 � 10H8> * ��> 6 # L : ��� � 6 #d!B�0� !$10� (+* � &)* #-, 6 ���310HnHI#J#$� ( * #4Hn9 6 �0! 2 #d9?� * / � # & � (32 P * � 6 #=:'#dlm#4>^#$�+P / #-Q��� #J9 * 109 *+&F24(32 # �.(+* �4HI#4HI#4� (</'(+&)6 #-,.# ("EN/'& � #�� 2 !$#$�3� &)( #%� / ! / � #%O C 9|1 ( O © �3#�9?� *+(+& ! /'6)&F©4* #�� /'*´6 #$�
o-� *+& ��> 6 #$��� 6F2 � ( 1 &)* #$� � , #$� (<6 �}z ¯ ± {+ª0«L¯ÅÄÊ{8²G­�z%$ ­UÃ¾È'{4«�ª ± x5­w�
	 ��
�� �
��� 
 � ��� �|Ç0¯¾­ ± Ä X

­4Ä
Y

²N­LÆ �Ca�ª0«L¯ÐªN¬LzF­UÃ�ª-z){+ªpÄ¾Ç0¯�«3­UÃ�²N{�E ± ¯Ð­UÃJÃUÆ�«�zF­ � )��M­�­UÃÊÈ.ªpx5­"Èa«+ÇN¬+ªN¬L¯ °
zÉ¯ ÃB{ #§­4Ä\Ã4Ç-¯Ð­ ± Ä λ

­$Ä
µ
²N­LÆ �Z«+{5­Lz Ã & Æ ­Lz)x3Ç ± & Æ'­UÃ"!���z)Ç0«UÃ=z)ªCa�ª-«U¯ÐªN¬LzF­fª0z){3ª-Ä¾Ç0¯ «+­ Z = λX + µY

� ²G{�E ± ¯¾­È.ª0« � È.Ç0Æ�«7Ä¾Ç0Æ.Ä
ω ∈ Ω

#
Z(ω) = λX(ω) + µY (ω)

��a0{L«U¯ E´­
E(Z) = λE(X) + µE(Y ).

R � Q�� S
l�� a�ª-«U¯Ðª ± x5­7:sr / � #=o0� *+& ��> 6 #�� 6F2 � ( 1 &)* #�#$� (´/ � # EN/ ��� (+&A� !B� (+& 10��:'#%�5�79 * 109|#4� � & 10� ~ 9 * #4� : * #�:'#$�

o-� 6 # /'* � 246 1 & P-� 2 #$��:'#��510�;#$�+9 24* ��� !$#M�'� & !$# (+( #�#$�+9 24* ��� !$#�#$� (
µ = E(X)

,?10�;9|1-�5#
Var(X) = E

(

(X − µ)2
)

= E(X2)− µ2

R 6 r 2 PN� 6)&)(32 :'#$��:'# /.� # � 9 * #$�3� & 10� � *32 � /'6)( #7: / ÎÐ� &)(=EN/ # 6 �no-� *+& ��> 6 #f� 6F2 � ( 1 &)* #
X − µ

#$� ( :srt#$�+9 24* ��� !$#
� /'6)6 # S Ql��7o-� *+& ��� !$#�#$� ( �31 / op#4� ( � 1 (32 #

σ2 , 6 � 6 # (+(+* # σ
R EG/'& #4�}#$� ( 6 � * �0! & � #�!B� *+*32 #�9^1-� &)(+& op# S * #49 *32 �5#4� @( ��� ( � 6 1 * � 6 r {+x3ª-«LÄÅ° Ä I5È ­q:'# 6 �qo-� *+& ��> 6 #7� 6F2 � ( 1 &)* #-Q

� ��
"
 � ��1 /'( #no-� *+& ��> 6 #n� 6F2 � ( 1 &)* # *32 # 6)6 #f�mr¶�}9?�0�JÎÐ1 * ! 2 HI#4� (7/ � #f#$�39 24* ��� !$# � � & #%R 6 �}� 24*+& #-,s1 /
6 r & � (32 P * � 6 #-,§9^# /'( : & op# * Pp# * S , # (n/ � #�o-� *+& ��> 6 #�� 6F2 � ( 1 &)* # EG/'& � / � #�#$�+9 24* ��� !$#�9^# /'( � #w9?�0�Z�Bop1 &)*
:'#Ïo0� *+& ��� !$#-Q<lm#$�}9 * 109 *+&F24(32 � 2 � 10� ! 2 #$��:'1 & op#4� ( � (+* #�#4� ( #4� : / #$�;�31 / � *32 �3# * op#�:srt# ��& � ( #4� !$#-Q�N 6)/ �
9 *32 ! & � 2 HI#4� ( , 6 rt# ��& � ( #4� !$#%9|1 /'*"6 # Ë HI#4H7> * #�PN� / !5O #LÍ�#4� (+* � & � # 6 rt# �.& � ( #4� !$#=9|1 /'*<6 # Ë HI#4H8> * #�: * 1 &)( Í5Q
V h5��
+���@����� m�� �&<:p r#
�� f�$
� ���*r5�*r - �6�8n f�$
� r , �:n f:rjm��@$,nqr5��� � r - n�$
� rjp f !Ef:p r }



����� ����$���	*"�	 ��	� #"��c��� "� i�g����	  #"i� �-Ò
� �39 24* ��� !$#%# ( o-� *+& ��� !$#=� #��510� ("EN/ # 6 #$�§:'# /.� 9 * #4H & # * � ( # * HI#$�":sr / � #%� /'&)( #=:'# �IÇD�M­ ± Ä Ã%:sr / � #o-� *+& ��> 6 #7� 6F2 � ( 1 &)* #-QHI��Ï: 2L� � &)( ,'9|1 /'*J( 1 /'( #4� (+& # *

k > 0
RÅ# ( �31 / � *32 �3# * op#7:srt# �.& � ( #4� !$# S , 6 # �IÇD�M­ ± Ä² $ Ç0«+²0«+­

k
R * #$�+9^#$! (+& op#4HI#4� ( , �IÇD�M­ ± Ä§xU­ ± ÄÅ«3{n² $ Ç0«�²-«+­ k

9?� *

µk(X) = E(Xk)

µc
k(X) = E((X − µ1(X))k)

I�� * #$!$10�'�?�:F ( : ��� �
µ1(X)

6 rt#$�+9 24* ��� !$#-,?# ( : ��� �
µc

2(X)
, 6 �qo-� *+& ��� !$#-Q

� .���.�1 � �86 �:;�; �86 @ � � ;
MD� (+/'&)(+& op#4HI#4� ( ,s:'# /.��2 o © � #4HI#4� ( �%1 / :'# /.� o-� *+& ��> 6 #$�=� 6F2 � ( 1 &)* #$�%�310� ( ¯ ± ²N{ÊÈ ­ ± ²pª ± Ä Ãf� &m/ � # & � @ÎÐ1 * HM� (+& 10�q10> ( #4� / #d� /'*�6 r / �m,�� #§HI1�: &A� #´9?�0� 6 ��!$10�'�?� & �5�5��� !$# EN/ # 6 rt10�I�J:'# 6 r¶� /'(+* #-Q ¦ # 6 �=�3# (+* �0: /'&)(

ÎÐ1 * HI# 6)6 #4HI#4� ( :'# 6 �fHM��� &F©4* #7� /'& o-��� ( #-Q

 
�� 
 � 
 ��� 
�� ����� �f­LÆ �;{ba�� ± ­ �I­ ± Ä Ã A

­4Ä
B

Ã4Ç ± Ä§²0¯ÅÄ Ã & � : 2 9^#4� : ��� ( � #§ÃU¯§­4Ä Ã$­LÆ�z)­ �I­ ± Ä§ÃU¯

P(A ∩B) = P(A)P(B).

I��8� 1 ( # * � EG/ r / � 2 o © � #4HI#4� ( :'# 9 * 10>?��> &)6)&)(32 �<1 / P-,B#$� (�& � : 2 9^#4� : ��� ( :'# ( 1 /'( � /'(+* # 2 o © � #4HI#4� ( Q

 
�� 
 � 
 ��� 
�� ��� � �f­LÆ � a�ª0«L¯ÅªG¬Lz)­LÃ�ª0zF{+ª-Ä¾Ç0¯ «+­LÃÏ«3{3­Lz z)­UÃ

X
­4Ä

Y
Ã4Ç ± Äf²0¯ÅÄÊ­UÃ & � : 2 9|#4� : ��� ( #$� #7ÃU¯q­4Ä

Ã$­4ÆGzF­��M­ ± Ä§ÃU¯\zF­UÃ8²N­LÆ ��ª � «��Iª-ÄÅ¯ÅÇ ± Ã�ÃLÆG¯ a�ª ± ÄÊ­UÃQ# & Æ�¯�Ã$Ç ± Ä´{ & ÆG¯ a�ª0zF­ ± ÄÊ­LÃQ#´Ã4Ç ± Ä aB«+ª0¯Ð­LÃ��
� !´È'Ç0ÆG«fÄ¾Ç0ÆGÃ%¯ ± ÄÊ­L«ba�ª0z zF­UÃ I

­$Ä
J
# zF­UÃf{ba�� ± ­��M­ ± Ä Ã (X ∈ I)

­4Ä
(Y ∈ J)

Ã4Ç ± Ä ¯ ± ²N{ÊÈ'­ ± ²pª ± Ä Ã �
� !´È'Ç0ÆG«fÄ¾Ç0Æ.ÄÊ­UÃ&a�ª0zF­LÆ�«5Ã

x
­4Ä

y
#§Ç ± ª

P (X ≤ x
­4Ä

Y ≤ y) = P(X ≤ x)P(Y ≤ y).

RÅ����� � 6 #n!B�0: * # 6 #q9 6)/ �%P 2 � 24* � 6 9|1-�3� & > 6 #-,s1�� 6 #$��o0� *+& ��> 6 #$�8� 6F2 � ( 1 &)* #$��9^# / op#4� ( � (+* # ~ o-� 6 # /'* �
: ��� �%:'#$��#$�+9?�0!$#$� EN/ # 6 !$10� EG/ #$�B, 6 r & � : 2 9^#4� : ��� !$#n�Brt# � 9 *+& HI#f9?� *%6 #7ÎÐ� &)(%EN/ # 6 #$�nÄÅ«L¯Ð¬LÆGÃn#4�'Pp#4� : *32 #$�
9?� *�6 #$��:'# /.� o0� *+& ��> 6 #$�f� 6F2 � ( 1 &)* #$���310� (7& � : 2 9|#4� : ��� ( #$�B,m!-rt#$� (�@D~�@ : &)* # EG/ # ( 1 /'( #4� �3#4H8> 6 #I:'# 6 r / � #
#$� (<& � : 2 9^#4� : ��� ( :'# ( 1 /'( #4� �3#4H8> 6 #7:'# 6 r¶� /'(+* # S����� � 6 #�!B�0�§9?� *+(+& ! /'6)& # * 1�� 6 #$� o-� *+& ��> 6 #$�<� 6F2 � ( 1 &)* #$�"� #J9^# / op#4� ( 9 * #4� : * # EN/ r / �}� 10H7> * # � � & 1 /
: 2 � 10H7> * ��> 6 #q:'#7o0� 6 # /'* ��R 6 #7!B�0� (ÊC 9 &FEN/ # 24( ��� ( !$# 6)/'& :'#�o-� *+& ��> 6 #$�%� 6F2 � ( 1 &)* #$� ~ o0� 6 # /'* �n­ ± ÄÅ¯&�L«3­UÃ S ,6 �q: 2L� � &)(+& 10�Ï#$� (d2 PN� 6 #4HI#4� (%2$EN/'& o-� 6 #4� ( # ~n6 �q� /'& o0��� ( #I�

 
�� 
 � 
 ��� 
�� ��� M �f­LÆ ��a�ª0«U¯ÐªN¬LzF­UÃZª0zF{+ª-Ä¾Ç-¯�«3­UÃ

X
­4Ä

Y
#�B%a�ª-z)­LÆ�«UÃZ²pª ± ÃnÆ ± ­ ± ÃB­��M¬LzF­*E ± ¯dÇ0Æ�²N{L°

± ÇD�M¬L«+ªN¬LzF­
V
#�Ã$Ç ± Ä & � : 2 9^#4� : ��� ( #$�fÃL¯§­4Ä�ÃB­LÆ�z)­��M­ ± Ä ÃL¯ #|È.Ç-ÆG«fÄ¾Ç0ÆNÃ x

­4Ä
y
²pª ± Ã V

#§Ç ± ª

P(X = x
­4Ä

Y = y) = P(X = x)P(Y = y).

l r & � : 2 9^#4� : ��� !$#M:'#Io0� *+& ��> 6 #$�7� 6F2 � ( 1 &)* #$�8#$� (�/ � #q� 1 (+& 10� & Hn9^1 *+( ��� ( #-,v# ( �w:'#$��!$10� � 2$EG/ #4� !$#$�
EG/'& � #��310� ( 9?�0�<o * � & #$�J#4�;P 2 � 24* � 6 �
� �������	� ��
 ���	
 � � ��� �|Ç0¯¾­ ± Ä X

­4Ä
Y

²N­LÆ �ca�ª0«L¯ÅªG¬Lz)­LÃfª0zF{+ª-Ä¾Ç0¯ «+­LÃ7¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­UÃ"! � ± ª

E(XY ) = E(X)E(Y )
R � Q � S

Var(X + Y ) = Var(X) + Var(Y )
R � Q Ñ S
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�
)������ �

& #'(��'(	*)+	���$��
� �������	� ��
 ���	
 � � � � �|Ç0¯¾­ ± Ä X ­4Ä

Y
²N­4Æ���a�ª0«U¯ÐªN¬LzF­UÃ�ª0zF{+ª-Ä¾Ç0¯ «+­LÃ�¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­LÃ ! ��zAÇ0«UÃQ# & Æ'­4z�zF­UÃ & Æ'­Ã4Ç-¯Ð­ ± Ä\z)­UÃ/�$Ç ± x$ÄÅ¯ÐÇ ± Ã�� f

­$Ä
g
� ²N{�E ± ¯¾­UÃ=ÃUÆ�«�zF­UÃ8­ ± ÃB­��M¬LzF­UÃ�²G­ia�ª-z)­LÆ�«UÃ�²G­

X
­$Ä

Y
#\«3­UÃ¾È'­3x$ÄÅ¯4a0­��M­ ± Ä � #

f(X)
­4Ä

g(Y )
Ã$Ç ± Ä ¯ ± ²G{ÊÈ'­ ± ²Nª ± ÄÊ­UÃ"!

l���� 1 (+& 10��:sr & � : 2 9^#4� : ��� !$#w:'#Z:'# /.� o-� *+& ��> 6 #$�q� 6F2 � ( 1 &)* #$��RÅ1 / :'#M:'# /.��2 o © � #4HI#4� ( � S �Br 24( #4� :� & Hn9 6 #4HI#4� (=~f/ �;� 10H8> * # EG/ # 6 !$10� EN/ #I�

 
�� 
 � 
 ��� 
�� ��� � � ± k

°ÊÆ�Èaz)­$Ä
(X1, . . . , Xk)

²N­ca�ª0«L¯ÐªN¬LzF­UÃ�ª-z){+ªpÄ¾Ç0¯�«3­UÃ�­UÃLÄ�x5Ç ± ÃLÄÅ¯ÅÄÅÆ {;²N­ca�ª0«U¯ÐªN¬LzF­UÃ
¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­LÃQ# ÃL¯§­4Ä Ã$­LÆ�z)­ �I­ ± Ä´ÃU¯2#^È.Ç0Æ�«8Ä¾Ç0Æ.Ä�a�­+x$ÄÊ­LÆ�«I²N­ k

­ ± Ã$­��M¬LzF­UÃ��}²G­ a�ª0zF­LÆG«UÃ
(A1, . . . , Ak)

#
Ç ± ª

P(Xi ∈ Ai(1 ≤ i ≤ k)) =
∏

1≤i≤k

P(Xi ∈ Ai)


 
�� 
 � 
 ��� 
�� ��� ��� ± ­ �4ªD�q¯ z�zF­d¯ ± E ± ¯Ð­ (Xi)i∈I
²N­�a�ª0«L¯ÅªN¬4z)­UÃ�ª0zF{+ª-Ä¾Ç0¯ «+­LÃ%­UÃLÄ\x3ÇD��È.Ç0Ã${3­�²G­�a�ª0«L¯ÅªN¬4z)­UÃ

ª0zF{+ª-Ä¾Ç0¯ «3­UÃ7¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­LÃQ# ÃL¯"!5O?� EN/ #MÃ4Ç-ÆNÃL° �$ªD�q¯�z z)­,E ± ¯¾­�z($ ­UÃLÄA!
� & �3� & 9^10� � ( 1 /'( :'#M� /'&)( # / � #Z# *+* # /'* Î *32$EN/ #4HnHI#4� ( !$10HnH & �3#��v!$#M�mrt#$� ( 9?�0�79?� * !$# EG/ #

3
o-� @

*+& ��> 6 #$�§� 6F2 � ( 1 &)* #$�§�310� ( :'# /.�n~ :'# /.�f& � : 2 9^#4� : ��� ( #$� EG/ rt# 6)6 #$� �310� ( & � : 2 9|#4� : ��� ( #$�BQG�%#"HI�4HI#-,
k+1o-� *+& ��> 6 #$� � 6F2 � ( 1 &)* #$��9|# / op#4� ( � (+* # ( # 6)6 #$� EG/ #"!3O?� EG/ #

k
@¾/ 9 6 # ( #$� (�/ �

k
@¾/ 9 6 # ( :'#´o0� *+& ��> 6 #$� � 6F2 � ( 1 &)* #$�

& � : 2 9^#4� : ��� ( #$� RÅ10�w: &)( � 6 1 * � EG/ # 6 #$�§o-� *+& ��> 6 #$�"�310� (
k
~

k
& � : 2 9|#4� : ��� ( #$� S �5��� � EG/ # 6 rt#4� �3#4H8> 6 # 6 #�31 &)( Q�l rt# � #4Hn9 6 # 6 # 9 6)/ �\� & Hn9 6 #"#$� ( !$# 6)/'& :'#

k
o0� *+& ��> 6 #$��:'#��"# * � 1 /'6)6)&'& � : 2 9|#4� : ��� ( #$�B,-:'# 9?� * ��H ©4(+* #

1/2
, 6 �

k + 1
@Ê© HI# 24( ��� ( � & Hn9 6 #4HI#4� (J6 # /'* �310HnHI#�HI1G: /'6 1 �.Q


���
���������
 � � ���|Ç-¯Ð­ ± Ä X1, . . . , Xk
#

k
¬L¯ÅÄ Ã�ª0zF{+ª-Ä¾Ç-¯�«3­UÃw¯ ± ²G{ÊÈ'­ ± ²Nª ± Ä Ã � a�ª0«L¯ÐªN¬LzF­UÃ�²G­ �=­L« ± Ç0ÆGz zÉ¯%²N­È.ª0«+ªD� �4ÄÅ«3­UÃ

1/2
#�¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­LÃ �L! '�Ç ± ÄÅ«3­L« & Æ ­�z($ Ç ± È'­LÆ.Ä\x5Ç ± ÃLÄÅ«LÆ�¯�«3­ #�²pª ± Ã<z)­C� )��M­�­LÃ¾È.ªpxU­ #

2k−1a�ª0«L¯ÐªN¬LzF­UÃf²N­	��­4« ± Ç-ÆGz z ¯´²N­<È.ª0«+ªD� �4ÄÅ«+­ 1/2
#´²G­LÆ��%B}²N­LÆ �}¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­LÃ !

� .���. 3 �	=�4�? @@?#6A986e9 �=7 � 4 �86�6 9 6 4 � �
;:9 9e;=7
N�1 /'*w6 #$�Z: 2L� � &)(+& 10� � EG/'& op10� ( � /'& o * #-, � 1 / �}� 1 / �Z9 6 �DH$10� � *32 �51 6)/ HI#4� ( : ��� � 6 #Ï!B�0�Z1�� 6 rt10�

� #�!$10� : &)(+& 10�'� # EN/ #�9?� * :'#$� 2 o © � #4HI#4� ( � RÅ1 / o-� *+& ��> 6 #$��� 6F2 � ( 1 &)* #$� S ²N­MÈa«+ÇN¬+ªN¬4¯�zÉ¯ ÄÊ{yÃLÄÅ«L¯ÅxBÄÊ­��M­ ± ÄÈ.Ç�ÃL¯ ÄÅ¯ a�­4Q M 6 #$� ( 9^1-�3� & > 6 #�:'#7: 2L� � &)* :'#$�J!$10� : &)(+& 10�'� #4HI#4� ( �%9?� *d* ��9'9|1 *+(%~ :'#$�do-� *+& ��> 6 #$�%� 6F2 � ( 1 &)* #$�
EG/ # 6 !$10� EN/ #$� L !$# 6 �n�31 *+( : / !B�0: * #�:'#�!$#$�d� 1 ( #$�BQ

 
�� 
 � 
 ��� 
�� ��� ��� � ��� � � �/��� ��
 
 � � 
 �/��
 ���	
 
 
 ����
�� �|Ç0¯¾­ ± Ä A ­4Ä

B
²N­LÆ ��{ba�� ± ­��M­ ± Ä Ã #sªEa0­+x

P(B) >
0
!
��ª�9 * 10>?��> &)6)&)(32 :'#

A
�5�0!3O?��� (

B
#JÇ0Æ�9 * 10>?��> &)6)&)(32 :'#

A
!$10� : &)(+& 10�'� # 6)6 #4HI#4� (I~

B
#�­UÃ4Ä�²N{�E ± ¯Ð­È.ª0«

P(A|B) =
P(A ∩B)

P(B)
.

� �������	� ��
 ���	
 � � � � �<Ç0Æ�«�Ä¾Ç0Æ.Äq{ba�� ± ­��M­ ± Ä B
²G­qÈ|«�ÇN¬3ªN¬L¯ z ¯ÅÄÊ{ÏÃLÄÅ«L¯Ðx$ÄÊ­��M­ ± ÄdÈ.Ç�ÃL¯ ÄÅ¯ a�­ #7z)ª	�4Ç ± x$ÄÅ¯ÐÇ ±

� È|«�ÇN¬3ªN¬L¯ z ¯ÅÄÊ{8Ã4ªNxL³�ª ± Ä B �
# & Æ�¯�B}Ä¾Ç0Æ.Ä"{ba�� ± ­��M­ ± Ä A

ª0Ã5Ã4Ç�x4¯Ð­�Ã$ª�È|«�ÇN¬3ªN¬L¯ z ¯ÅÄÊ{qx3Ç ± ²-¯ ÄÅ¯ÐÇ ± ± ­4z�zF­
P(A|B)

#
­UÃ4Ä Æ ± ­�zAÇ0¯´²N­´È|«�ÇN¬3ªN¬L¯ z ¯ÅÄÊ{"!
W6 (�*r+���8n*�:m�� rX& (�*r+���8n*�:m�� r
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�� 
 � 
 ��� 
�� �����O�|Ç-¯ Ä

X
Æ ± ­�a�ª-«U¯ÐªN¬LzF­�ª0zF{+ª-Ä¾Ç0¯ «3­ #�­4Ä B

Æ ± {ba�� ± ­��M­ ± Ä�²N­ Èa«+ÇN¬+ªN¬4¯�zÉ¯ ÄÊ{=ÃLÄÅ«L¯Åx$ÄÊ­ �I­ ± ÄÈ.Ç�ÃL¯ ÄÅ¯ a�­"!
��ª 6 1 & :'#

X
�5�0!5O?��� (

B
­LÃLÄdz)ª�zAÇ0¯ & ÆG¯2#�B�Ä¾Ç-Æ�Ä%­ ± Ã$­ �I¬4z)­ I

� �M­UÃUÆ�«+ªN¬LzF­��Ï²N­ a�ª0zF­LÆ�«5Ã%È.Ç0Ã5ÃU¯¾¬LzF­UÃ
È.Ç0Æ�«

X
#"ª�Ã5Ã$ÇBx4¯¾­�z)ª�Èa«�ÇG¬+ªN¬L¯ z ¯ÅÄÊ{

µB
²N{�E ± ¯Ð­<È.ª0«

µB(I) = P(X ∈ I|B).

I�� : 2L� � &)( :'#}HI�4HI# 6 rt#$�+9 24* ��� !$#�!$10� : &)(+& 10�'� # 6)6 #�:'#
X

�U�0!3O?��� (
B

RÅ!-rt#$� (q6 rt#$�+9 24* ��� !$#w:sr / � #
o-� *+& ��> 6 #�:'# 6 1 &

µB S ,'# (<( 1 / � 6 #$�<HI10HI#4� ( �=!$10� : &)(+& 10�'� # 6 �BQ� EN/ 1 & !$1 *+* #$�+9|10� :'#4� ( !$#$�d� 1 (+& 10� ��:'#�!$10� : &)(+& 10�'� #4HI#4� ( 
�MD� (+/'&)(+& op#4HI#4� ( , 6 �q9 * 10>?��> &)6)&)(32 :sr / �
2 o © � #4HI#4� ( �U�0!3O?��� (

B
#$� ( Ë !$# EG/ #8:'#4o & #4� ( Í 6 �Z9 * 10>?��> &)6)&)(32 :'#8!$# (�2 o © � #4HI#4� ( � &v6 rt10�Ì�5� &)(%EN/ #

B�3# *32 � 6)& �3#-Q
	 ��
�� �
��� 
 � � M � � ± {ba�� ± ­ �I­ ± Ä A

­UÃLÄ ¯ ± ²G{ÊÈ'­ ± ²Nª ± Ä§²G­ B
#vÃL¯�­$Ä\Ã$­LÆ�zF­��M­ ± Ä�ÃL¯

P(A|B) = P(A)
!

� ± ­ a�ª0«L¯ÅªN¬4z)­fª0zF{+ª-Ä¾Ç0¯ «3­ X
#´²N­7z)Ç0¯

µ
#§­UÃLÄ§¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­f²N­ B

#�ÃU¯§­4Ä Ã$­LÆ�z)­ �I­ ± Ä§ÃU¯ µB = µ
!

�f­LÆ � a�ª-«U¯ÐªN¬LzF­UÃÏª0zF{+ª-Ä¾Ç0¯ «3­UÃ�²0¯ Ã$x4« �4ÄÊ­UÃ
X

­4Ä
Y

Ã$Ç ± Ä�¯ ± ²N{DÈ'­ ± ²pª ± ÄÊ­UÃQ#%ÃL¯�­$Ä%Ã$­LÆ�zF­��M­ ± Ä�ÃL¯ #§È.Ç0Æ�«Ä¾Ç0Æ.ÄÊ­ia�ª0z)­4ÆG«
y
Èa«L¯ ÃB­§È.ª0«

Y
ªEa�­3x"Èa«+ÇN¬+ªG¬L¯�zÉ¯ÅÄÊ{�Ã4ÄÅ«U¯Ðx$ÄÊ­��M­ ± Ä|È.Ç�ÃL¯ ÄÅ¯ a�­ #´­4Ä Ä¾Ç0Æ�ÄÊ­ia�ª0zF­LÆ�« x

Èa«L¯�Ã$­ È.ª-«
X
#

P(X = x|Y = y) = P(X = x).

� .���. � � � =�6e;�� � � � = @ 9L=�6�� ; 6
;<;8=�4�? @@?�6 986e9�� 7
� &

X
#$� (</ � #%o0� *+& ��> 6 #7� 6F2 � ( 1 &)* #�� #%9 * #4�?��� (�EG/ #�:'#$�"o-� 6 # /'* �d#4� (+&F©4* #$�B, 6 �ZÃ${L«L¯Ð­ FN{ ± {L«+ª-ÄÅ«U¯Ðx5­q²N­Èa«+ÇN¬+ªN¬4¯�zÉ¯ ÄÊ{LÃ��8:'#

X
#$� (<6 �I� 24*+& #�#4� (+&F©4* #8:'#%o0� *+& ��> 6 #

t
,

SX(t) =
∑

k∈N

P(X = k)tk

�qr¶��9 *3© � 6 �q: 2L� � &)(+& 10��:'#
SX

,'10�Ï� & HnH 2 : & � ( #4HI#4� (

SX(t) = E(tX)

l��8� 24*+& #
SX

24( ��� (<~ !$1�#LKM! & #4� ( �"9^1-� &)(+& ÎÅ��,p�310� * � C 10�}:'#=!$10�Nop# * Pp#4� !$#%#$� (´2 PN� 6|~76 ��9 6)/ �§P * ��� :'#
o-� 6 # /'* «+{5­Lz�zF­�È.Ç�ÃL¯ ÄÅ¯ a�­M9^1 /'*�6 � EN/ # 6)6 # 6 �w� 24*+& #I!$10�Gop# * Pp#-Q I * , 6 �;� 24*+& #I!$10�Nop# * Pp# (+*+& o & � 6 #4HI#4� ( 9^1 /'*
t = 1

RÐ�Bop#$!8�510HnHI# P S �?9?� * !$10� � 2$EG/ #4� ( !$# * � C 10��:'#7!$10�Gop# * Pp#4� !$#f#$� ( � / HI1 & � � 2 PN� 6�~ P-,?# (
SX#$� (<& � : 2L� � & HI#4� ( : 24*+& o-��> 6 #�� /'*

[0, 1[
Q

�%# /.� o-� *+& ��> 6 #$�7� 6F2 � ( 1 &)* #$� EG/'& 10� (�6 �ZHI�4HI#n� 24*+& #qP 2 � 24* � (+*+& !$#I:'#f9 * 10>?��> &)6)&)(32 �B,�10� (�6 �ZHI�4HI#
6 1 & L !$# (+( #�9 * 109 *+&F24(32 #$� ( 9?� * ÎÐ1 & � (+*3© � /'(+&)6 #�9^1 /'* : 2 HI10� (+* # * � & � 2 HI#4� ( :'#$� 2 PN� 6)&)(32 �J#4� 6 1 & Q

��� #I� /'(+* #q9 * 109 *+&F24(32 # �.(+* �4HI#4HI#4� (7/'(+&)6 #n:'# 6 �w� 24*+& #8P 2 � 24* � (+*+& !$#Z:'#q9 * 10>?��> &)6)&)(32 �B,m#$� (�EG/ rt# 6)6 #
9^# * HI# ( �31 / op#4� ( :'#"!B� 6 ! /'6 # * �5��� �\# µ 1 *+( � 6 #$��: &Aµ^24* #4� ( � HI10HI#4� ( � :'# 6 �=o0� *+& ��> 6 #d� 6F2 � ( 1 &)* #d�0�3�51G! &F2 #%�

E(X) = S′
X(1)

E(X(X − 1)) = S ′′
X(1)

E(X · · · (X − k + 1)) = S
(k)
X (1)

Var(X) = S ′′
X(1) + S′

X(1)−
(

S′
X(1))

)2

Y�� n�� # � por�n -�- � m��
���
4��	�*|Qw94���
��
���
��� |��.w��
���������.xEy������
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& #'(��'(	*)+	���$��
R ( 1 /'( #$� 6 #$�7: 24*+& o 2 #$��9^# / op#4� ( � (+* # & � � � & #$��,�� / EN/ # 6 !B�0� 6 #$��HI10HI#4� ( �f!$1 *+* #$�+9^10� : ��� ( �8:'#

X
�310� (

2 PN� 6 #4HI#4� (J& � � � & � L : ��� � ( 1 / � 6 #$�"!B�0�B,.!$#$�<: 24*+& o 2 #$�<9|# / op#4� ( � (+* #=o / #$�<!$10HnHI#�:'#$� 6)& H &)( #$� 6 1 * � EG/ #
t
( #4� :;op# * �

1
9?� * o-� 6 # /'* � *32 # 6)6 #$� & �.Î 24*+& # /'* #$�B, !$# EG/'& �0�3� /'* # 6 # /'* # ��& � ( #4� !$# S� &

X
# (

Y
�510� ( :'# /.� o0� *+& ��> 6 #$�=� 6F2 � ( 1 &)* #$� ~ o-� 6 # /'* �J#4� (+&F©4* #$�B,s¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­LÃL,a� 6 1 * �J10�Ï�

SX+Y (t) = SX(t)SY (t).
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Ω1 S # ( X2

RÅ: ��� �
Ω2 S L9?� * # � #4Hn9 6 #-,
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�� �NM�� �|Ç-¯Ð­ ± Ä (Ω1, P1)

­4Ä
(Ω2, P2)

²G­LÆ��®­LÃ¾È.ªpxU­UÃ%Èa«+ÇN¬+ªN¬L¯ zÉ¯ ÃB{UÃ ! �v­LÆ�«�#$�+9?�0!$#q9 * 1�: /'&)(
­UÃ4Ä z%$ ­LÃ¾È.ªpxU­

(Ω, P)
#§Ç��

Ω = Ω1 × Ω2

P(ω1, ω2) = P1(ω1)P2(ω2)
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1(ω1, ω2) = X1(ω1)

X ′
2(ω1, ω2) = X2(ω2)
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#$�+9?�0!$#�9 * 10>?��> &)6)& � 2 !$10� ( #4�?��� (w/ � #;o-� *+& ��> 6 #Ï� 6F2 � ( 1 &)* #
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 � � � � � � ��
	� �|Ç0¯ÅÄ (Ω,F , P)

Æ ± ­UÃÊÈ.ªpx5­vÈa«�ÇG¬+ªN¬L¯ z ¯�Ã${ ! � ±
± Ç-ÄÊ­ ΩN

# z($ ­UÃ¾È'ªpx5­JÈa«+ÇN¬+ªG¬L¯�zÉ¯�Ã${
Ω′,F ′, P′)

#§Ç��
� Ω′ ­UÃLÄ§z%$ ­ ± Ã$­��M¬LzF­f²N­UÃ�ÃUÆ�¯ÅÄÊ­UÃ7²N­7zAª��$Ç0« �M­

(ωn)n≥0
#§ªEa�­3x

ωn ∈ Ω
È.Ç0Æ�«7Ä¾Ç0Æ.Ä

n �
� F ′

­UÃ4Ä<z)ª;ÄÅ«L¯Ð¬LÆ�­ ± FN­ ± ²0«3{3­�È.ª-«fzF­UÃM­ ± ÃB­��M¬Lz)­LÃI²G­nz)ª �$Ç0«��I­ En,A = {ω ∈ Ω′ : ωn ∈ A} #JÇ��
A ∈ F ­$Ä

n ≥ 0 �
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A1, . . . , Ak
#

P
′
(
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=
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∏
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P(Ai)
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E(B) = p

Var(B) = p(1− p)
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E(G) =
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p

Var(G) =
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SG(t) =
pt

1− (1− p)t
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P�ÇEa®�|� &

X
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[ 	�f �8n -�- � m m'�����"��mon(f"�*
8n�
ep��bf `

n

k

´ ��� r p kbf��Jm'�@$6���6:($ p�� f�
0�lp f"�* �p nqm n!
k!(n−k)!

}
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& #'(��'(	*)+	 ��$ � P
� .21/. � 5C4j6 6
; � 4j687E7�4 �

��� #�a�ª0«L¯ÅªG¬Lz)­q²G­ �dÇ0¯ ÃUÃ4Ç ± :'#%9?� * ��H ©4(+* #
λ
R
λ > 0 S ,.o0� /'( k

R
k ∈ N S �$op#$!�9 * 10>?��> &)6)&)(32

pk = e−λ λk

k!
� &

X
#$� (</ � #�o-� *+& ��> 6 #�:'#&N�1 & �3�310��:'#%9?� * ��H ©4(+* #

λ
, 10���

E(X) = λ

Var(X) = λ

l��I� 24*+& #%P 2 � 24* � (+*+& !$#7:'#�9 * 10>?��> &)6)&)(32 �=:'# 6 � 6 1 & :'#&N�1 & �3�310�Ï#$� (

SP (t) = eλ(t−1)

l�� 6 1 & :'# N�1 & �3�310�¨#$� (n& Hn9^1 *+( ��� ( #�!B� * # 6)6 #���9'9?� * �:F ( �31 / op#4� ( !$10HnHI# Ë 6)& H &)( #LÍ;:'# 6 1 & �BQ
N\� *
# � #4Hn9 6 #-,|� &

µn
#$� (�6 � 6 1 & > & � _ H & � 6 #n:'#79?� * ��H ©4(+* #$�

n
# (

λn
RÅ1��

λ
#$� (%/ � *32 # 6 9^1-� &)(+& Î L µn

�mrt#$� (
> & #4��#4� ( #4� : / : 2L� � & # EN/ #M� &

λn ≤ 1 S ,�� 6 1 * � µn
Ë ( #4� :®op# * �+Í 6 � 6 1 & :'# N�1 & �3�310� :'#n9?� * ��H ©4(+* #

λ
,

6 1 * � EG/ #
n
( #4� :�op# * �

+∞ RÐ� / �5#4� � 6 #%9 6)/ �d� & Hn9 6 #�9^1-�3� & > 6 #n� 9|1 /'*<( 1 /'(
k
,
µn(k)→ e−λλk/k! S Q

� .21/. 2 5C4j687 A � 6 	 4 = �?;=7
N\� *�6 rt# � 9 * #$�5� & 10� Ë 6 1 &./ � & ÎÅ1 * HI#LÍ5,p10�n: 2 � & P-� #<#4�fÎ¾� &)( :'# /.�8(ÊC 9^#$��:'# 6 1 & ��,-� /'& o0��� (�EN/ # 6 rt#4� �3#4H8> 6 #

�31 / � @ u3�0!$#4� ( #$� (8/ � #4� �3#4H8> 6 # � � & 1 / / � & � ( # * o-� 6)6 #KRÅ1 /�/ ��9 * 1G: /'&)( :sr & � ( # * o-� 6)6 #$�B,\#4�¹: & HI#4� � & 10�
� / 9 24*+& # /'* # ~ P S QN�1 /'*§/ �}#4� �3#4H7> 6 # � � & :'#J!B� * : & �?� 6

n
, 6 � 6 1 & / � & ÎÅ1 * HI#=#$� ( !$# 6)6 # EN/'& � (+(+*+& > / # ~ !3O?� EG/ # 246F2 HI#4� (

:'# 6 rt#4� �3#4H8> 6 # 6 �qHI�4HI#�9 * 10>?��> &)6)&)(32 , EN/'& #$� ( :'10� ! 2 PN� 6 # ~
1/n

QN�1 /'*§/ � & � ( # * o-� 6)6 #
[a, b]

, 6 � 6 1 & / � & ÎÐ1 * HI#J#$� ( !$# 6)6 # EN/'& � (+(+*+& > / # ~ !5O?� EN/ #=�31 / � @¾& � ( # * o0� 6)6 #
[c, d]

,
/ � #§9 * 10>?��> &)6)&)(32 9 * 109|1 *+(+& 10�'� # 6)6 # ~ �5� 6 10�'P / # /'* L !$# (+( #´9 * 10>?��> &)6)&)(32 #$� ( :'10� ! 2 PN� 6 # ~ d−c

b−a

QlM 6 �mrt# �.& � ( #
9?�0�d:'# 6 1 &s/ � & ÎÐ1 * HI#7� /'*</ � & � ( # * o-� 6)6 #�� 10�;>^1 * � 2 Q
� .21/.�� 5C4j6�; �0; 4 �
; ��9 6e; 9A9e;

��� #�a�ª0«U¯ÐªN¬LzF­�ª0zF{+ª-Ä¾Ç-¯�«3­�­��LÈ.Ç ± ­ ± ÄÅ¯Ð­Lz zF­�:'#I9?� * ��H ©4(+* #
λ
R
λ > 0 S ��9|1 /'* :'#4� � &)(32 RÅ: 2L� � & #}� /'*

R
+ S

ρ(x) =
1

λ
e−x/λ.

� &
X

#$� (</ � # ( # 6)6 #�o-� *+& ��> 6 #7� 6F2 � ( 1 &)* #-,?10���

E(X) = λ

Var(X) = λ2

¦ 10HnHI# 6 #$� 6 1 & � P 2 10H 24(+*+&FEN/ #$�B, 6 #$� 6 1 & ��# � 9^10� #4� (+& # 6)6 #$� o 24*+&A� #4� ( 6 �dÈa«+ÇUÈa«L¯¾{4ÄÊ{%²N­ '�ª0« P�ÇEaZ� EG/ # 6 �
EG/ #��31 & #4� (d6 #$� *32 # 6 �<9^1-� &)(+& ÎÅ�

s
,
t
# (

u
RÐ�$op#$!

t < u S ,?10���

P(X ∈ [t + s, u + s]|X ≥ s) = P(X ∈ [t, u])

� ( ,�!$10HnHI#M: ��� � 6 #M!B�0��P 2 10H 24(+*+&FEN/ #-,v!$# (+( #I9 * 109 *+&F24(32 :'# ��� * �p1�oÌ!B� * �0! (324*+& �3# 6 #$� 6 1 & �8# � 9^1 @
� #4� (+& # 6)6 #$��9?� * H &m6 #$� 6 1 & �J:'#�9 * 10>?��> &)6)&)(32 ��� /'*

R
+ Q
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l��8� & H &)6 � *+&)(32 #4� (+* # 6 1 & �´P 2 10H 24(+*+&FEN/ #$�"# (´6 1 & �§# � 9^10� #4� (+& # 6)6 #$�"� #=�Br¶� *+* � ( #J9?�0� 6 ~ Q�� &

Gn
#$� (§/ � #

o-� *+& ��> 6 #;� 6F2 � ( 1 &)* #�P 2 10H 24(+*+&FEN/ #�:'# 6 1 &
1/n

,"z)ªyzAÇ-¯�²G­
Gn/n

x3Ç ± a�­L« FN­ a�­L«UÃ}z)ªÌz)Ç0¯�­��UÈ.Ç ± ­ ± ÄÅ¯¾­Lz z)­²N­<È.ª0«+ªD� �4ÄÅ«3­
1
9|1 /'*J/ � #�: 2L� � &)(+& 10����9'9 * 109 *+&F2 #8:'# 6 �q!$10�Nop# * Pp#4� !$#f:'#$� 6 1 & �d:'#�9 * 10>?��> &)6)&)(32 � EG/ r &)6

�mrt#$� ( 9?�0� EG/ #$� (+& 10�}:srt# � 9 6)& ! &)( # *"& ! & L : & �310� �§� & Hn9 6 #4HI#4� (<EN/ #-,G� & Gε
#$� ( / � #�o-� *+& ��> 6 #=� 6F2 � ( 1 &)* #�P 2 1 @

H 24(+*+&FEG/ #d:'#<9?� * ��H ©4(+* #
ε
È'­4ÄÅ¯ÅÄÐ,N� 6 1 * �

εGε
Ë * #$�3�3#4H7> 6 #LÍ ~=/ � #do0� *+& ��> 6 #d# � 9^10� #4� (+& # 6)6 #=:'#"9?� * ��H ©4(+* #

1
Q
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� .43/. � � � � �+@�9.6 9 � 6 ;<3 @ =���4 �

l r & � 2 PN� 6)&)(32 :'# ��� * �p1�o�9|# * HI# ( :'# �Iª B$Ç0«+­4« 6 �n9 * 10>?��> &)6)&)(32qEN/ r / � #7o0� *+& ��> 6 #f� 6F2 � ( 1 &)* #�È'Ç�ÃU¯ÅÄÅ¯4a0­
Ç0Æ ± ÆGz z)­7�31 &)( Ë (+*3© �=� /.@ :'#$�3� / ��Í�:'#��310��#$�+9 24* ��� !$#n�
� �������	� ��
 ���	
 � � M � �|Ç0¯ÅÄ

X
Æ ± ­!a�ª0«L¯ÅªG¬Lz)­}ª0zF{+ª-Ä¾Ç-¯�«3­cB a�ª-z)­LÆ�«UÃZ²pª ± Ã

R
+ #�­4Ä<Ã$Ç0¯ÅÄ µ = E(X)

Ã4Ç ±­UÃÊÈ'{L«+ª ± x5­"! ��z)Ç0«5Ã7Ç ± ª�#^È.Ç-ÆG«7Ä¾Ç-Æ�Ä§«+{5­LzmÃ4ÄÅ«U¯Ðx$ÄÊ­��M­ ± ÄmÈ.Ç�ÃL¯ ÄÅ¯ � λ
#

P(X ≥ λ) ≤ µ

λ
.

R � Q¶Ò S
� ��
���� 
�� ��1 &)(

Y
6 �f� 1 / op# 6)6 #�o-� *+& ��> 6 #7� 6F2 � ( 1 &)* #8: 2L� � & #�9?� * �.9^1 /'*<( 1 /'(

ω ∈ Ω
,

Y (ω) =

{

0
� &

X(ω) < λ
λ

� &
X(ω) ≥ λ

M 6 #$� ( ! 6 � &)*dEN/ # 6 rt10��� ( 1 / u+1 /'* �
Y ≤ X

,'!$# EG/'& #4� (+* �:FF� #
E(Y ) ≤ E(X)

Q I * ,
E(Y ) = λP(Y >

0) = λP(X ≥ λ)
Q=I��Ï�q:'10� !

P(X ≥ λ) ≤ E(Y )

λ

≤ E(X)

λ
.

2

� #4HM� *3EN/ 10� � EG/ r / � #q� /'(+* #7Î¾�DH$10��:sr 2 ! *+&)* # 6 r & � 2 PN� 6)&)(32 :'# ��� * �p1�o�#$� (=6 �M� /'& o-��� ( #}�a9|1 /'*=( 1 /'(
*32 # 6 � (+*+& ! ( #4HI#4� ( 9^1-� &)(+& Î

λ
,

P(X ≥ λµ) ≤ 1

λ
.

� .43/.�1 � � � �+@�9.6 9 � 6 ;������
	��
���
l r & � 2 PN� 6)&)(32 :'# ��� * �p1�o;#$� (J/'(+&)6 #-,aHM� & �=# 6)6 #7� #79|# * HI# ( 9?�0��:'#7HM��u�1 * # *=6 �n9 * 10>?��> &)6)&)(32qEG/ r / � #

o-� *+& ��> 6 #Z� 6F2 � ( 1 &)* #M�51 &)( ­ ± °�²N­UÃ5Ã$Ç0ÆGÃ}:'#I�310��#$�+9 24* ��� !$#-Qv�%#n9 6)/ �B, &)6 � *+*+& op#nÎ *32$EN/ #4HnHI#4� (8EG/ # 6 rt10�
�31 &)( !$10�.Î * 10� (32�~ :'#$�"o0� *+& ��> 6 #$�d� 6F2 � ( 1 &)* #$�J:'10� ( 10��#$� ( !B��9?��> 6 #�:'#%!B� 6 ! /'6 # * #$�+9 24* ��� !$#�# ( o-� *+& ��� !$#-,
9^1 /'*I6 #$� EG/ # 6)6 #$� 6 r & � 2 PN� 6)&)(32 :'# �v!3O #4> C !3O # µ�� RÅ1 /
������������� D��-,�1 / ¦ O #4> C �+O #4o^, : ��� �Z�5��P * ��9'O & #
& � ( # * �?� (+& 10�?� 6 # S #$� ( �51 / op#4� ( 9 6)/ �J9|# * ÎÐ1 * HM��� ( #89^1 /'* HM��u�1 * # *J6 �q9 * 10>?��> &)6)&)(32 :srt� (+* # Ë 6 1 & �.Í�:'# 6 rt#$� @
9 24* ��� !$#-Q

� ��� rHn���
��
���er # �8n f � n p r , �ln f:r��:f(� mon f - n�
+�ep'��
8n�� � , �bf�
 
��*f��lnqf"$
�58Jm�� n -"- �*m'�&�"!���� 
��by w | � ���
#+w �
� �%$'& �)(+* ��, �.-)$ ��, �0/T21,h5�(m��
$6
��
���.���:p� (��r+�*� - �6�bflf��6�8n@��� n �B� p��D���
$
�6 ( (� f�
=n -"- �ep r�$
�* ( (� f�
 p f"$ m������0���;$)3)�ep m mop'���"�5�:n flrD�lf;����$
�� (� f�
�54)6 d 798 ε ,': �F��� - �bf"�:r+ren f:r2%"� r p?
��6�
s�� 4%;qx �<- y �.}
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� �������	� ��
 ���	
 � � M � �|Ç0¯ÅÄ
X

Æ ± ­ a�ª0«L¯ÐªN¬LzF­nª0zF{+ª-Ä¾Ç0¯ «+­�#<² $ ­UÃÊÈ'{L«+ª ± x5­ µ
­4Ä<²N­ a�ª0«U¯Ðª ± xU­ σ2 ! ��z)Ç0«UÃ8Ç ±ª�#^È.Ç-ÆG«7Ä¾Ç-Æ�Ä§«+{5­LzmÃ4ÄÅ«U¯Ðx$ÄÊ­��M­ ± ÄmÈ.Ç�ÃL¯ ÄÅ¯ � λ

#

P (|X − µ| ≥ λσ) ≤ 1

λ2
.

R � Q � S
� ��
���� 
�� ¦ 10� � & : 24* 10� � 6 �<o-� *+& ��> 6 #§� 6F2 � ( 1 &)* #

Y = (X−µ)2
Q N\� * : 2L� � &)(+& 10�m,�!$# (+( #§o0� *+& ��> 6 #´� 6F2 � ( 1 &)* #

�f9^1 /'* #$�+9 24* ��� !$#
σ2 ,'# (d6 r & � 2 PN� 6)&)(32 :'# �y� * �p1Bo^,?��9'9 6)&FEG/ 2 # ~

Y
,':'10�'� #7# � �0! ( #4HI#4� ( � Q �.Q

2

l r & � 2 PN� 6)&)(32 :'# �v!3O #4> C !5O # µ 9^# /'(72 PN� 6 #4HI#4� ( �3# *32$2 ! *+&)* #Z�31 / � 6 �}ÎÐ1 * HI#M� /'& o-��� ( #Ï�m9^1 /'*�( 1 /'(
λ > 0

,
P (|X − µ| ≥ λ) ≤ σ2

λ2
.I��}#4�Z: 2 : /'&)( & HnH 2 : & � ( #4HI#4� ( :'#$� HM��u+1 * � (+& 10� �§� & H &)6 � &)* #$�§� /'*§6 �%9 * 10>?��> &)6)&)(32%EN/ #

X
�31 &)( Ë 6 1 & �

� /.@ :'#$�3� / �+Í%1 / Ë 6 1 & �;#4�Ï:'#$�3�31 / ��Í�:'#��310�;#$�+9 24* ��� !$#I�.9^1 /'*d( 1 /'(
λ > 0

,

P(X ≥ µ + λ) ≤
(σ

λ

)2 R � Q � S
P(X ≤ µ− λ) ≤

(σ

λ

)2 R � Q � S
� .43/. 3 � � � �+@�9.6 9 � 6 ; � �
; =��84��

l r & � 2 PN� 6)&)(32 :'# ¦ O # * � 1 µ #$� (f/ � # & � 2 PN� 6)&)(32}EG/'& � #Z�Br¶��9'9 6)&FEG/ # ( # 6)6 # EG/ # 6)6 # EG/ r ~�/ � #Mo-� *+& ��> 6 #
� 6F2 � ( 1 &)* # EG/'& �3#89 *32 �3#4� ( #f�51 / � 6 �MÎÐ1 * HI#8:sr / � #q�310HnHI#q:'#8o0� *+& ��> 6 #$��:'# �"# * � 1 /'6)6)& ¯ ± ²N{ÊÈ'­ ± ²pª ± ÄÊ­UÃR 9?�0�MÎÅ1 * ! 2 HI#4� ( :'#�HI�4HI#;9?� * ��H ©4(+* # S L &)6 #$� ( 9|1-�3� & > 6 #�:srt#4� :'10�'� # * :'#$�IP 2 � 24* � 6)& �U� (+& 10� � ~ :'#$�
�310HnHI#$��:'#�o0� *+& ��> 6 #$� & � : 2 9|#4� : ��� ( #$��:'# 6 1 & �J: &Aµs24* #4� ( #$�B,?HM� & � 6 r & � : 2 9^#4� : ��� !$#8#$� (</ � #7!$10� : &)(+& 10�
& Hn9^1 *+( ��� ( #-Q
� �������	� ��
 ���	
 � � M:� �|Ç0¯ÅÄ

X1, . . . , Xn
Æ ± ­JÃLÆG¯ÅÄÊ­%²N­ n

a�ª0«L¯ÅªN¬4z)­UÃ�ª0zF{+ª-Ä¾Ç0¯ «+­LÃ%²N­ �=­L« ± Ç0Æ�z�zÉ¯ & � : 2 9^#4� @: ��� ( #$� #
Xi

ªDIpª ± ÄvÈa«+ÇN¬+ªG¬L¯�zÉ¯ÅÄÊ{ pi
²N­8ÃLÆ.x3x$�UÃMªEa�­+x

0 < pi < 1
#d­4Ä´Ã4Ç0¯ÅÄ

X =
∑n

i=1 Xi
zF­LÆG«8Ã4ÇL� �M­"!

�|Ç0¯ÅÄ´{ Fpª0zF­��M­ ± Ä µ =
∑n

i=1 pi
z%$ ­LÃ¾È'{L«+ª ± xU­n²N­ X

!
��z)Ç0«UÃ�Ç ± ª�#^È'Ç0ÆG«fÄ¾Ç0Æ.Ä «3{3­Lz

δ > 0
#

P (X > (1 + δ)µ) ≤
(

eδ

(1 + δ)1+δ

)µ R � Q�� S
RvN�1 /'* 9 * #4� : * #�!$10� �5! & #4� !$#�:'# 6 r & Hn9|1 *+( ��� !$#8:'#�!$# (+( # & � 2 PN� 6)&)(32 , &)6 !$10�Go & #4� ( :'#%� 1 ( # *JEG/ #

eδ <
(1 + δ)1+δ 9^1 /'*%( 1 /'(

δ > 0
,^# (=EG/ #8!$# (+( # EG/ ��� (+&)(32q( #4� :�op# * �

0
6 1 * � EN/ #

δ
( #4� :�op# * �

+∞ L 9|1 /'*
δ = 1

, 6 # * ��9'9|1 *+( #$� ( ��9'9 * 1 �.& HM� (+& op#4HI#4� ( :'#
0.68

Q � & � � & ,0� &
µ
:'#4o & #4� ( P * ��� :s, 6 �=>|1 * � #<� / 9 24*+& # /'* #

: 2 ! * 1 &)( # � 9|10� #4� (+& # 6)6 #4HI#4� ( o &)( #��$op#$!
µ
Q Sl��I9 * # / op#8:'# 6 r & � 2 PN� 6)&)(32 :'# ¦ O # * � 1 µ , > & #4� EN/ r¶�0�3�5#��7! 6 �0�3� &FEG/ #-,?#$� (�/ ��9^# / !B� 6 ! /'6 � ( 1 &)* # L # 6)6 ##$� ( :'10�'� 2 # & ! & 9?� * �31 / ! & :'#�!$10Hn9 6F24(+/ :'#-Q

� ��
���� 
�����1 &)(
t
/ � *32 # 6 9|1-� &)(+& Î EG/ # 6 !$10� EN/ # R � 1 / �J9 *32 ! & �3# * 10� �J!$#7!3O 1 &A��/'6)(324*+& # /'* #4HI#4� ( S QHN\� *! * 1 & �3�5��� !$#7:'# 6 �fÎÅ10� ! (+& 10�Ï# � 9^10� #4� (+& # 6)6 #-, &)6 o & #4� (

P (X > (1 + δ)µ) = P

(

etX > et(1+δ)µ
)

.

� 9'9 6)&FEN/ 10� � 6 r & � 2 PN� 6)&)(32 :'# ��� * �p1�oM� / HI#4H7> * #=: * 1 &)( RÅ� /'* 6 ��o0� *+& ��> 6 #�� 6F2 � ( 1 &)* #
etX S L &)6 o & #4� ( �

P (X > (1 + δ)µ) ≤ E
(

etX
)

et(1+δ)µ
.
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N�1 /'*�2 o0� 6)/ # * D,D

E
(

etX
) , � 1 / � * #4HM� *3EN/ 10� � EG/ #-, 6 #$��o0� *+& ��> 6 #$�

Xi
24( ��� (=& � : 2 9^#4� : ��� ( #$��, &)6 #4�

#$� ( :'#�HI�4HI#7:'#$�<o0� *+& ��> 6 #$�
etXi

Q

E
(

etX
)

= E

(

n
∏

i=1

etXi

)

=
n
∏

i=1

E
(

etXi
)

l��I� 24*+& #%P 2 � 24* � (+*+& !$#7:'#�HI10HI#4� ( ��:sr / � #�o0� *+& ��> 6 #�:'# �"# * � 1 /'6)6)& #$� ( # ��(+* �4HI#4HI#4� ( � & Hn9 6 #M�

E
(

etXi
)

= pie
t + (1− pi) = 1 + pi

(

et − 1
)

.

� (+&)6)& �310� ��HM� & � ( #4�?��� (�6 r & � 2 PN� 6)&)(32
1 + u < eu ,"o-� 6 ��> 6 #Ì9^1 /'*�( 1 /'(;*32 # 6

u > 0
,J�Bop#$!

u =
pi

(

et − 1
) L &)6 o & #4� ( � 6 1 * ���
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