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1.1 Introduction

This document present a synthetic point of view of my research for the last ten years.
However, it is often difficult, when you work on various subjects to write a synthesis
both complete and coherent. This dissertation, as every habilitation manuscript,
tells a story. And this story, as usual, can be told from different standpoints.

1.1.1 From an Application Perspective

The increasingly number of databases describing structured biological data (RNA
secondary structures, gene sequences, plant architecture, etc.) generates a need for
new investigational tools.

Recent development in computer science and applied mathematics has allowed me
to define new methods integrating simultaneously structure and dynamic of develop-
ment. I have thus aimed at analyzing structures and their developments at different
scales in order to answer two different goals:

• identifying regularities and gradients within biological structures in order to
deduce interpretations in terms of function,

• integrating the structure within a biological analysis.
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In this context, the development of methods to investigate plant architecture and
genomic structures takes an important place. For instance, in plant modeling, the
structural comparison of plants allows to give a different point of view on the eval-
uation of models to simulate plant growth.

1.1.1.1 Plant Modeling

For more than 10 years now, in collaboration with biologists from INRA and bioin-
formaticians from Cirad and INRIA, I aim at analysing the development of plant
structure at a macroscopic scale in order to answer to real biological problems. Our
approach was based on the three following methods and models:

• Algorithms of tree alignment, allowing to define measures between plants,

• Hidden tree Markov models, allowing to identify ruptures and homogeneous
zones within measured plants,

• branching process with dependency, describing the generative aspect in plant
growth.

I have mainly focused my research in the first item. Our methodology is comparable
to the one developed in the context of genomic data analysis. Indeed, in fruit tree
species, for example, understanding genetic determinism of architectural traits is
considered as a promising manner to control vegetative development and yield reg-
ularity via the integration of these traits in selection schemes. Within this context,
we aimed at (i) analysing genetic parameters of architectural traits on segregating
progenies and (ii) classifying plants on the basis of their architectural traits.

In parallel, I concentrate my research on the identification of repetitions in plants.
Actually, in term of applications, we have intended to formalize the connection be-
tween macroscopic observations and microscopic, mostly invisible, processes. Apical
meristems are small embryonic regions, located at the tip of plant axes, that build
up plant organs by cellular division. The production of the meristems depends on
their internal physical, physiological and genetic state and is controlled by contex-
tual factors (like micro-environment, availability of nutrients, etc.). In principle,
the number of variables that may be used to define the state of a meristem, taking
account the nature and the concentrations of molecules in each cell, their position,
the physical stresses at each point, the geometry of cells, their genetic contents, etc.,
is infinitely large. Due to this intrinsic complexity, and to the current lack of hind-
sight on processes at such small scales, the connection between a meristem state,
its micro-environment and what it produces at varying time scales seems until now
largely out of reach.

However, the remarkable organization of plants at macroscopic scales makes the
situation not so hopeless. The fact that plants are made up of the repetition of
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many similar components, at different scales, provides macroscopic evidence for
regularities and similarities in processes that drive meristem activity at microscopic
scales.

1.1.1.2 RNA Secondary Structures

In the second part of my research (mainly from 2002), I focused in the development
of tools to compare RNA Secondary Structures.

The biological function of a RNA molecule is very closely related to its spatial
structure (tertiary structure), and two rather different RNA sequences may lead
to very similar structures. This is why the classical sequence comparison tools
(developed since the early 70’s) are not relevant for RNA molecules. From the
algorithmic point of view, the pairwise structure comparison problem has been a
very active research area during the last 20 years. Basically, the problem is as
follows : the RNA structure is modelled as a graph whose nodes are the nucleotides
and whose edges are the chemical bonds between them. A set of basic operations on
these graphs is given, with a score for each operation. Then there are two major ways
to compare two structures S1 and S2 : edition and alignment. The edition problem
consists in finding a best-scoring sequence of operations which changes S1 into S2.
The alignment problem consists in finding a “superstructure” S3 which contains S1

and S2 as substructures, in such a way to maximise the sum of the edition scores
between S1 an S3 and between S2 and S3. The algorithmic complexity of these
problems mainly depends on:

• the model of RNA structure that is taken into account. Briefly, the graph
which represents the whole structure is called the tertiary structure of the
molecule. A secondary structure is a partial representation of the tertiary
structure where only edges corresponding to the strongest chemical bounds
(Watson-Crick pairs, and possibly wobble pairs) are present. If a secondary
structure does not contain crossing edges, so-called pseudo-knots, then it can
be represented by a rooted ordered tree.

• the set of operations that are allowed. Several authors have defined a set of
biologically relevant edit operations on bases and base-pairs in RNA structures:
the classical substitution, insertion, and suppression operations, plus some
very important operations for RNA, such as pairing or unpairing nucleotides.

In its full generality, the RNA structure comparison problem is difficult: comparing
tertiary structures with the above complete set of operations has been proved to
be NP-complete for the edition problem, and very recently for the alignment prob-
lem. Meanwhile, during the last 20 years much effort has been done on designing
polynomial comparison methods for secondary structures without pseudo-knots, ei-
ther by heuristics approaches, or by restricting the set of allowed operations, or
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by fixing constraints on their scores. Some heuristics have also been developed for
pseudo-knotted structures. Based on some of these works, I have developed with
my students a few software to compare RNA structures at different scales of decom-
position. We aimed to provide new efficient, biologically relevant and user-friendly
software of RNA secondary structure comparison to the scientific community.

1.1.1.3 Music Analysis

Although music analysis is apparently not directly related to bioinformatics, I have
spent the last few years developing new methods to analyse symbolic music. Sym-
bolic music comparison has been actually introduced in the early 1990 based on
concepts from the theory of sequence comparison and thus from ideas developed in
bioinformatics.

Nowadays, the number of audio documents available on the Internet highly increas-
ing, new methods for browsing, retrieving or classifying have to be offered to users.
The growing Music Information Retrieval (MIR) research community identifies and
explicates the problems induced by these new methods. One of the key problems
of this research area is the estimation of the musical similarity between audio data.
In collaboration, with Pierre Hanna (from the LaBRI), we have thus proposed a
new project (started in 2006) to extend methods developed in biological context
to evaluate, and more generally, to analyze music. Measuring similarity between
sequences is a well-known problem and its solutions are highly related to the one
proposed in computational biology.

However, musical sequences are characterized by specific properties. Thus, devel-
oping efficient and accurate algorithms implies to take into account areas such as
sound perception and music theory. This emerging research area thus requires in-
terdisciplinary collaborations between experts in the field of audio signal processing,
algorithmic, pattern recognition, computer music, music theory, etc.

1.1.2 Data Structure Organization

Applications have guided my research from the beginning. However another way
to present my work is to characterize the data structures investigated and the tools
developed for their studies. Looking back on my work, these data structures can be
organized in function of their structural complexity.

1.1.2.1 Sequences

Bio-molecular sequence comparison is the origin of bio-informatics. Today, powerful
sequence comparison methods, together with comprehensive biological databases,
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have changed the practice of molecular biology and genomics. In the mean-time
sequence analysis seems to be a promising tool in music applications.

Alignment and sequence edition constitute two of the main processes commonly
used to compare sequences. They allow to visualize the resemblance between strings.
Computations are usually realized using the dynamic programming principle. I have
dealt, during the last few years, in collaboration with Costas Iliopoulos from King’s
College in London, with extension of comparison methods. These extensions were
mainly focused to application to music analysis. However my research has been
clearly oriented by the analysis of tree-structured data.

1.1.2.2 Tree-Structured Data and Multi-scale Tree Graphs

Tree structure data analysis is a standard operation for which there are well-known
utilities. In particular, trees are widely used structures for coding data in biology. A
huge number of projects have been proposed to develop method for analysing these
biological tree structured data.

A first set of approaches that makes it possible to compare quantitatively the struc-
ture of two trees have been developed. These approaches are based on the use of
an edit-distance approach, in which a metric is defined, that reflects the minimum
number of elementary edit operations necessary to transform one tree into the other.
These algorithms solve different tree-to-tree comparison problems, such as defining
a metric between trees, finding whether a tree is included into another one, finding
the consensus tree between two trees (i.e. the minimal tree that contains both),
or the maximum common subtree, etc. Usually, to answer each question, a whole
family of algorithms is developed to account for different characteristics of either
the input trees (ordering of nodes, labeling) or the comparison problem (constraints
on the valid edit operations, etc.). Based on algorithms used to compare strings,
I have studied how to use and adapt such algorithms to compare tree structures
from a structural point of view. This notions have been furthermore generalized to
multi-scale tree graphs, in order to answer more precisely to biological problem.

In the meantime, I was interested in identifying repetitions into tree-structures.
This notion is closely related to the definition of self-similarity in trees. While self-
similarity usually refers to purely geometric properties of objects (parts of an object
are geometrically similar to the entire object up to a scaling factor), structural self-
similarity attempts to capture an equivalent idea for structures and graphs. Different
approaches of structural self-similarities have been tentatively proposed. Authors
defined self-similarity by analyzing either global branching parameter of trees or
topological structural properties of graphs. We have introduced, with Christophe
Godin from the INRIA and Przemyslaw Prusinkiewicz from the University of Cal-
gary, the notion of structural self-similarity in the context of plant modeling. Our
approach to structural self-similarity in plants used edit-distance metrics to find
recursively similarities between the high order branches of a plant and its trunk.



6 Chapter 1. Introduction

1.1.2.3 DAGS

Data compression is widely used in different domain of applications. The data to
be compressed is often stored within a structure of some special form, e.g. list,
tree, graph, etc. Plain data is usually worthless or at least of little value outside its
context. Thus, besides the data itself, we must also store and compress if possible
the structure in which the data is stored. In this part of my research I supposed
that the data structure to be compressed and then manipulated is a tree.

During the comparison of trees, introduced previously, all the studies focus on the
comparison between two different trees and usually pay no attention on the charac-
terization of the internal structure of a tree. In a different spirit, I have addressed
the problem of studying internal repetitions of structures in a tree by eliminating
the structural redundancy appearing in trees (or in graphs). For this, similar parts
in a tree are condensed, resulting in a directed acyclic graph (DAG). Such an ap-
proach was used in different domains. In collaboration with Christophe Godin, we
have depicted an algorithm that reduces these function DAGs to canonical DAGs
from which all the structural redundancy of the initial DAG has been removed.
It is closely related to the algorithm described for testing whether two trees are
isomorphic or not.

1.2 Organization of the Document

These two points of view of my work appear in this document. However, since my
research was always led by the applications, I deliberately chose to organize my
Habilitation following these applications.

The next chapter details my curriculum vitæ : my research activities since 1996 are
given, then my teaching activities and student supervision, my scientific collabora-
tions are reviewed, my administrative tasks are roughly sketched and this chapter
is closed by the list of all my publications so far.

Chapters 3 to 5 intended to be decomposed in the same way. I first introduce the
representation of the object studied, then I present some combinatorics methods to
analyse them. The final sections are dedicated to particular results in the considered
application field. These Chapters end up with a section presenting a selection of
papers related to them.

Thus, Chapter 3 motivates the work that I have done in the field of plant mod-
elling and analysis. I first introduced a formal representation of plant architecture
commonly used in the literature. This formal representation is then used to define
methods for comparing plants, mainly based on the computation of a distance be-
tween unordered trees and quotiented trees. We have extended these methods to
compute a distance between semi-ordered trees which are more suitable to plant
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structure representation. The Chapter ends up with the notions of self-similarity
and compression of plants that I have introduced in the last few years.

Researches in Bio-informatics of RNA Secondary Structures are presented in Chap-
ter IV. This Chapter starts with some considerations about the representation of
RNA secondary structures as trees. Extensions of ordered tree graph comparison
methods are then introduced. In particular, a local distance between a quotiented
representation of RNA secondary structures is detailed. Finally an evaluation of the
methods between comparison methods is presented at this end of the Chapter. This
analysis has been done in the context of the Brasero project.

The last part of my work fall down in the field of music analysis and is presented in
Chapter V. I introduce the representation of symbolic music that we are currently
using in order to compare two musics. The general method and their extensions are
presented in Section 2 of this Chapter. Applications of music comparison are numer-
ous, I have deliberately chosen to present the automatic identification of structure
since it is the most “algorithmic” application. Finally I present some future works
in Chapter VI.
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2.1 Research Activities

Since September 2002, I am Associate Professor in the Laboratory of Computer
Science of Bordeaux (LaBRI) in the team Models and algorithms for Bio-informatics
and information Visualisation (MaBioVis).

This team gathers biologists and computer scientists who develop methods for mod-
eling in biology. I am particularly interested in the conception of generic method-
ologies for measuring and analysing biological objects, from plant architectures to
secondary structures of RNA.

2.1.1 Projet de recherche

For the last few years, the expansion of database describing biological objects gave
rise to the need of new automatic tools for browing and analysis these database.
My initial works on plant architecture comparison have initiated new algorithmic
technics that take into account the structural nature of data. Biological applications
lead us to develop our researches toward two different axes:

• Theoretical axis. We aim at developping data structures and the corre-
sponding algorithms to browse biological database in which data are strongly
structured (e.g. sequences, trees, graphs, multiscale graphs). The devel-
opped tools are combinatoric or statistical methods to caracterize (evaluation
of self-similarity degree), methods for comparings (comparison between trees
or multi-scale trees) or to visualise biologocal objects.

• Application axis. Plant modeling is a privilegied domain of application.
However, the generecity of methods developped in the former axis allows us
to apply the methods to any others biological field or to any others domains
(like the music analysis) where data are well structured.

The challenge is to build up a set of methods and tools allowing the biologists to
quantitatively analyse strongly structured biological objects or eventually the music
consumer to browse huge musical database.

2.1.2 Plant Modeling

For the last 10 years, in collaboration with the Virtual Plants INRIA team and the
Biological Modeling and Visualization research group in the Department of Com-
puter Science at the University of Calgary, several conceptual and computing tools
have been developed and implemented for plant simulation purpose: the Virtual
Laboratory or for analyzing plants : OpenAlea. OpenAlea and Vlab are now open-
source software, used by a lot of institutes all over the world. They allow to define
new standards for measuring, analyzing and simulating plant architectures. Such
a standardisation process would facilitate the constitution and diffusion of plant
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database and would enable modellers to compare their models on the basis of pub-
licly available database.

My first research works introduced new algorithmic methods for comparing plant
architectures. Indeed, in many biological fields (e.g. horticulture, forestry, botany),
a important need exists to quantify different types of variability within a set of
plants. I have proposed several methods [J9, J10, J3, J4] to compare plant individ-
uals based on a detailed comparison of their architectures. The core of the methods
relies on an adaptation of algorithms for comparing rooted tree graphs. Using these
algorithms, a distance between two plants can be defined as the cost of the trans-
formation of one tree into the other (using basic “edit operations”). These methods
have been used in different application fields and then evaluated for quantifying
plant similarity [J11, C26, J5, SJ12].

Furthermore, they have been used to define measure of self-similarity and com-
pression methods of plant architecture. Self-similarity of plants has captivated the
attention of biologists for the last 50 years, yet its formal treatment is rare, and no
measure for quantifying the degree of self-similarity currently exists. I have proposed
a formal definition and a measure of self-similarity [J8], tailored to branching plant
structures. Recently, the identification of repetitions used to define self-similarity
as been extended in order to introduce a new method of compression of plant archi-
tecture [J1].

2.1.3 RNA Secondary Structure Comparison

In the meantime, during the last few years, I was interested in generalizing the
mathematical methods developed in plant architecture context to other biological
data. I have thus partially focused my research to the analysis of RNA Secondary
structures.

During the last 10 years, our knowledge about the role of RNA molecules in the cell
life process has been considerably modified. Notably, it has been stated that small
non coding RNAs (such as small nuclear RNAs, small nuclear RNAs, microRNAs,
siRNAs . . . ) play a very important role in nearly all aspects of gene regulation.
Therefore, there is a crucial need for efficient computer-based methods to help han-
dling the structural modeling and functional assignment of RNAs. From a historical
perspective, many computational methods have been proposed to deal with the RNA
folding problem. But there is still no reference tool to compare RNA molecules. In
the context of BRASERO project supported by the ANR foundation, I have devel-
oped several methods for comparing RNA secondary structures and contributed to
the analyse of the different existing methods [J7, J3]. From a computational per-
spective, these methods rely on global and local comparison algorithms of ordered
and quotiented ordered trees. There are generalisation of methods introduced in the
context of plant comparison.
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2.1.4 Applications to Music Analysis

Lately, in 2005, in collaboration with two young researchers, Julien Allali and Pierre
Hanna, we have developed a multidisciplinary group to evaluate the similarity be-
tween two musics. In this project we proposed to adapt the different tree-structured
data analysis methods to the context of symbolic music analysis and then develop
new approaches to analyse musical tree data structures.

The number of digital musical documents available on the Internet is always increas-
ing. Unfortunately, users can only browse these database using text queries (title,
singer, ...) and then need new classification and retrieval methods adapted to such
huge database. For example, applications such as query-by-humming (whistling,
singing) or query-by-example allowing the user to retrieve musical pieces similar
from an audio query would make easier handling database.

The new browsing systems are mainly based on the estimation of similarity between
two musical pieces. These systems compute a numeric score on how well a query
matches each piece of the database and rank the music pieces according to this score.
Computing such a degree of resemblance between two pieces of music is a difficult
problem. Several approaches have been already proposed, but they are based on
the similarity of timbre and evaluated using low level descriptors. The problem
of defining musical similarity is a major problem in music information retrieval.
From a computing perspective, the evaluation of similarity consists in developping
algorithms that compute a measure of resemblance between two pieces (Sony CSL,
Paris).

Techniques based on string matching [C19] are generally more accurate as they can
take into account errors in the query or in the pieces of music of the database. This
property is of major importance in the context of music retrieval systems since audio
analysis always induces approximations. Moreover, some music retrieval application
require specific robustness. Query by humming (QbH), a music retrieval system
where the input query is a user-hummed melody, is a very good example. Since a
hummed query can be transposed, played faster or slower, without degrading the
melody, retrieval systems have to be both transposition and tempo invariant. Edit
distance algorithms, mainly developed in the context of DNA sequence recognition,
have been adapted in the context of music similarity.

We have thus proposed several models and methods to compare both sequence and
tree representations of Music. These methods have been applied sucessfully to the
problem of music information retrieval. First promising results have been obtained
during the last few years and published in different international conferences and
journals, for example [J6, C22, C19, C13]. In collaboration with Pierre Hanna, Julien
Allali and Matthias Robine, since 2006, we took part in the MIREX context,where
we obtained the best results in 2008.
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2.2 Mobility

My research activity has been achieved in different labs:

• From 1997 to 2000, at the Botany and computational plant architecture” of
Cirad Montpellier (France) with a grant of the French Ministry of Research.

• In 2001, at Biological Modeling and Visualization research group in the De-
partment of Computer Science at the University of Calgary (AB, Canada)
with a grant from INRIA (French National Institute for Research in Com-
puter Science and Control)

• From January 2002 to August 2002 at the Botany and computational plant ar-
chitecture” of Cirad Montpellier (France) with a grant from the French Science
Academy.

• since 2002, at the Computer Science Laboratory of Bordeaux 1 as an Associate
Professor (Maître de Conférences).

• from Septembre 2006 to February 2007, during a six months delegation at
CNRS, at Biological Modeling and Visualization research group in the De-
partment of Computer Science at the University of Calgary (AB, Canada)
with a grant of the French National Research Agency.

• Since september 2008, I am recipient of a “Delegation CNRS” at the Pacific
Institute for Mathematical Sciences of the University of Calgary until 2010.

2.3 Involvement in ACI and ANR Programs

Since 2004, I have been supported by different call for proposal from the french
minestry of research, the CNRS or the French National Agency for Research (ANR).

• I have been committee Member (local coordinator) of the coordination group
of ACI Arborescences project (2004-2007) led by Yann Guédon. This project
aimed at analysing the development of plant structure at a macroscopic scale
in order to answer to both biological questions and finalised agronomic appli-
cations. We have based our research on three families of methods or models:

1. Algorithms for tree alignment, allowing to compare plants,
2. Hidden tree Markov models, allowing to identify homogeneous zones in

measured plants,
3. branching processes with dependency, describing generative aspect of

plant growth.

The methodology is similar to the one developed in genomic data analysis con-
text where the structural specificity of data is highly related to the analysing
method proposed.
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• I have been committee Member (local coordinator) of the coordination group
of ANR BRASERO project (2006-2009), led by Alain Denise. This project in-
cludes three original parts: the design of combinatorics models (based on graph
and tree theory) along with efficient algorithms, the constitution of annotated
benchmark sets for evaluation and validation on real biological problematics,
and the development of freely-distributed software, as well as appropriate vi-
sualization facilities. In the end, this work should provide valuable tools which
could become essential for the RNA community in the next coming years. This
project relies on a close multidisciplinary cooperation between four partners
that have a strong expertise in RNA algorithmic and biology.

• I have been committee Member (co-leader with Pierre Hanna) of the young
researcher project SIMBALS granter by the ANR (2007-2010). The number of
audio documents available on the Internet is highly increasing. New methods
for browsing, retrieving or classifying have to be proposed to users. The grow-
ing Music Information Retrieval research community identifies and explicates
the problems induced by these new methods. One of the key problems of this
research area is the estimation of the musical similarity between audio data.
In this project, we focus on this difficult and vast problem.

• Supervisor of the PEPS project Self-similarity of Music (2008-2009) granted
by CNRS). This project aim at studying the properties of self-similarity in
musical pieces by automatically identifying repetitions in sequences.

2.4 Teaching Activities and Student Supervision

2.4.1 Teaching Activities

Since 2002, I have taught at different levels from the first year (“Licence
d’Informatique”) to the last year at University (“Master d’Informatique” and “Master
de BioInformatique”).

Between 2003 and 2007, I was furthermore director of the Bio-informatics speciality
of the Master in Computer Science (2003-2007).

2.4.2 Supervision of MsC Theses and Ph.D.

Since I joined the LaBRI, I supervised the works of many Master (DEA) trainees
or 3rd year engineer school students.

Master Theses in Computer Science

Omer Nguema (University of Bordeaux 1) achieved is DEA in computer science
under my full supervision in 2003. His thesis aimed at developing generalisation
of comparison methods between sequences to define a distance between quotiented
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sequences. A multi-scale model of sequences has been proposed by Omer, and then
he has proposed algorithms allowing to compute a distance between such models.
These methods have been implemented into the OpenAlea software.

Master Theses in Computer Science, speciality in BioInformatic

Omer Nguema’s work has been used as a basis of Sylvain Demey’s (University
of Bordeaux 1) master thesis in 2004. The goal of his thesis was to apply the
previous methods to the comparison of biological events on axis of hybrid apple
trees. This analysis allowed us to identify the differences between the methods
used for comparing vegetative sequences. This work has been done under my full
supervision and in collaboration with Evelyne Costes from the National Agronomic
Research Institute (INRA) in Montpellier.

Master Theses in Computer Science, speciality in Models and Algorithms

Aïda Ouangraoua (the National Engineering School in Electrical, Electronic and
Computer Science of Bordeaux) achieved her Master in Computer Science under
my full supervision in 2004. RNA secondary structures comparison is part of the
comparative approach that aims to infer the functions of RNA molecules from the
similarities between the structures of these molecules. In this context, compar-
ing two RNA secondary structures can be reduced to the comparison of ordered
labeled tree-graphs representation of the structures. In this part of her research,
she was interested in the development of efficient tree-to-tree editing algorithms for
the comparison of ordered labeled tree-graphs dedicated to the comparison of RNA
secondary structures.

Ione Ituarte, (Engineering School of the University of Mondragon - Spain) has
done her final training of engineering school under my full supervision from Novem-
ber 2005 to June 2006. Ione has developed an interface for the comparison module
between plants and RNA. Her software has been integrated into the OpenAlea soft-
ware and is now available for the biologists. She also integrated a new method
allowing to retrieve a subtree within a tree-graph at a distance d. Her work has
been presented to the JOBIM conference [NC38].

Under Pierre Hanna supervision (25%) and mine (75%) Pierre Schweitzer (Uni-
versity of Bordeaux 1) ended his master thesis in 2008. His thesis has been achieved
in the context of Simbals project and consisted in the automatic identification of
repetitions in monophonic melodies. During his master thesis, Pierre has developed
an original heuristic that allows to retrieve approximate repetitions in strings.

Ph.D. Thesis in Computer Science

Aïda Ouangraoua continued the works she had started during her master thesis,
and defended her Ph.D. thesis in Computer Science in december 2007. Trees are
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an important data structure in several fields: botanic, molecular biology, etc. Par-
ticularly, in most botanical applications, trees are used to represent the topological
structure of plants architecture. The concept of architecture plays an important
role in the understanding of the development and the growth of plants. Thus,
the comparison of plant architectures has many applications in various fields of
botany such as agronomy, horticulture, agriculture or forestry. Some initial works
proposed during Aïda’s master thesis, aimed at exploring tree comparison algo-
rithms, their applications in botany and their extensions. The algorithms studied
are based on the generalization of the methods for computing similarity between
sequences. Their general principle consists in building a target tree by applying
various structural operations, called edit operations, to an initial tree. In her thesis,
she proposed a unification of the various tree edit methods by introducing the class
of “semi-ordered trees” which involves unordered and ordered trees. Furthermore,
she introduced new extensions of edit algorithms by taking account of constraints
dedicated to the comparison of plant architectures or RNA secondary structures.
For instance, multi-scales aspects, semi-order or order relations between the com-
ponents of the structures are now taken into account. Aïda Ouangraoua is, since
September 2009, full time researcher at the French National Institute for Research
in Computer Science and Control (INRIA).

In October 2008, Anne-Laure Gaillard started a Ph.D. thesis under my full direc-
tion on the evaluation of self-similarity properties in plants. She focused her work
on the methods to approximately compress trees.

2.4.3 Ph.D. Committees

I was one of the examiners of the Ph.D. thesis committee of Laurent Tichit which
took place in December 2004 at the University of Bordeaux 1.

I was furthermore, as her supervisor, member of the Ph.D. thesis committee of Aïda
Ouangraoua, which took place in December 2007 at the University of Bordeaux 1.
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67–68. 57

[NC38] I. Ituarte, A. Ouangraoua, P. Ferraro, PyTreeMatch : a python based soft-
ware for comparing RNA Secondary Structure, in: JOBIM, Bordeaux, 2006,
p. 127. 17, 21

[NC39] P. Ferraro, L. Tichit, S. Dulucq, Local similarity between trees, in:
5èmes Journées Ouvertes Biologie Informatique Mathématiques, Montréal,
Canada, 2004, p. 19.

[NC40] A. Ouangraoua, P. Ferraro, Distance multi-échelles entre structures sec-
ondaires d’ARNs, in: 5èmes Journées Ouvertes Biologie Informatique Math-
ématiques, Montréal, Canada, 2004, p. 81.



Technical Report and Others 23

[NC41] P. Ferraro, C. Godin, P. Prusinkiewicz, Une méthode structurelle pour éval-
uer les propriétés d’autosimilarité des plantes, in: Colloque Autosimilarité
et Applications (Self Similarity And Applications Workshop), Clermont-
Ferrand (France), 2002.

Technical Report and Others

[R42] P. Ferraro, P. Hanna, MIREX symbolic music similarity, in: I. M. I. R. S. E.
Laboratory (Ed.), MIREX 2006, the Second Annual Music Information Re-
trieval Evaluation eXchange, 2006, pp. 90–91.

[R43] P. Ferraro, A. Ouangraoua, Local mapping between unordered trees, Tech.
Rep. RR-105, LaBRI (dec 2005).
URL http://w5.labri.fr/publications/combalgo/2005/FO05

[R44] P. Ferraro, Rapport de recherche post-doctoral 2001-2002, Tech. Rep. 2, Cirad
(2002).

[R45] C. Godin, Y. Guédon, S. Bellouti, C. Nouguier, P. Ferraro, N. Dones,
B. Adam, Introduction and reference manual, AMAPmod version 1.5, Tech.
rep., Cirad (2002).

http://w5.labri.fr/publications/combalgo/2005/FO05




3Plant Modeling

3.1 Formal Representations of Plants . . . . . . . . . . . . . . . . 26
3.1.1 Sequence Decomposition . . . . . . . . . . . . . . . . . . . . . 26
3.1.2 Tree-Graph Models of Plant . . . . . . . . . . . . . . . . . . . 27
3.1.3 Formal Definitions . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Plant Comparison . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.2.1 A General Framework to Compare Unordered Trees . . . . . 31
3.2.2 Mapping between semi-ordered trees . . . . . . . . . . . . . . 33
3.2.3 Constrained edit distance . . . . . . . . . . . . . . . . . . . . 34
3.2.4 Global Comparison Between Unordered Quotiented Trees . . 35

3.3 Applications to Plant Analysis . . . . . . . . . . . . . . . . . 36
3.3.1 Compression of Plants . . . . . . . . . . . . . . . . . . . . . . 37
3.3.2 Self-Similarity in plants . . . . . . . . . . . . . . . . . . . . . 39

3.4 Paper Presentation . . . . . . . . . . . . . . . . . . . . . . . . 41
3.4.1 Tree-Graph Comparison . . . . . . . . . . . . . . . . . . . . . 41
3.4.2 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.4.3 Self-similarity in plants . . . . . . . . . . . . . . . . . . . . . 42

As I introduced earlier, plant architecture analysis has focused my research for a
long period in my researcher life. I present hereafter an overview of my works on
this topic.

Numerous societal challenges involve plants as sources of diverse products for hu-
mans, such as food, medicines, fibbers, woods, carburant, etc. Agronomic systems
that aim at controlling and optimizing plant production in order to maximize gains
for human uses, have benefit from large progresses obtained during plant domestica-
tion and breeding processes, and thanks to the improvement of agronomic practices.
Numbers of these progresses have been based on the progressive modification of
plant structures. In particular, during plant domestication and breeding processes,
plant structures have been progressively reduced by the selection of plants with low
branching and small size that are adapted to high density plantation systems. This
evolution has been particularly rapid during the 20th century, after the discovery of
dwarf mutants and the subsequent “green revolution”.
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Today, beyond traditional agronomic approaches, which attempt to optimise
biomass production as a function of different treatments, new interests are expressed
by the society in ecology, sustainable agronomy and environmental changes. The
challenge for the coming years will be to maintain plant productivity and food sup-
ply for humanity despite a progressive degradation of the environmental conditions.
The increase of high temperature and drought periods during summer times will
combine with an increase in demographic pressure on lands, this situation leading
to an increasing number of constraints that agronomists and growers will have to
face. In this context, plant plasticity in responses to fluctuating environmental con-
ditions represents a key question which will mobilize numerous researches in applied
biology and agronomy, and will necessitate revisiting genetic and agronomic issues
with innovative approaches.

Most of the approaches that are developed in agronomy and quantitative genetics
are based on the decomposition of plant phenotype in elementary variables, easily
related to plant productivity. Such variables are often the plant height, trunk di-
ameter or volume, plant biomass, leaf area, etc. These approaches have been very
successful in estimating the genetic gain or the yield improvements, without enter-
ing into the complexity of plant phenotype. However, to describe and understand
plant responses to environmental conditions, more detailed information would allow
biologists to identify the pertinent variables and development stages where these an-
swers can be captured. New approaches need thus to be explored in order to study
plant structure plasticity. Due to the complexity of plant structures, the associated
scientific problems need a new multi-disciplinary scientific approach in which not
only the production of plants is controlled but also the way in which plants elaborate
this production during their lifetimes.

3.1 Formal Representations of Plants

The architectural development of a plant is the result of many elementary mor-
phological events distributed over time and space. Whatever the size, shape
and complexity of the resulting architecture, only a few categories of homologous
botanical entities can be identified in the caulinar shoot system of an adult plant
[Barthélémy 1991a]. These types of botanical entities can be ordered from the most
elementary which is the node or more precisely the set: {node, internode, leaf(ves)
and axillary bud(s)} referred to as metamer [White 1979], to more macroscopic
entities such as the axis (i.e. succession of metamers built up by a single meristem).

3.1.1 Sequence Decomposition

Plant development is the result of two basic mechanisms: the apical growth process
and the branching process. Each of these two basic mechanisms corresponds to a
particular meristem activity. An apical meristem is defined as a set of embryonic
cells located in the apical part of each axis. These particular cells are always able to
divide and thus to generate various tissues (pith, epiderm, vascular bundles, etc.) or
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organs (leaf, flower, etc.). The apical meristem activity also generates small lateral
sets of embryonic cells, the axillary meristems, which may give rise to axillary or
offspring shoots. In the case of the apical growth process, a succession of metamers
is built up by a single apical meristem. If no resting periods are observed during the
elongation, the growth is qualified as continuous and leads to the edification of an
axis made up of a succession of metamers. If the apical growth takes the form of a
succession of elongation and resting periods (with annual periodicity for temperate
species), the growth is qualified as rhythmic. This temporal organization translates
into a spatial organization which may be identified by morphological markers e.g.
scale leaves and short internodes corresponding to slowdowns or stops of growth
[Caraglio 1997]. In this way, different types of macroscopic botanical entities may
be defined such as growth units (portion of leafy axis, i.e. succession of metamers
built up between two resting phases or annual shoots (portion of a leafy axis built
up over a single year for temperate species, and which may be composed of one or
several successive growth units [Godin 1998]. In the case of the branching process,
an offspring entity is built up by an axillary meristem. This offspring entity, which
may be either a flower resulting from the transformation of this meristem or a
shoot, will be globally referred to as an axillary production. The entities borne on
the successive nodes of a given parent entity may exhibit a remarkable structure.

Both the apical growth and the branching processes induce sequential structures
at the node succession scale along growth units (sequence of internode lengths or
sequence of axillary productions). Hence, the node constitutes a natural index
parameter from which sequences can be built [Guédon 2003]. Depending on the
rhythmic or continuous character of apical growth, these sequences may correspond
to growth units, annual shoots or axis. It should be noted that the year of a shoot
or the rank of a growth unit are also valid index parameters from which more
macroscopic sequences can be built.

3.1.2 Tree-Graph Models of Plant

Plant architectures are also described as tree-graphs [Godin 1998]) by considering
a plant as a set of botanical elementary entities. Depending on the scale of decom-
position (Fig. 3.1) several sets of entities are considered (set of axes, growth units
or internodes). At a given scale, the plant architecture is then represented by a di-
rected graph T = (V,E) where V is a set of vertices representing the plant entities
at this scale and E is a set of edges describing the connections between entities, each
edge being represented by an ordered pair of vertices such that there exists an edge
(x, y) in E if and only if the entity corresponding to y is linked to the parent entity
corresponding to x. For any edge (x, y) in E, x is called a parent of y and conversely
y is a child of x. In a plant, since each entity is physically attached to at most one
parent entity except the root entity which has no parent entity and is linked to the
plant root, then the topological structure is represented by a tree-graph.

In order to account for different natures of connections between botanical entities,
complementary definitions can be added to a tree-graph representation of a plant
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Figure 3.1: 3 scales of decomposition of the same plant (a) axes, (b) growth units
and (c) internodes.

architecture. In the plant, a parent entity can be connected to several children
entities and if no difference is taken into account for the natures of connections
between parents and their children then no order is considered on the set of children
entities of a given parent entity. In this case, the plant architecture is modeled
by an unordered tree-graph [Ferraro 2000]. However, two natures of connections
giving rise to two types of children entities can be distinguished according to the
growing and branching processes in plants. An entity is a successor entity of its
parent if it is on the same axis as his parent otherwise it is a born entity. Each
parent entity can then have at most one successor entity and several born entities
and thus a semi-order relation between the set of children entities of a parent entity
can be defined : the successor entity is the first in the set while the born entities
are all equivalent. This phenomenon is observed for instance in whorl plants, or can
result from sampling procedure when a large number of plants have to be described
[Segura 2006, Segura 2008]. In these cases, the plant architecture is represented by
semi-ordered tree-graphs [Ouangraoua 2009a]. In the particular case where each
entity has at most one child, the set of plant entities can be totally ordered at any
scale of decomposition and the plant architecture can be represented by ordered
tree-graphs (Fig. 3.2).

Furthermore, to take account of the multiscale nature of plant structures
[Godin 1998], plants are often represented by quotiented trees or multiscale tree-
graphs.

3.1.3 Formal Definitions

In the following of the report, we will use specific notations and definitions presented
hereafter.

The set of children of a vertex is denoted by child(v) which is of size nv and deg(G) =
maxv∈V {nv}. For every k in {1, .., nv}, vk denotes a child of v. If x is any vertex of
tree T [v], F [x] denotes the forest rooted in x, i.e. obtained from T [x] by removing
the root x and all the edges incident with x.

Formally, an ordered tree is a pair (T, S�) where T is a rooted tree and S� = {�x
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Figure 3.2: Schematic representations of a plant architecture (left) and its cor-
responding tree-graph (right); (a) Ordered tree-graph representation at internode
level; (b) Semi-ordered tree-graph at growth unit level. The order between children
is indicated when there is more than one child.

, x ∈ T} is a set of total order relations such that for any vertex x of T , �x is a
total order relation on C(x). The set of total order relations S� and the ancestor-
descendant relation ≤ on the vertices of T induce a total order relation on the set
of vertices of T (namely prefix or suffix order relations). An unordered tree is a
rooted tree T such that the only significant relation between the vertices of T is the
ancestor-descendant relation (all the children of a vertex of T are equivalent). We
have proposed to unify these both data structures in a single one called semi-ordered
trees [Ouangraoua 2009a]. A semi-order relation [Preparata 1973] v on a set V is
a reflexive and transitive binary relation on V . v is a total semi-order relation if
for any pair (x, y) of elements of V , x v y or y v x, otherwise v is called partial
semi-order relation.

Definition 1 (Semi-ordered tree) A semi-ordered tree is a pair (T, Sv) where T
is a rooted tree and Sv = {vx, x ∈ T} is a set of total semi-order relations such
that for any vertex x of T , vx is a total semi-order relation on C(x).

Note that an unordered tree T is a semi-ordered tree (T, Sv) such that for any vertex
x of T , vx is an equivalence relation, i.e for any pair (x1, x2) in C(x)2, x1 vx x2

and x2 vx x1 (all the children of x are equivalent). Similarly, an ordered tree T
is a semi-ordered tree (T, Sv) such that for any vertex x of T , vx is a total order
relation on C(x).

Let (T, Sv) be a semi-ordered tree, the set of semi-order relations Sv and the
ancestor-descendant relation ≤ on the vertices of T induce an order relation de-
noted by v on the set of vertices of T . Let consider two vertices x and y, x will be
smaller than y according to v if and only if x is an ancestor of y or there exists two
ancestor s and t of respectively x and y, having the same parent u such that s is
smaller than t according to vu.

Formally, for any vertex u of T and (s, t) ∈ C(u)2, the relation s vu t and t 6vu s is
denoted by s @u t. The order relation v is such that for any pair (x, y) of vertices
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of T , x and y verify x v y if and only if x is ancestor of y or there is a pair (s, t) of
vertices in C(x ∧ y) such that s ≤ x and t ≤ y and s @x∧y t:

∀(x, y) ∈ V 2 , x v y ⇔
{
x ≤ y or,
∃ (s, t) ∈ C(x ∧ y)2 | s ≤ x and t ≤ y and s @x∧y t.

Note that if T is an unordered tree then v is simply the ancestor-descendant relation
and if T is an ordered tree then v is a total order relation on V (namely the prefix
order relation), in any other case v is a partial order relation.

Let V be a set and v a total semi-order relation on V , v induces an equivalence
relation (i.e. reflexive, transitive and symetric) on V denoted by ≡ and defined by:

∀(x, y) ∈ V 2, x ≡ y ⇔ x v y and y v x.

The class of equivalence of an element x in V is denoted by [x] = {y ∈ V | x ≡ y}
and the set of equivalence classes of the elements of V (defining a partition of V ) is
denoted by V≡ = {[x] | x ∈ V }. In the same way, the total semi-order relation v
induces a total order relation � (i.e. reflexive, transitive and antisymetric) on V≡
defined by:

∀([x], [y]) ∈ V 2
≡, [x] � [y]⇔ x v y.

A quotiented tree is a tree with an equivalence relation defined on the set of vertices,
and such that the resulting quotient graph is also a tree. A quotiented tree can thus
be considered as an autosimilar structure represented by trees on two different scales.

More precisely, a quotiented graph H is a 3-uple (G,W, π) where G = (V,E) is a
directed graph called the support of H, W is a set of vertices and π is a surjective
mapping from V toW. For any vertex x in V , the vertex π(x) is called the complex of
x and reciprocally x is a component of π(x). π−1(z) denotes the set of components
of a vertex z of W and if x is a vertex of V , Π(x) denotes the set π−1(π(x))
of components of π(x). The size of Π(x) is denoted by |Π(x)| and degπ(H) =
maxx∈V {|Π(x)|}. The function π induces a partition ΠH on V : ΠH = {π−1(z)| z ∈
W}. The quotient graph Q(H) associated with H is the graph (W,Eπ) such that:

∀(x, y) ∈ E, (π(x), π(y)) ∈ Eπ ⇔ π(x) 6= π(y)

The multiscale representation of plants is based on the notion of quotiented and
multiscale tree-graphs. Quotiented graphs whose support and quotient graphs are
trees are called quotiented trees. Let H = (G,W, π) be a quotiented graph with
support graph G = (V,E) which is either a tree or a forest. Let x ∈ V , then H[x]
denotes the quotiented graph (G[x],W [π(x)], π/x) where G[x] is the sub-tree or a
forest of G rooted in x, W [π(x)] is the set of vertices of the sub-tree of Q(H) rooted
in π(x) and π/x is the restriction of π to V [x]. If G[x] is a tree, H[x] is a quotiented
tree.

A multi-scale tree-graph is then a recursive definition of a quotiented tree graph.
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3.2 Plant Comparison

The increasingly important role played by plant architecture in the struc-
ture/function modeling of plants generates a need for new investigational tools.
Generic tools have already been developed to visualize plant architecture in 3-
dimensions [de Reffye 1989, Prusinkiewicz 1990], to model the growth of plant
architecture, e.g. [Kurt 1994, Mech 1996, LeDizès 1997], to measure plant architec-
ture [Godin 1997, Hanan 1997, Sinoquet 1997b], and to explore and to analyze the
plant [Godin 1997].

To compare two plants, a first approach consists of summarizing each individual by
a small number of synthetic and global variables (e.g. fruit production, crown size,
etc.). The similarity of two individuals is then reduced to the similarity between
these synthetic variables. In forestry for instance, wood production and quality
are usually assessed by measuring variables such as stem diameter, crown volume,
branching density, etc. Comparing different wood qualities thus amounts to com-
paring these global variables. This defines global comparison methods in which the
topological organization of plant entities is not taken into account.

On the other hand, domains exist in which plant topological structure plays an im-
portant role. In forestry for example, refining wood quality criteria leads foresters
to consider more detailed descriptions of tree crowns, taking for instance into ac-
count the spatial distribution of branches along the stems or branch geometry (e.g.
[Kuppers 1985]). Similarly, in horticulture, determining the fruiting position in the
tree crown leads to a better understanding of the fruiting habits and production
parameters (e.g. [Costes 1998]). In such cases, the notion of distance between indi-
viduals would naturally take into account the topological and spatial organization
of plant entities. This defines analytical comparison methods which are based on a
piece-by-piece comparison of plants [Miclet 1984].

Since in most applications, descriptions of plant architecture usually rely on a tree
graph representation of topological structures, during my research, I have proposed
several algorithms with bounded complexity to compute a distance between tree
graphs. This distance, based on algorithms proposed in theoretical computer sci-
ence [Zhang 1993, Zhang 1996], are defined as the minimum cost of the sequence of
elementary edit operations needed to transform one tree graph into the other.

3.2.1 A General Framework to Compare Unordered Trees

A considerable amount of work has been performed on comparison algorithms for
problems that can be modeled as data sequences [Stanley 1986]: in molecular biol-
ogy [Sobel 1986, Kececioglu 1995], in speech or text recognition [Levinson 1978], in
code error correction [Tanaka 1986], in plant modeling [Guédon 1998, Guédon 2001].
In the early seventies, Wagner and Fisher [Wagner 1974] presented an algorithm
which computes the distance between two strings of characters as the minimum cost
sequence of elementary operations needed to transform one string into the other.
In order to define a distance between rooted tree graphs, Taï [Tai 1979], Selkow
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[Selkow 1977] and Lu [Lu 1979], [Zhang 1989] proposed a generalization of the Wag-
ner and Fisher algorithm with application in different fields [Noetzel 1983]. All the
tree graphs discussed in these papers are ordered, meaning that the sets of sons of
any vertex are ordered sets. These algorithms cannot always be applied directly to
the problem of plant comparison since tree graphs used to represent plant topology
are unordered [Godin 1998] or semi-ordered [Ouangraoua 2009a]. However, Zhang
[Zhang 1993, Zhang 1996] proposed an algorithm in theoretical computer science for
computing a distance between unordered rooted tree graphs based on Lu’s method,
by introducing a new hypothesis in the tree-graph transform. The following section
briefly describes the main principle of the algorithm.

A distance measure between two trees T1 and T2 is defined by considering the
minimum cost of elementary operations needed to transform T1 into T2. Three
kinds of elementary operations, called edit operations are considered: changing one
vertex into another (note that this may change labels), deleting (i.e. making the
sons of a vertex v become the sons of the father of v and then removing v from T1)
or inserting one vertex (i.e. the symmetric operation on T2). In order to transform
one tree graph into the other, all the vertices of T1 and T2 must be affected by at
least one edit operation.

A cost function, called local distance, is defined for each edit operations s. The local
distance assigns a non-negative real number γ(s) to s:

• γ(s) = d(v1, v2) if s changes the vertex v1 into the vertex v2,

• γ(s) = ddel(v1, v2) if s deletes the vertex v1, and,

• γ(s) = dins(v1, v2) if s inserts the vertex v2.

Let S be a sequence of n edit operations (s1, s2, . . . , sn) which transform one tree
graph T1 into another one T2. The cost γ(E) of a sequence of edit operations is
then defined by summing up the cost of the edit operations that compose E. The
dissimilarity measure D(T1, T2) from a tree graph T1 to a tree graph T2 is then
measured as the minimum cost of a sequences in S:

S(T1, T2) = max
E∈E
{σ(E)},

where E represents the set of the sequences of edit operations transforming T1 into
T2. Likewise, we can extend this notion to the similarity between forests S(F1, F2).

Zhang showed that the dissimilarity measure is a distance [Zhang 1996, Zhang 1993].
According to this definition, Zhang then proposed an algorithm with bounded com-
plexity for solving this optimization problem which consists of finding a valid match-
ing function with minimum cost. This algorithm is based on the following recursive
equations.

Theorem 1 [Zhang 1996, Zhang 1993] Let T1 and T2 be two tree-graphs respec-
tively rooted in v and w, then D(T1[v], T2[w]) and D(F1[v], F2[w]) can be computed
recursively:
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1. initialisation:
D(θ, θ) = 0
D(F1[v], θ) =

P
vk∈son[v]D(T1[vk], θ), D(T1[v], θ) = D(F1[v], θ) + d(v, λ)

D(θ, F2[w]) =
P

wk∈son[w]D(θ, T2[wk]), D(θ, T2[w]) = D(θ, F2[w]) + d(λ,w)

2. Distance between trees:

D(T1[v], T2[w]) = min

8<:
D(θ, T2[w]) + minwk∈son[w] {D(T1[v], T2[wk])−D(θ, T2[wk])}
D(T1[v], θ) + minvk∈son[v] {D(T1[vk], T2[w])−D(T1[vk], θ)}
D(F1[v], F2[w]) + d(v, w)

3. Distance between forests:

D(F1[v], F2[w]) = min

8<:
D(θ, F2[w]) + minwk∈son[w] {D(F1[v], F2[wk])−D(θ, F2[wk])}
D(F1[v], θ) + minvk∈son[v] {D(F1[vk], F2[w])−D(F1[vk], θ)}
minM∈R(v,w) {γ(M)}

Zhang [Zhang 1993] models the computation of minM∈R(v,w) {γ(M)} as a problem
of minimum cost maximum flow, which mainly determines the overall complexity of
the final algorithm. The complexity of this algorithm is:

O (|T1| × |T2| × (deg(T1) + deg(T2))× log2 (deg(T1) + deg(T2)))

3.2.2 Mapping between semi-ordered trees

In order to take into account of the more general representation of plant architecture,
we have developped a generalisation of the previous method to compare semi-ordered
tree graphs [Ouangraoua 2009a].

Now, we consider optimal sequences of edit operations from T1 to T2 such that the
corresponding mapping associates a vertex of T1 to at most one vertex of T2 and
reciprocally and preserves the relations defined on the vertices of T1 and T2, namely
the ancestor-descendant relation and the semi-order relations. Preserving the semi-
order relations vx is equivalent to the preservation of the order relation v induced
on the vertices of T1 and T2.

A valid mapping from T1 = (V1, E1) to T2 = (V2, E2) is a set M of ordered pairs
of vertices (x1, x2) with x1 ∈ V1 and x2 ∈ V2 such that for any pairs (x1, x2) and
(y1, y2) in M :

x1 = y1 ⇔ x2 = y2 (one-to-one)
x1 ≤ y1 ⇔ x2 ≤ y2 (ancestor-descendant preservation)
x1 v y1 ⇔ x2 v y2 (semi-order preservation)

For any pair (x1, x2) in M , x1 and x2 are said image of each other and are denoted
by M(x1) = x2 and M(x2) = x1. If there is no confusion, (x1, x2) ∈ M is denoted
by x1 ∈M and x2 ∈M . Let F1 (resp. F2) be a subforest of T1 (resp. T2), the image
of F1 (resp. F2) denoted by M(F1) (resp. M(F2)) is the subforest of T2 (resp. T1)
containing all the images of vertices of F1 (resp. F2). The concept of mapping is
extended to forests and sets of vertices not necessarily connected.
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Figure 3.3: A valid mapping from a semi-ordered tree T1 to a semi-ordered tree T2

and the imagesM(F1) andM(F2) of subforests F1 and F2 of T1 and T2 respectively.
The vertices of T1 et T2 image of each other are linked by dotted lines.

Let M be a valid mapping from T1 to T2, let I (resp. J) be the set of vertices of T1

(resp. T2) which do not appear in a pair of M , the cost of M is defined by:

γ(M) =
∑

(x,y)∈M

γ(x, y) +
∑
x∈I

γ(x, λ) +
∑
y∈J

γ(λ, y).

The edit distance between T1 and T2 is the minimum cost of a valid mapping from
T1 to T2. Computing the edit distance between two semi-ordered trees is equivalent
to the computation of the edit distance between unordered trees which is a MAX-
SNP-hard problem [Zhang 1994].

3.2.3 Constrained edit distance

Since the computation of the edit distance between two semi-ordered trees is a
MAX-SNP-hard problem, we consider a constrained version of the problem: the
computation of the constrained edit distance introduced by Zhang [Zhang 1996] to
compare unordered trees.

A constrained mapping from T1 to T2 is a valid mapping (M,T1, T2) such that for
any pairs (x1, x2), (y1, y2) and (z1, z2) in M :

(x1 ∧ y1) ≤ z1 ⇔ (x2 ∧ y2) ≤ z2 (structure preservation)

Examples of mappings between semi-ordered trees are given in Figure 3.4. Let x
(resp. y) be a vertex of T1 (resp. T2), let X = {x1, . . . , xn} (resp. Y = {y1, . . . , ym})
be a subset of C(x) (resp. C(y)), the set of constrained mappings from T1[x] to T2[y]
(resp. F1[X] to F2[Y ]) is denoted byMC(T1[x], T2[y]) (resp. MC(F1[X], F2[Y ])).

Definition 2 (Constrained edit distance) The constrained edit distance be-
tween T1 and T2 is the minimum cost of a constrained mapping from T1 to T2:

DC(T1, T2) = min{γ(M) | M ∈MC(T1, T2)}.
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Figure 3.4: Examples of mappings between two semi-ordered trees T1 and T2. M =
{(x, y), (w1, w2), (x1, x2), (y1, y2), (z1, z2)} is a not valid mapping from T1 to T2: y1 v
z1 whereas y2 6v z2. M\{(z1, z2)} is a valid but not constrained mapping: (w1∧x1) ≤
y1 whereas (w2 ∧ x2) 6≤ y2. M\{(y1, y2), (z1, z2)} is a constrained mapping from T1

to T2.

Zhang [Zhang 1996] has described a dynamic programming algorithm to compute
the constrained edit distance between two unordered trees using reductions of some
subproblems to minimum cost maximum flow problems [Tarjan 1983]. Similarly,
we proposed [Ouangraoua 2009a] a reduction of the problem of computing the con-
strained edit distance between semi-ordered trees to minimum cost maximum flow
problems. The following recurrence formulas form the basis of the algorithm for the
computation of the constrained edit distance between two semi-ordered trees.

Lemma 2 (Constrained edit distance between subtrees) Let x, y be two
vertices of T1 and T2 respectively, the constrained edit distance between T1[x] and
T2[y] is:

DC(T1[x], T2[y]) = min

8<:
DC(F1[x], F2[y]) + γ(x, y)
minyk∈C(y){DC(T1[x], T2[yk])−DC(∅, T2[yk])}+DC(∅, T2[y])
minxk∈C(x){DC(T1[xk], T2[y])−DC(T1[xk], ∅)}+DC(T1[x], ∅)

3.2.4 Global Comparison Between Unordered Quotiented Trees

For the case of the multiscale representation of plant architecture, we have in-
troduced new edit distances between unordered quotiented trees [Ferraro 2003a,
Ferraro 2003b] based on a comparison of support graph and edit operations that
preserves equivalence relations. We have also proposed a symmetric approach by
comparing quotiented trees at the more macroscopic scale [Ouangraoua 2009a]. Ba-
sically, quotiented trees refer to trees whose nodes are also trees. Edit score related
to quotient vertices is thus defined as an edit score computation between the support
subtrees of these vertices.

In the case of unordered trees, in order to find an optimal mapping between two
unordered trees, as proposed in [Zhang 1996], the definition of a valid mapping M
is sligthly modified to respect the following property:

Let T1[v] = (V1[v], E1[v]) and T2[v] = (V2[v], E2[v]) be two unordered trees, a valid
mapping M from T1[v] to T2[w] is a set of ordered pairs of vertices (x, y) ∈ V1[v]×
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V2[w] satisfying the constraints:

∀(x1, x2), (y1, y2), (z1, z2) ∈M :
x1 = y1 ⇔ x2 = y2 (3.1)
x1 ≤ y1 ⇔ x2 ≤ y2 (3.2)

x1 ∧ y1 < z1 ⇔ x2 ∧ y2 < z2 (3.3)

where x1 ∧ y1 represents the least common ancestor of x and y.

Let us now consider two quotiented trees G1 = (T1,W1, π1) and G2 = (T2,W2, π2)
(if no confusion is possible π1 and π2 are denoted by π). Let M be a mapping from
T1[v] to T2[w]. M induces a mapping from tree Q(G1) to tree Q(G2), called the
quotient mapping, denoted by Q(M), composed of pairs of vertices in W1×W2 and
defined as:

(a, b) ∈ Q(M)⇔ ∃(z, t) ∈M such that
{
π(z) = a
π(t) = b

We are then able to define a valid mapping between two quotiented trees as:

Definition 3 (valid mappings on quotiented trees) Let G1[v] = (T1,W1, π1)
and G2[w] = (T2,W2, π2) be two quotiented trees, a valid mapping M from G1[v] to
G2[w] is a valid mapping from T1[v] to T2[w] such that Q(M) is also a valid mapping
from Q(G1) to Q(G2).

The set of valid mappings from T1[π(v)] to T2[π(w)] is denoted by T (π(v), π(w)).
Thus by definition M is a valid mapping from G1[v] to G2[w] if, and only if, M is
in T (v, w) and Q(M) is in T (π(v), π(w)). The set of valid mappings from G1[v] to
G2[w] is denoted by G(v, w).

A dissimilarity measure between quotiented trees is then defined by the following
optimization problem.

Problem 3 Finding Γv,w(M) minimum, such thatM is a valid mapping from G1[v]
to G2[w] satisfying definition 3:

D(G1[v], G2[w]) = min
M∈G(v,w)

{Γv,w(M)}

We have then proposed in [Ferraro 2003a] a polynomial algorithm (not described in
this report) to compute this distance and solve problem 3.

3.3 Applications to Plant Analysis

These theoretical works would be useless if they were not motivated by biological
applications. Among several applications (cf. section 3.4), I propose to present two
of them leading my latest research. They intend to propose a better understanding
of the repetiveness in plant development.
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3.3.1 Compression of Plants

Plants are branching living organisms that develop throughout their lifetimes. Or-
gans are created by small embryogenetic regions at the tip of each axis, called apical
meristems (or simply meristems). During plant ontogeny, meristems develop branch-
ing structures that show remarkable organizations, made up of many similar organs
at different scales: leaves, shoots, axes and branching systems of different sizes
[Hallé 1978a, Harper 1986, Barthélémy 1989, Barthélémy 1991a, Room 1994]. Im-
portant progresses in the understanding of these growth processes have been made in
the last decades by studying and quantifying real plants and their development under
various environmental conditions. Two complementary approaches are being used.
In simulation approaches, developmental models are built in order to reproduce the
essence of the plant development with a few parameters in a simulation model, see
[Prusinkiewicz 1998, Prusinkiewicz 2004, Deussen 2005] for reviews. On the other
hand, in descriptive approaches, quantitative analyses of observed plant structures
are tentatively used to reveal regularities or gradients hidden in the complex or-
ganization of plant structures, see [Godin 2005] for a review. In the recent years,
both the simulation and the descriptive approaches are being combined to obtain
more accurate models of plant development and assess them quantitatively against
real data, e.g. [Renton 2006, Mündermann 2005, Guo 2006]. In the descriptive ap-
proach, a lot of techniques have been developed for analyzing distributions of events
in the plant structure (e.g. [Godin 1997, Sinoquet 1997a]) or sequences of events
along a branch or a meristem trajectory (e.g. [Guédon 2001, Guédon 2003]). Com-
paratively less attention has been paid to the development of methods for directly
characterizing tree-like structures, e.g. [Ferraro 2000, Durand 2005, Ferraro 2005].
However, the natural organization of plants is primarily observed at the level of
branching systems which qualitatively show strong internal similarities between their
own parts. In many cases, this repetition of quasi-identical structures is accompa-
nied with the impression that the branching systems are nested one into the others.
Although these phenomena have been empirically described by botanists for decades,
[Troll 1937, Arber 1950, Frijters 1976b, Barthélémy 1997], no algorithmic approach
was developed yet to address this problem of recognizing similar, possibly nested,
patterns in plant structures. We have aimed to develop such a computational frame-
work and to illustrate its application to plant architecture analysis.

Characterizing the nested structure of rooted trees. Plant structures are
usually represented by either ordered or unordered rooted trees [Prusinkiewicz 1990,
Godin 1998] and a number of algorithms have been developed in computer science
on such trees that have connections to our problem.

A first set of approaches makes it possible to compare quantitatively the structure of
two trees. They are based on the use of an edit-distance approach, in which a metric
is defined that reflects the minimum number of elementary edit operations necessary
to transform one tree into the other. These algorithms solve different tree-to-tree
comparison problems, such as defining a metric between trees, finding whether a tree
is included into another one [Kilpeläinen 1995], finding the consensus tree between
two trees (ie. the minimal tree that contains both) [Wang 1997], or the maximum
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Figure 3.5: a) photo of a rice panicle (courtesy of Y. Caraglio). b) corresponding
topological structure (reconstructed with the AMAPmod/VPlants open software
[Godin 1998]).

common subtree [Wang 1999, Ouangraoua 2007], etc. Usually, to answer each ques-
tion, a whole family of algorithms is developed to account for different characteristics
of either the input trees (ordering of nodes, labelling) or the comparison problem
(constraints on the valid edit operations, etc.). In the context of plant modeling,
based on an original algorithm proposed by Zhang in 1993 [Zhang 1993, Zhang 1996],
we studied in a previous work how to use and adapt such algorithms to compare
plant architectures from a structural point of view [Ferraro 2000]. However, all these
studies concentrate on the comparison between two different trees and usually pay
no attention to characterizing the internal structure of a tree.

In a different spirit, the problem of studying internal repetitions of structures in a
tree has been addressed by eliminating the structural redundancy appearing in trees
(or in graphs). For this, similar parts in a tree are condensed, resulting in a directed
acyclic graph (DAG). Such an approach was used in different domains. Based on a
pioneering work by Akers [Akers 1978], Bryant [Bryant 1986] introduced one of the
very first uses of such DAGs to represent efficiently the graph of Boolean functions.
In this application, these function graphs are actually binary, ordered DAGs (each
node of such a DAG has exactly two children, with a first and a second child). An
algorithm is depicted that reduces these function DAGs to canonical DAGs from
which all the structural redundancy of the initial DAG has been removed. It is
closely related to the algorithm described in [Aho 1974] for testing whether two
trees are isomorphic. DAG representations of trees are also much used in computer
graphics where the process of condensing a tree into a graph is called object instanc-
ing [Hart 1991]. This process, first used by Sutherland in 1963 [Sutherland 1963],
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makes it possible to share nodes representing scene objects and thus avoids the
unnecessary duplication of different instances of the same graphical object. This ef-
ficient scheme is now commonly implemented as scene graphs in computer graphics
applications. It allows to manipulate efficiently very huge scenes and was notably
applied to the rendering of complex fractal scenes [Hart 1991, Hart 1992] and plant
scenes, e.g. [Kay 1986, Hart 1991, Soler 2003].

Finally, our problem is also connected to the notion of structural self-similarity in
trees. While self-similarity usually refers to purely geometric properties of objects
(parts of an object are geometrically similar to the entire object up to a scaling fac-
tor), structural self-similarity attempts to capture an equivalent idea for structures
and graphs. Different approaches of structural self-similarities have been tentatively
proposed. Authors defined self-similarity by analysing either global branching pa-
rameters of trees e.g. [Tokunaga 1978, Viennot 1989, Peckam 1995, Zamir 2002]
or topological structural properties of graphs [Kron 2004, Prusinkiewicz 2004]. In-
terestingly, in the context of studying efficient subtree isomorphisms, Greenlaw
[Greenlaw 1996] introduced the definition of nested trees.

As such, nested trees are not strictly self-similar, but they have an internal recursive
structure that makes them a closely related notion. Formally, self-nested trees are
such that all their subtrees of a given height are isomorphic. We have called such
trees self-nested trees to insist on their recursive structure and on their proximity to
the notion of structural self-similarity. We derived from this notion the possibility
to compress unordered trees without loss of information as more compact DAGs
and showed that self-nested trees are those trees that can be compressed as linear
DAGs. Based on concepts coming from these three areas, we have introduced in
[Ferraro 2009a] a new algorithmic measure to quantify the degree of self-nestedness
of trees. A compression of a rice panicle is presented in Figures 3.5 and 3.6.

Structural self-similarity was also introduced in the context of plant mod-
elling by Prusinkiewicz [Prusinkiewicz 2004] based on botanical insights of Arber
[Arber 1950]. This definition relies on the use of L-system rules, and was shown
to grasp the essence of the pattern recursion through scales included in the idea of
self-similarity. Subsequently, we have proposed an alternative approach to structural
self-similarity in plants [Ferraro 2005], using edit-distance metrics to find recursively
similarities between the high order branches of a plant and its trunk.

3.3.2 Self-Similarity in plants

As introduced in the previous section, repetitive patterns are readily noticeable
in the growth and structure of many living organisms. In particular, mod-
ular organization is an essential element of the development and structure of
plants[Hallé 1978b, White 1979, Barthélémy 1991b]. This is essential to the un-
derstanding of plant biology, and plays an important role in the formal analy-
sis [Godin 1998] and simulation [de Reffye 1989, Prusinkiewicz 1990] of plants.

In some cases, the modules are arranged into compound, recursively nested, fractal-
like structures, with similar patterns appearing at different scales [Mandelbrot 1983]



40 Chapter 3. Plant Modeling

Figure 3.6: a. An element of the nearest embeded self-similar tree T ∗. Backward
projection of the differentiation states inferred from T ∗ onto the initial tree structure
of the panicle.

(Fig. 3.7). In botany, an early study of such structures is due to Arber [Arber 1950].
Troll [Troll 1964] defined a compound inflorescence as a system consisting of the
main florescence and paracladia that repeat the structure of the main florescence.
This concept was later formalized by Fritjers and Lindemayer [Frijters 1976a], who
defined paracladia as “branches which repeat the florescence of the main axis and
which on their turn can give rise to paracladia of their own.” Prusinkiewicz et
al. [Prusinkiewicz 2001] introduced a related concept of branch mapping, according
to which, “given two branches of the same order, the shorter branch is identical
[...] to the top portion of the longer branch.” Mündermann [Mündermann 2003]
further studied these concepts as a basis for constructing three-dimensional plant
models. More recently, Prusinkiewicz [Prusinkiewicz 2004] introduced the notion
of topological self-similarity, which relates plant self-similarity to the theory of L-
systems [Lindenmayer 1968, Herman 1975, Prusinkiewicz 1990].

In comparison to inflorescences, self-similar organization is less obvious in trees,
which develop over a longer period of time, and therefore are more prone to the
influences of the environment. Nevertheless, the branching systems of trees also
result from repetitive processes, in which various meristems follow similar sequences
of states and produce similar structures as a result. These sequences have been
characterized by biologists in such terms as age state [Gatsuk 1980], morphogenetic
program [Nozeran 1984], and physiological age [Barthélémy 1997]. This last notion
made it possible, for example, to exploit similarities in the development and struc-
ture of Zelkova serrata (Japanese elm) in the construction of a simulation model
[de Reffye 1989], where the sequence of physiological ages of a typical meristem in
the plant served as a template (called the reference axis) for all plant meristems.
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Figure 3.7: Examples of plants showing remarkably self-similar branching structures:
A fern leaf, a compound inflorescence (lilac), and a romanesco broccoli.

Self-similarity, like symmetry, is not easily quantifiable: it is usually considered to
be either absent or present. Real plants, however, may be self-similar only to some
degree. We have proposed [Ferraro 2005] a definition of self-similarity in branching
structures, and describe a procedure for quantifying it in measured or simulated
plants. This procedure is based on a method for comparing tree-like structures and
extended to the problem of comparing plants [Ferraro 2000].

3.4 Paper Presentation

3.4.1 Tree-Graph Comparison

In the papers presented in this section we have proposed dynamic programming
algorithms to compare trees using a constrained edit distance. We have introduced
in [Ferraro 2003a] and [Ferraro 2003b] first steps for the comparison of multi-scale
tree-graphs.

[Ferraro 2003a] Pascal Ferraro and Christophe Godin. An edit dis-
tance between quotiented graphs. Algorithmica, vol.
36, pages 1–39, 2003.

[Ferraro 2003b] Pascal Ferraro and Christophe Godin. Optimal map-
pings with minimum number of connected compona-
nents in tree-to-tree comparison problems. Journal of
Algorithms, vol. 48, pages 385–406, 2003.

In [Ouangraoua 2009a], we propose a formal definition of a new class of trees called
semi-ordered trees and a polynomial dynamic programming algorithm to compute a
constrained edit distance between such trees. The core of the method relies on a sim-
ilar approach to compare unordered [Zhang 1996] and ordered trees [Zhang 1989].
The method was then applied to evaluate the similarity between architectures of
apple trees [Segura 2008].
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[Ouangraoua 2009a] Aïda Ouangraoua and Pascal Ferraro. A con-
strained edit distance algorithm between semi-ordered
trees. Theoretical Computer Science, vol. 410, no.
8-10, pages 837–846, 2009.

3.4.2 Applications

The following papers focuses on the methods dedicated to the comparison between
plant architectures.

A first analysis has been proposed in [Ferraro 2000].

[Ferraro 2000] Pascal Ferraro and Christophe Godin. A distance
measure between plant architectures. Annals of Forest
Science, vol. 57, pages 445–461, 2000.

[Segura 2008] and [Ouangraoua 2008] present the last techniques available to com-
pare plant architectures depending on their formal representation. Their relative
advantages / disadvantages are presented through biological examples. The appli-
cation of both global and local comparison methods showed that distances between
trees were similar with most of the methods, except the end-space free method. Sev-
eral edit distance algorithms for the comparison of plant architectures are presently
available on an open-source platform: OpenAlea. We have shown that for a given
formal tree-graph representation, both global and local comparison methods can be
applied depending on the biological context and goal. However, the methods are
more or less appropriate depending on the heterogeneity of the topological size of
the compared plants; the traits that must be taken into account.

[Segura 2008] Vincent Segura, Aïda Ouangraoua, Pascal Ferraro
and Evelyne Costes. Comparison of tree architecture
using tree edit distances: application to two-year-old
apple hybrids. Euphytica, vol. 161, pages 155–164,
2008.

[Ouangraoua 2008] Aida Ouangraoua, Vincent Segura, Evelyne Costes
and Pascal Ferraro. Methods to evaluate similarity
between plant architectures based on the comparison of
their tree structured representation. BMC Systems Bi-
ology, vol. submitted, page 8, 2008.

3.4.3 Self-similarity in plants

Self-similarity of plants has attracted the attention of biologists for at least 50 years,
yet its formal treatment is rare, and no measure for quantifying the degree of self-
similarity currently exists. We have proposed in [Ferraro 2005] a formal definition
and measures of self-similarity, tailored to branching plant structures based on the
comparison between trees.
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[Ferraro 2005] Pascal Ferraro, Christophe Godin and Przemy-
law Prusinkiewicz. Toward a quantification of self-
similarity in plants. Fractals, vol. 13, no. 2, pages
1–25, 2005.

The article [Ferraro 2009] introduces and develops the notion of self-nestedness of
trees. Self-nested trees are such that all their subtrees of a given height are iso-
morphic. We show that these trees present remarkable compression properties, with
high compression rates. In order to measure how far a tree is from being a self-nested
tree, we then study how to quantify the degree of self-nestedness of any tree.

[Ferraro 2009] Pascal Ferraro, Christophe Godin and Przemy-
law Prusinkiewicz. Quantifying the degree of self-
nestedness of trees. Application to the structural anal-
ysis of plants. IEEE/ACM Transactions on Compu-
tation Biology and Bioinformatics, vol. in press, page
16, 2009.
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4.1 Context

During the last few years, our knowledge about the role of RNA molecules in the cell
life process has been considerably modified. Notably, it has been stated that small
non coding RNAs (such as small nuclear RNAs, small nuclear RNAs, microRNAs,
siRNAs, . . . ) play a very important role in nearly all aspects of gene regulation.
Additionally, about 60% of the mouse genome (thus probably of most mammal
genomes) is transcribed into RNA, while less than 5% is translated into proteins.
This gives place to a large universe of “RNA dark matter” that is worth being
explored (See e.g. [sci 2005, Mendes Soares 2006]).

Therefore, there is a crucial need for efficient computer-based methods for helping
to handle the structural modelling and functional assignment of RNAs. From a
historical perspective, many computational methods have been proposed to deal
with the RNA folding problem. But there is still no reference tool to compare RNA
molecules. The (pairwise or multiple) structural comparison of RNA molecules is
among the most important problems in this area. The pairwise RNA comparison
problem consists both in computing a distance between two RNA molecules that
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reflects their evolutionary distance, and in giving a correspondence between the
structural elements of the two molecules As for sequences, structural comparison can
be either global or local. Notably, fast and biologically relevant pairwise comparison
tools are urgently needed in order to classify and to annotate the huge amount of
new non coding RNAs found by from genomic-scale analyses. The multiple RNA
comparison problem consists in extending the pairwise comparison problem to a full
family of homologous RNA sequences. This allows, for example, to determine the
shared structural features of a given functional family, or to detect a very conserved,
thus probably biologically active, common structural site.

The biological function of a RNA molecule is very closely related to its spatial
structure (tertiary structure), and two rather different RNA sequences may lead
to very similar structures. This is why the classical sequence comparison tools are
not relevant for RNA molecules. From the algorithmic point of view, the pairwise
structure comparison problem has been a very active research area during the last
20 years. Briefly, the problem is as follows : The RNA structure is modelled as
a graph whose nodes are the nucleotides and whose edges are the chemical bonds
between them. A set of basic operations on these graphs is given, with a score for
each operation. Then, there are two major ways to compare two structures S1 and
S2 : edition and alignment. The edition problem consists in finding a best-scoring
sequence of operations which changes S1 into S2. The alignment problem consists
in finding a “superstructure” S3 which contains S1 and S2 as substructures, in such
a way to maximise the sum of the edition scores between S1 an S3 and between S2

and S3. The algorithmic complexity of these problems mainly depends on:

• the model of RNA structure that is taken into account. Briefly, the graph
which represents the whole structure is called the tertiary structure of the
molecule. A secondary structure is a partial representation of the tertiary
structure where only edges corresponding to the strongest chemical bounds
(Watson-Crick pairs, and possibly wobble pairs) are present. If a secondary
structure does not contain crossing edges, so-called pseudo-knots, then it can
be represented by a rooted ordered tree.

• the set of operations that are allowed. A set of biologically relevant edit
operations on bases and base-pairs in RNA structures have been defined in
[Jiang 2002]: the classical substitution, insertion, and suppression operations,
plus some very important operations for RNA, such as pairing or unpairing
nucleotides.

In its full generality, the RNA structure comparison problem is difficult: com-
paring tertiary structures with the above complete set of operations has been
proved to be NP-complete [Jiang 2002] for the edition problem, and for the
alignment problem [Blin 2006]. Moreover, Blin et al. [Blin 2007] have proved
that the edition problem remains NP-complete even for two secondary struc-
tures without pseudo-knots. Meanwhile, during the last 20 years much ef-
fort has been done on designing polynomial comparison methods for secondary
structures without pseudo-knots, either by heuristics approaches, or by restrict-
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ing the set of allowed operations, or by fixing constraints on their scores
(see [Vauchaussade de Chaumont 1985, Zhang 1989, Jiang 1994, Höchsmann 2003]
among others). Some heuristics have also been developed for pseudo-knotted
structures (such as [Jiang 1994, Collins 2000]). Based on some of these works,
a few programs are publicly available : RNAdistance in the Vienna RNA
Package (http://www.tbi.univie.ac.at/ ivo/RNA/RNAdistance.html), RNA-
match and RNA-align (http://www.csd.uwo.ca/ kzhang/rna/), RNAForester
(http://bibiserv.techfak.uni-bielefeld.de/rnaforester/).

The multiple comparison problem has been less studied, probably because of its
greater complexity. Regarding the theoretical complexity, the problem is NP-
complete for all reasonable edit models. From a practical point of view, few
multiple structural alignment heuristics have been developed, e.g. [Wang 2004,
Höchsmann 2004, Siebert 2005].

Up to now, RNA comparison software are rarely used by biologists. And when they
are, a long and thorough subsequent work must be done "by hand” in order to get
precise results. This is due partly to the fact that most of these tools are rather
recent. And all these approaches suffer from drawbacks, notably:

• The operations are defined at the nucleotide or base-pair level only, even
though it is known that larger structural elements must be taken into account
[Kachouri 2005, Allali 2005b].

• Even at the nucleotide and base-pair level, none of the algorithms takes into
account the whole set of relevant operations with independent scores.

• The scores of the operations are fixed in a somewhat arbitrary way (although
some work has been done recently on statistical approaches for computing
them on biological data, see e.g. [Klein 2003].

Recently, a number of progresses in this area have been done by the teams in
the present project. In particular, my researches have focused on original ap-
proaches allowing to better take biological properties into account. In this context,
we have developed new algorithms, and even a new pairwise comparison software
[Ouangraoua 2007, Ituarte 2006, Ouangraoua 2009b].

4.2 Formal Representations of RNA Secondary Struc-
tures

In the field of RNA secondary structure comparison, we are led back to the compar-
ison of ordered labeled trees. A tree is said labeled if a label is associated to each
node. A tree is said ordered if the edges incident to a given node are ordered cycli-
cally. These are therefore trees for which the left,to,right order among the sibling
nodes is significant.

The RNA structure can hence be decomposed in a way where the labels of the nodes
represent:
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1. either structural elements (sequences of paired bases, hairpins, loop, bulges,
stems, ...),

2. or nucleic acids (A, C, G, U), Watson-Crick pairs, Wobble pairs, etc.

In that way, considering only the structural patterns, this tree representation can
be rough (situation (1)) or refined (situation (2)). Below are represented:

• a RNA secondary structure on the left, the dots representing the nucleic acids,

• a relatively rough tree representation of this structure on the center where
the following labels are used: a node labeled S(tem) represent a sequence of
paired bases, a node labeled B a bulge, a node labeled I an inside loop, a node
labeled M a multi-branch loop and a node labeled H an hairpin.

• a coding of the same structure on the right: “coding” in the way that the
tree (with a good labeling of its nodes) makes it possible to come back to the
secondary structure.

Both tree models of a RNA secondary structure represent information in the
molecule at two distinct scales and are gathered in a single model: a quotiented
tree (Fig. 4.2).

Figure 4.1: The RNA secondary structure (a) is modeled by a microscopic tree (b)
and a macroscopic one (c). Both trees are gathered to obtain the quotiented tree
representation (d)

RNA secondary structures used to be compared using either microscopic
[Zhang 1989] or macroscopic [Shapiro 1990] tree representations. A quotiented
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comparison [Ouangraoua 2007, Ouangraoua 2009b] will take into account struc-
tural informations at both scales.

4.3 RNA Secondary Structures Comparison

Ordered trees are commonly used to model the topological structure of biologi-
cal data (e.g. plants [Godin 1998], RNA secondary structures [Shapiro 1990]) and
then to evaluate similarity between these data. Over the last 30 years, many
ordered labeled tree comparison algorithms have been developed [Selkow 1977,
Tai 1979, Zhang 1989]. These algorithms were introduced by Selkow [Selkow 1977]
and are based on the notion of edit distance or alignment score, which have since
become classic approaches in the frame of sequence comparison [Wagner 1974].
Both notions are equivalent in the case of sequence comparison, but lead to
two different problems in the case of tree comparison. We have focused in
[Ouangraoua 2007, Ouangraoua 2009b] on multi-scale extensions of Zhang and
Shasha’s algorithm [Zhang 1989] which is the standard when dealing with ordered
labeled tree comparison. These extensions are currently used to evaluate the simi-
larity between two multiscale representations of RNA secondary structures.

To take into account the multi-scale nature of RNA secondary structures, two dif-
ferent approaches have been recently proposed. Allali and Sagot [Allali 2005a] in-
troduced a new data structure, called MiGaL for Multiple Graph Layers, composed
of various graphs linked together by relations of abstraction/refinement. This struc-
ture is used for representing information that can be described at different levels of
abstraction, each level corresponding to a graph (and not necessarily a tree). The
comparison of two MiGaL is then performed as a step-by-step comparison start-
ing with the most abstract level. The result of the comparison at a given step is
then communicated to the next step using a special colouring scheme. MiGaLs are
used for comparing RNA secondary structures that may be seen at different levels
of detail, going from the sequence of nucleotides, single or paired with another to
participate in a helix, to the network of multiple loops.

In the same way, in [Ouangraoua 2007] we have proposed a top-down approach to
compare RNA secondary structures based on two levels of abstraction, each level
being an ordered tree. This algorithm is an extension of Zhang and Shasha’s algo-
rithm [Zhang 1989] to locally compare quotiented ordered trees [Ouangraoua 2007].
A quotiented ordered tree [Godin 1998] is an ordered tree with an equivalence re-
lation defined on the set of vertices, such that the resulting quotient graph is also
an ordered tree. It can thus be considered as a self-similar structure represented by
trees on two different scales: basically, quotiented trees refer to trees (the macro-
scopic scale) whose vertices are also trees (the microscopic scale). Our approach
[Ouangraoua 2007] then consists of comparing trees at the macroscopic scale by
defining the edit cost related to macroscopic vertices as the edit distance computa-
tion between sub-trees of these vertices. However, during the comparison, equiva-
lence relations on vertices are not preserved.
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On the other hand, for plant modeling purposes, in [Ferraro 2003a] (see section 3) we
have proposed a bottom-up solution to the comparison of unordered quotiented trees
which preserves equivalence relations. Based on this approach, and by introducing
new notations, we present hereafter an edit distance between quotiented ordered
trees which can be used to compute an optimal sequence of edit operations at the
most microscopic scale and preserving equivalence relations on tree vertices.

4.3.1 Comparison between Ordered Trees

Let T be an ordered tree, referring to the notations of [Shapiro 1990,
Ouangraoua 2007] and presented in the previous Chapter, let x1 < x2 < . . . < xk
be the vertices of T [xk], F [x1 . . . xi] is the forest consisting in the subtrees of T [xk]
restricted to the vertices x1, x2, . . . , xi. Particularly, F [x1 . . . xk] is the whole tree
T [xk]. By convention, if xk < x1 then F [x1 . . . xk] represents θ the empty tree.
Let F1 and F2 be two ordered forests and let x1, y1 and x2, y2 be vertices of F1 and
F2 respectively. Zhang et al. [Zhang 1989] proposed a general recurrence formula for
computing the similarity score S(F1[x1 . . . y1], F2[x2 . . . y2]) between ordered forest:

S(F1[x1 . . . y1], F2[x2 . . . y2]) = max

8>>><>>>:
S(F1[x1 . . . y1 − 1], F2[x2 . . . y2]) + s(α(y1), λ)
S(F1[x1 . . . y1], F2[x2 . . . y2 − 1]) + s(λ, α(y2))
S(F1[x1 . . . l(y1)− 1], F2[x2 . . . l(y2)− 1])
+ S(F1[l(y1) . . . y1 − 1], F2[l(y2) . . . y2 − 1])

+s(α(y1), α(y2))

(4.1)

Note, if y1 (resp. y2) is an ancestor of x1 (resp. x2), then F1[x1 . . . y1] (resp.
F1[x2 . . . y2]) is a tree and F1[x1 . . . l(y1)− 1] (resp. F2[x2 . . . l(y2)− 1]) is the empty
tree.

4.3.2 Local similarity

In many cases trees share only a limited region of similarity. This may be a com-
mon domain or simply a short region of recognizable similarity. This case is dealt
with by so-called local mapping in an algorithm developed by Smith and Waterman
[Smith 1981] to evaluate local similarity between strings. Local similarity aims at
identifying the best pair of regions, one from each string, such that the optimal
(global) similarity of these two regions is the best possible. This relies on a scoring
scheme that maximizes a similarity score because otherwise an empty sequence of
edit operations would always yield the smallest score. Naively, the algorithm to
compute the local similarity would need to inspect every pair of regions and apply a
global comparison algorithm to it. The decisive idea of Smith and Waterman was to
find for any prefix of the sequences a suffix with a maximal score. We have proposed
a generalization of this algorithm to evaluate local similarity between ordered and
quotiented trees [Ouangraoua 2007].

A first algorithm for finding similar regions in trees has been previously proposed
by Höshmann et al. [Höchsmann 2003]. It build upon the tree alignment algorithm
for ordered trees given by Jiang et al. [Jiang 1994]. This algorithm is used for
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evaluating local similarity in RNA secondary structures. However, since edition
of trees and tree alignments are different concepts and lead to different algorithms,
this method is not discussed in this Chapter. Note that in [Wang 1998, Wang 1999],
Wang et al. solved a similar problem consisting of finding the largest approximately
common substructures in ordered labeled trees. Given two trees T1 and T2 and an
additional parameter δ, their algorithm determine the largest sub-trees U1 and U2 of
respectively T1 and T2 whose distance is at most δ. It is based on the computation of
the global edit distance between two trees, and is therefore a minimization problem.
Our variation does not use any additional parameter and thus cannot be solved as
a minimization problem.

4.3.2.1 Local comparison between ordered trees

The computation of a local similarity allows to detect local conserved areas between
both trees. The solution of such a problem is based on the notion of prefix mapping
between trees.

Definition 4 Let T be a tree rooted in r, any partial sub-tree of T rooted in r is
called a prefix of T or a T -prefix. By convention, the empty tree θ is a T -prefix.

Note that a particular prefix of T rooted in r is T [r] itself. Let T1 and T2 be two
trees and let x1 and x2 be two vertices of T1 and T2, the set of T1[x1]-prefixes and
T2[x2]-prefixes are respectively denoted by T1[x1] and T2[x2].

A similar definition can be proposed for a forest:

Definition 5 Let F be a forest made of n trees T1, . . . , Tn respectively rooted in
r1, r2, . . . , rn. A F -prefix is a sub-forest of F made of any prefixes of T1, . . . , Tn.

The local prefix mapping problem for a given pair x1, x2 of vertices is to find a
(possibly empty) prefix ρ1 of T1[x1] and a (possibly empty) prefix ρ2 of T2[x2] (Figure
4.2.a) such that the score of the optimal sequence of edit operations transforming
ρ1 into ρ2 is the maximum over all scores of sequences of edit operations between
prefixes of T1[x1] and T2[x2].

The score of the sequence solving the optimal local prefix mapping problem (called
local score) for a given pair x1, x2 of vertices is denoted by LS(T1[x1], T2[x2]):

LS(T1[x1], T2[x2]) = max{S(ρ1, ρ2), (ρ1, ρ2) ∈ T1[x1]× T2[x2]}.

Note that a local prefix problem between two forests F1[x1 . . . y1] and F2[x2 . . . y2]
is similarly defined as:

LS(F1[x1 . . . y1], F2[x2 . . . y2]) = max{SF (ρ1, ρ2), (ρ1, ρ2) ∈ F1[x1 . . . y1]×F2[x2 . . . y2]}.

where F1[x1 . . . y1] and F2[x2 . . . y2] represent respectively the set of F1[x1 . . . y1]-
prefixes and F2[x2 . . . y2]-prefixes (Fig. 4.2.b).
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Figure 4.2: Local prefix definition for (a) two trees and (b) two forests

Local similarity between two trees is then defined as the score of the best pair of
local prefixes in trees T1 and T2:

Theorem 4

LS(T1, T2) = max{LS(T1[x1], T2[x2]), (x1, x2) ∈ V1 × V2}.

So, in order to evaluate local similarity, the algorithm needs to find maximum simi-
larity between prefixes of T1[x1] and T2[x2], for any pair of vertices (x1, x2) of V1×V2,
and then to determine the best pair of vertices xMax

1 , xMax
2 of T1 and T2.

The recurrence formula for the computation of the local score is then given by the
following proposition [Ouangraoua 2007]:

Proposition 5 Let T1 and T2 be two trees and let x1, y1 and x2, y2 be vertices of
T1 and T2 respectively, with x1 < y1 and x2 < y2:

LS(F1[x1 . . . y1], F2[x2 . . . y2]) = max

8>>>>>>>>><>>>>>>>>>:

LS(F1[x1 . . . l(y1)− 1], F2[x2 . . . l(y2)− 1])
LS(F1[x1 . . . y1], F2[x2 . . . l(y2)− 1])
LS(F1[x1 . . . l(y1)− 1], F2[x2 . . . y2])
LS(F1[x1 . . . l(y1)− 1], F2[x2 . . . l(y2)− 1])

+LS(F1(l(y1) . . . y1 − 1], F2[l(y2) . . . y2 − 1])
+s(α(y1), α(y2))

LS(F1[x1 . . . y1], F2[x2 . . . y2 − 1]) + s(λ, α(y2))
LS(F1[x1 . . . y1 − 1], F2[x2 . . . y2]) + s(α(y1), λ)

(4.2)

The complexity of this algorithm [Ouangraoua 2007] is the same as Zhang-Shasha’s
algorithm and is bounded by O(|T1| × |T2| ×min(h(T1), l(T1))×min(h(T2), l(T2)))
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where, for any i in {1, 2}, h(Ti) and l(Ti) represent respectively the height and the
number of leaves of the tree Ti. The average complexity of the algorithm is on the
order of |T1|3/2× |T2|3/2 ([Dulucq 2003]). The space complexity is in O(|T1| × |T2|).

This recurrence formula is not totally equivalent to Smith and Waterman’s computa-
tion [Smith 1981]. Let us consider the problem of local similarity between sequences
as a tree edit problem. Any sequence with a length n could be represented following
two different graphs, i.e. as a graph with n vertices and such that any vertex has
only one child except one, the leaf, or as a graph made of a root and exactly n− 1
children. In the first case, since any vertex (except the leaf) has only one child, the
local score LS(F1[x1 . . . l(y1)− 1], F2[x2 . . . l(y2)− 1]) is always equal to zero. Sim-
ilarly, three first line of equation 4.2 are equivalent to zero. Then the computation
of local similarity between trees leads to the same equivalence relation than Smith
and Waterman’s one [Smith 1981]. However, since order relations are not taken into
account to define the notion of optimal T -prefix, the second case does not lead to
the same result. To get Smith and Waterman result, a sequence of symbol should
be represented using the first model.

4.3.3 Comparison Between Ordered Quotiented Trees

4.3.3.1 Valid Mapping Between Quotiented Ordered Trees

The tree-to-tree correction problem consists in determining the distance between
two trees measured by the optimal sequence of edit operations (namely substitution,
insertion and deletion) needed to transform one tree into the other.

As introduced in the previous Chapter, mapping between two ordered trees T1 =
(V1, E1) and T2 = (V2, E2) is usually associated to each sequence of edit operations
transforming T1 into T2. A mapping [Tai 1979] from T1 to T2 is a triple (M,T1, T2)
where M is a set of ordered pairs of vertices (x, y) with x ∈ V1 and y ∈ V2 where
the following properties hold for any two pairs (x1, x2) and (y1, y2) in M :

x1 = y1 ⇔ x2 = y2, (4.3)
x1 @ y1 ⇔ x2 @ y2, (4.4)
x1 < y1 ⇔ x2 < y2. (4.5)

Let M be a mapping from T1 to T2 and let M1 (resp. M2) be the set of vertices of
T1 (resp. T2) which do not appear in a pair of M . The cost of M is then defined
by:

γ(M) =
∑

(x1,x2)∈M

γ(x1, x2) +
∑

x1∈M1

γ(x1, λ) +
∑

x2∈M2

γ(λ, x2).

The notion of mapping is extended to quotiented ordered trees. LetQ1 = (T1,W1, π)
and Q2 = (T2,W2, π) be two quotiented ordered trees. Let (M,T1, T2) be a mapping
from T1 to T2. The mapping induced from M on the quotient trees π(T1) and π(T2)
is denoted by (π(M), π(T1), π(T2)) where π(M) is the set of all pairs of vertices
(X1, X2) of π(T1) and π(T2) such that:

(X1, X2) ∈ π(M)⇔ ∃(x1, x2) ∈M s.t. π(x1) = X1 and π(x2) = X2.
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(a)
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Figure 4.3: (a) An optimal mapping obtained from Ouangraoua et al.’s algorithm
[Ouangraoua 2007]. Vertex mappings are represented by dotted lines. Using this
algorithm the quotient vertices are mapped (b) which induces a mapping on the
support graph (c). Since x1 @ y1 and y2 is not a descendant of x2, the mapping on
the support graph does not preserve the ancestor-descendant relationship.

This definition means that the pair (X1, X2) belongs to the mapping induced by
M on the quotiented tree if and only if there exists at least one vertex in X1 and
one in X2 such that they are both mapped. However, with such a definition a
quotiented vertex could belong to several pairs of the induced mapping. In this case
the mapping induced by M does not respect constraint (1).

In [Ouangraoua 2007] we proposed an algorithm to compute the edit distance be-
tween two quotiented ordered trees. Basically, a quotiented tree is a tree such that
vertices are also trees and then an edit score related to quotient vertices is defined as
an edit score between the support sub-trees of these vertices. However, this method
does not allow to compute an optimal mapping satisfying constraints (1), (2) and
(3) simultaneously at both scales. Indeed, as mentioned previously in some cases,
the minimal cost mapping does not respect ancestor-descendant and/or order rela-
tionships in support trees (Fig. 4.3). We have then proposed to extend the definition
of mappings in order to preserve these constraints at every scale.

A valid mapping from Q1 to Q2 is thus a mapping from T1 to T2 such that the
corresponding induced mapping on quotient trees is also a mapping.

Definition 6 (Valid mapping) A valid mapping between two quotiented ordered
trees Q1 = (T1,W1, π) and Q2 = (T2,W2, π) is a triple (M,Q1, Q2) such that M
is a mapping from T1 to T2 and π(M) is a mapping from π(T1) to π(T2). For any
pairs (x1, x2) and (y1, y2) in M , (x1, x2) and (y1, y2) verify relations (1), (2), (3)
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and:

π(x1) = π(y1) ⇔ π(x2) = π(y2), (4.6)
π(x1) @ π(y1) ⇔ π(x2) @ π(y2), (4.7)
π(x1) < π(y1) ⇔ π(x2) < π(y2). (4.8)

The set of valid mappings (or simply mappings) from Q1 to Q2 is denoted by
M(Q1, Q2). If there is no confusion, we denote (M,Q1, Q2) by M and any pair
(x1, x2) ∈ M is denoted by x1 ∈ M and x2 ∈ M . In addition, the set of vertices
of π(T1) (resp. π(T2)) which do not appear in a pair of π(M) is denoted by π(M1)
(resp. π(M2)).

Since a quotiented mapping is a valid mapping between ordered trees, the cost of a
quotiented mapping is properly defined, thus:

Definition 7 (Edit distance) The distance between Q1 and Q2 is defined by:

D(Q1, Q2) = min{γ(M) | M ∈M(Q1, Q2)}.

These definitions are directly extended to quotiented ordered forests.

In [Ouangraoua 2007] we have proposed a top-down approach to compare RNA
secondary structures based on two levels of abstraction, each level being an ordered
tree. This algorithm is an extension of Zhang and Shasha’s algorithm to locally
compare quotiented ordered trees, presented in the previous section. The following
introduce a bottom-up approach which has been presented in [Ouangraoua 2009b].

4.3.4 Edit Distance Computation

This section presents recurrence relations computing an optimal valid mapping be-
tween quotiented ordered trees which preserves one-to-one, ancestor-descendant and
order relationships on tree vertices at both scales. The solution proposed is slightly
different from the one we proposed in [Ferraro 2003a] (cf. Chapter 3 of this re-
port) to measure the distance between quotiented unordered trees. In their solu-
tion, the distance is computed by studying optimal mappings at the support scale
and then by checking if these mappings conform to the constraints at the quotient
scale. This approach leads us to evaluate a huge number of combinatoric cases.
In [Ouangraoua 2007], we have also proposed a symmetric approach by firstly con-
straining the mapping at the most macroscopic scale (i.e. the quotient scale) and
then computing the final optimal mapping at the support scale.

LetQ1 = (T1,W1, π) andQ2 = (T2,W2, π) be two quotiented ordered trees, similarly
to the computation of a distance between ordered trees [Zhang 1989], we propose
to compute the distance between Q1 and Q2 using the dynamic programming prin-
ciple. To take into account the new constraints on valid mappings, we introduced a
constrained edit distance that reminds if two quotient vertices are mapped.
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Definition 8 (Constrained edit distance) Let C1 and C2 be two quotient ver-
tices of Q1 and Q2 respectively, the constrained edit distance DC(Q1, Q2, C1, C2)
between Q1 and Q2 is the minimal cost of a valid mapping M from Q1 to Q2 such
that the quotient vertices C1 and C2 are mapped by M :

DC(Q1, Q2, C1, C2) = min{γ(M) | M ∈M(Q1, Q2) and (C1, C2) ∈ π(M)}.

The constrained edit distance is extended in order to indicate if a quotient vertex is
not mapped:

DC(Q1, Q2, ∅, C2) = min{γ(M) | M ∈M(Q1, Q2) and C2 ∈ π(M2)},
DC(Q1, Q2, C1, ∅) = min{γ(M) | M ∈M(Q1, Q2) and C1 ∈ π(M1).}

By extension, we will use the following notation:

DC(Q1, Q2, ∅, ∅) = D(Q1, Q2).

This constrained edit distance between quotiented ordered trees (or forests) will be
used to recursively compute the distance between Q1 and Q2. The algorithm, simi-
larly to [Zhang 1989], considers the distance between two quotiented ordered forests
in its intermediate steps. Let x1 and y1 (resp. x2 and y2) be two vertices of Q1 (resp.
Q2) such that L(x1) ≤ y1 ≤ x1 and L(x2) ≤ y2 ≤ x2, at a step of the computation
we are interested in computing the distance D(Q1[L(x1) . . . y1], Q2[L(x2) . . . y2]) be-
tween two quotiented ordered forests Q1[L(x1) . . . y1] and Q2[L(x2) . . . y2]) of Q1

and Q2 respectively.

Proposition 6 The distance δ between the quotiented ordered forests
Q1[L(x1) . . . y1] and Q2[L(x2) . . . y2] is recursively given by:

δ = min

8>>><>>>:
γ(λ, y2) +D(Q1[L(x1) . . . y1], Q2[L(x2) . . . y2 − 1])
γ(y1, λ) +D(Q1[L(x1) . . . y1 − 1], Q2[L(x2) . . . y2])
γ(y1, y2) +DC(Q1[L(y1) . . . y1 − 1], Q2[L(y2) . . . y2 − 1], π(y1), π(y2))

+DC(Q1[m(L(x1), y1) . . . L(y1)− 1], Q2[m(L(x2), y2) . . . L(y2)− 1], π(y1), π(y2))
+D(Q1[L(x1) . . .m(L(x1), y1)− 1], Q2[L(x2) . . .m(L(x2), y2)− 1])

Proposition 6 leads to compute the constrained edit distance between two quotiented
ordered forests Q1[L(x1) . . . y1] and Q2[L(x2) . . . y2], such that L(x1) ≤ y1 ≤ x1 and
L(x2) ≤ y2 ≤ x2 and the quotient vertices C1 and C2 are mapped on each other.
However, this computation is only needed only if C1 is an ancestor of π(L(x1)∧ y1)
and C2 is an ancestor of π(L(x2) ∧ y2). The recurrence formulae are detailed in
[Ouangraoua 2009b].

The computation of the constrained edit distance is based on a similar scheme to
the computation of the distance between ordered trees [Zhang 1989]. The time
complexity of the computation is then bounded by O(|T1| × min{l(T1), p(T1)} ×
|T2| × min{l(T2), p(T2)} where p(Ti) and l(Ti) are respectively the depth and the
number of leaves of the tree Ti , i ∈ {1, 2}. We can remark that the solution
proposed is independent of the size of the quotient graphs π(T1) and π(T2). The
size complexity of the algorithm is also bounded by O(|T1| × min{l(T1), p(T1)} ×
|T2| × min{l(T2), p(T2)} since we need to memorise all the intermediate computed
distances in the dynamic programming table D.
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4.4 Evaluation of Comparison Methods

We have proposed in the context of Brasero ANR project a first evaluation of all
available programs for RNA secondary structure pairwise comparison [Allali 2008].
Our benchmark is based on the real-life problem of being able to distinguish se-
quences of non coding RNAs of a given family from other sequences. Typically,
this problem occurs when one aims to find, in a genome or a set of sequences, non-
coding RNAs that are similar to some given RNAs from a same family. Another
application is the automatic classification of a whole set of putative non-coding
RNAs into different functional families. We studied the ability of each program to
distinguish alignments within a same family from alignments between two differ-
ent families. Of course, the quality of a comparison depends on the ability of the
folding tool to find the correct secondary structure. Thus the comparison programs
were tested in presence of real-life noise. We compared six tools: RNAforester
[Höchsmann 2003], MiGaL [Allali 2005a], TreeMatching [Ouangraoua 2007], garde-
nia [Blin 2006], NestedAlign [Blin 2007], and RNAStrAT [Guignon 2005]. These
tools use different models of secondary structure. We also included BLAST into the
comparison.

RNAforester is an ordered trees local/global alignment algorithm. It uses a special
tree encoding that allows to break nucleotide pairings under certain conditions.
MiGaL uses a multi-level representation of the secondary structure composed by
four layers coded by rooted ordered trees. The layers model different structural
levels from multiloop network to the sequence of nucleotides composing the RNA.
The algorithm is an adapted edit distance successively applied to each layer.

TreeMatching is based on a quotiented tree representation of the secondary struc-
ture which is an auto-similar structure composed of two rooted ordered trees on
two different scales (nucleotides and structural elements). The core of the method
relies on the comparison of both scales simultaneously: it computes an edit dis-
tance between quotiented trees at the macroscopic scale using edit costs defined as
edit distances between sub-trees at the microscopic scale. gardenia and NestdAlign
use an arc-annotated based representation, that allows for complex edit operations,
such as arc-breaking or arc-altering. They allow local and global alignment features.
gardenia notably allows affine gap scores while NestedAlign implements an original
local alignment algorithm.

RNAStrAT performs the comparison in two steps. First, it compares stems of the
two structures using an alignment algorithm with complex edit operations. Then it
finds an optimal mapping between the different stems.

We applied the following benchmarking protocol on several families of structural
RNAs (tRNA, SRP, . . . ). For each family, we used about five references. These
references were secondary structures obtained in reputed databases. We then took
on average 75 sequences of RNAs known to belong to that family (true events).
We added 200 sequences randomly picked inside viral genomes (false events). All
sequences (true and false) were folded using MFold (keeping optimal and subopti-
mal) and RNAshapes. This defines the data set. For each tool, we compared each
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structure of a same sequence of the data set with all structures of the reference set.
We stored the best score obtained. Finally, we sorted the sequences of the data set
according to the score obtained. This gave us an array of true and false events.
Using this array, we drew the ROC curve, that is the sensibility (nb of true positives

nb true events )
and specificity (nb of false negatives

nb of false events ) curve. We also represented the distribution of
the scores and the computation times.

Figure 4.4: Results obtained on tRNA with ENCODE for the different methods
studied.

With this work, we propose to help a user to decide which tool is the most adapted
to his/her situation (time performance, sequence length, . . . ). This benchmark is
the first one of a set of benchmarks on tools for comparing pairwise RNA secondary
structure called BRASERO.

4.5 Presentation of the papers

4.5.1 Tree-Graph Comparison

In the papers presented in this section, we proposed dynamic programming algo-
rithms to evaluate local similarity between ordered quotiented trees using different
constrained edit scoring scheme. We have described extensions to globally and lo-
cally compare two quotiented trees. This last method allows to find the region in
each tree with the highest similarity. Algorithms are been used in genomic analysis
to evaluate variability between RNA secondary structures.
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Although music is apparently not directly related to tree structured data, I have
spent the last few years developing new methods to analyse symbolic music.

The number of audio documents available on the Internet is highly increasing. New
methods for browsing, retrieving or classifying have to be proposed to users. The
growing Music Information Retrieval research community identifies and explicates
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the problems induced by these new methods. One of the key problem of this research
area is the estimation of the musical similarity between audio data.

Indeed, one of the main goal of music retrieval systems is to find musical pieces
in large databases given a description or an example. These systems compute a
numeric score on how well a query match each piece of the database and rank the
music pieces according to this score. Computing such a degree of resemblance be-
tween two pieces of music is a difficult problem. Three methodologies have been
proposed [Orio 2006]. Approaches based on index terms generally consider N -
grams techniques [Doraisamy 2003, Uitdenbogerd 2002], which count the number
of common distinct terms between the query and a potential answer. Geometric
algorithms [Ukkonen 2003, Typke 2004, Typke 2008] consider geometric representa-
tions of music and compute distances between objects. Techniques based on string
matching are generally more accurate than the previous two, as they can take into
account errors in the query or in the pieces of music of the database. This property
is of major importance in the context of music retrieval systems since audio analysis
always induces approximations. Moreover, some music retrieval application require
specific robustness. Query-by-Humming (QbH), a music retrieval system where the
input query is a user-hummed melody, is a very good example. Since the sung query
can be transposed, played faster or slower, without degrading the melody, retrieval
systems have to be both transposition and tempo invariant. Edit distance algo-
rithms, mainly developed in the context of DNA sequence recognition, have been
adapted in the context of music similarity. These algorithms, based on the dynamic
programming principle, are generalisations of a local sequence alignment method
proposed by Smith and Waterman [Smith 1981] in the early 80’s. Applications
relying on local alignment are numerous and include cover detection [Serrá 2008],
melody retrieval [Mongeau 1990], Query-by-Humming [Dannenberg 2007], Query-
by-Tapping [Hanna 2009], structural analysis [Hanna 2008], comparison of chord
progressions [Bello 2007], etc. Local alignment approaches usually provide very ac-
curate results as shown at the recent editions of the Music Information Retrieval
Evaluation eXchange (MIREX) [Downie 2008].

As we have seen in previous chapters, measuring similarity between sequences is
a well-known problem in computer science which has applications in many fields
[Gusfield 1997] such as computational biology, or in text processing, optical charac-
ter recognition, image and signal processing, error correction, pattern recognition,
etc. However, musical sequences are characterized by specific properties. Devel-
oping efficient and accurate algorithms implies to take into account areas such as
sound perception and music theory. This emerging research area thus requires in-
terdisciplinary collaborations between experts in the field of audio signal processing,
algorithmic, pattern recognition, computer music, music theory, etc.

In this chapter, we will see a representation of music pieces as sequences and quo-
tiented sequences (ie. trees) of characters and then as trees. I will introduce some
specific algorithms to compare these sequences and trees in the context of music
analysis or to identify their structures.
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5.1 Music Representations

In the following, we only consider symbolically encoded pieces of music. Symbolic
pieces of music are defined by musical events, such as beginnings or endings of
notes. Each note is then defined by a few attributes: pitch, duration or onset time.
Such representations allow the application of algorithms adapted from the string-
matching domain: N -grams based algorithms [Uitdenbogerd 2002, Doraisamy 2003]
or alignment between pieces [Smith 1981], for instance. Since it easily allows the
consideration of elements of music theory such as tonality, passing notes, or strong
and weak beats [Hanna 2007] this kind of methods has been experimented as one
of the most accurate in monophonic context [Hanna 2007]. Monophonic music is
assumed to be composed of only one dominant melody. In a stricter sense, it implies
that no more than one note is sounded at any given time. In music theory, polyphony
is a texture consisting of two or more independent melodic voices. A music with one
dominant melodic voice accompanied by chords is often called homophony. How-
ever, in the following, we will consider homophony as a part of polyphonic music
[Uitdenbogerd 1998]. Thus, in the polyphonic context, more than one note can
sound at a given time. We will see in this chapter that string-matching methods
can be generalized to the polyphony and lead to accurate results.

5.1.1 Representation of Monophonic Musical Pieces as Sequences

Monophonic musical pieces can be represented by trees of pitches [Rizo 2002]. This
representation implies a hierarchy relying on bars induced by the time signature of
the score notation. However different trees can represent the same melody (same
sequence of pitches and durations). For example, two melodies with two different
time signatures are represented by two different musical scores. In this case, these
two melodies sound similar but are represented in a different way.

Following Mongeau and Sankoff’s model [Mongeau 1990], any monophonic score can
be represented as a sequence of ordered pairs with the pitch of the note as the first
component and its length as the second. Thus, the sequence

(B4 B4 r4 C4 G4 E2 A2 G8)

represents the example illustrated in Fig. 5.1.

Figure 5.1: Example of monophonic melody.

Several alphabets of characters and set of number have been proposed to represent
pitches and durations [Uitdenbogerd 2002, Lemström 2000]. We present only a few
ones that we think are the most pertinent in this context.
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The melodic contour indicates the variation between successive notes. Only three
values are possible: Up, Down, Same. Therefore, the sequence corresponding to
Fig. 5.1 is:

SUDUDD.

The absolute pitch simply indicates the exact pitch (MIDI notation). For example,
the melody of Fig. 5.1 is represented by:

71, 71, 72, 67, 76, 69, 67.

In order to reduce the vocabulary, this exact pitch can be represented by their
modulo-12 values. The melodic contour can also be taken into account by using
positive values when the melody moves up and negative values when it moves down.
The directed modulo-12 absolute pitch sequence corresponding to the melody repre-
sented by Fig. 5.1 is:

11, 11,+0,−7,+4,−9,−7.

In the context of query by humming applications, this representation present the
huge disadvantage to be not transposition invariant.

At the contrary of the absolute pitch representations, the interval and key relative
representations are transposition invariant. The exact interval representation is
simply the number of semitones between two successive notes. The exact interval
sequence corresponding to Fig. 5.1 is:

0, 1, 5, 9, 7, 2.

This representation can also be limited with modulo-12. Information about melodic
direction can also be indicated:

0,+1,−5,+9,−7,−2.

The key relative representations indicate the difference in semitones between notes
and the key of the melody. In the case of Fig. 5.1, the key signature corresponds to
C major. Therefore the associated sequence is:

11, 11, 0, 7, 4, 9, 7.

This representation can also be limited according to modulo-12 and the information
about melodic contour can be indicated:

11, 11,+0,−7,+4,−9,−7.

The limitations of the key relative representation is closely linked to the choice of the
key. The correct key has to be known in order to compute the correct representation.

Concerning the note durations, the same representations are possible. The duration
contour (Shorter, same, Longer) indicates the general variation of duration between
successive notes. Therefore the duration representation of the melody of Fig. 5.1 is:

ssssSsL.
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The absolute representation simply indicates the length of the note in sixteenth
notes:

4, 4, 4, 4, 4, 2, 2, 8.

It is important to note that this representation is not tempo invariant, while the
relative representation is tempo invariant. The difference of durations between suc-
cessive notes can be expressed as duration subtraction:

0, 0, 0, 0, 2, 0, 6

or duration ratio:
1, 1, 1, 1,

1
2
, 1, 4.

5.1.2 Representation of Polyphonic Musical Pieces

In order to compare polyphonic music, existing works generally require reduction
of a polyphonic piece [Uitdenbogerd 2002]. Certain methods [Madsen 2008] reduce
polyphonic music as a set of separate tracks. We have chosen to not use any infor-
mation about the voice lines, since they could be missing in the case of polyphonic
music obtained by transcription from audio, for example. Other monophonic reduc-
tions only consider the note with the highest pitch in the polyphony, based on two
assumptions: firstly the query is the main theme or the melody of the musical piece
searched, and secondly the highest pitches always form the melody. It is rarely the
case in an orchestra, where the polyphony could not be reduced to just the voice
of the Western concert flute for example. In order to avoid such assumption, we
propose here to study algorithms that take into account all the notes of a poly-
phonic musical piece. One way would be to consider all the distinct monophonic
lines induced by the polyphony. But this naive approach may imply a combinatoric
explosion in the cases of large scores [Lemström 2006].

To take into account the polyphonic nature of musical sequences, we thus propose
to use a quotiented sequence representation. Formally, a quotiented sequence is a
sequence graph with an equivalence relation defined on the set of vertices, and such
that the resulting quotient graph is also a sequence.

Definition 9 A quotiented sequence is a 3-tuple Q = (S,W, π) where S is a se-
quence called the support of Q, W is a set of vertices and π a surjective application
from V , the set of vertices of S to W .

The quotient graph π(S) associated with Q is (W,Eπ) such that: ∀(x, y) ∈
E, (π(x), π(y)) ∈ Eπ ⇔ π(x) 6= π(y). By definition, in a quotiented sequence,
quotient graph and support sequence are both sequences. A quotiented sequence
can thus be considered as a self-similar structure represented by sequences on two
different scales.

A quotiented sequence can also be seen as a tree structure in which the leaves
represent the notes of the musical piece and fathers of leaves represent chords. In
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B4E4 G4 B4 D4 r4 C4 E4 G4 D2 A2 G8 B8 D8

Figure 5.2: An example of a polyphonic musical score and its related quotiented
sequence.

the context of polyphonic music, notes that occur at the same time are grouped to
form a quotiented sequence Q = (S,W, π) (Figure 5.2) where S is the suite of notes,
W the suite of chords and π the application that maps a set of notes to each chord.
Each vertex of the quotiented sequence is labelled by the pitch and the duration of
each note.

5.1.3 Harmony Tree

Many works have already proposed to structure the representation of harmony.
Thus, methods based on the theory from Schenker [Schenker 1935] or Lerdahl and
Jackendoff [Lerdahl 1985] induce a tree, with rule-based reduction algorithms. We
proposed [Robine 2009] to represent the harmony of a musical piece with an ordered
tree, according to the time, on five levels illustrated in Fig. 5.3. In our case this
order is given by the time. Let us define the five levels of the harmony tree:

1. The main tonality of a musical piece is the root of the structure.

2. The second level is the sequence of local tonalities, i.e. the successive modu-
lations, each of them being linked to the root.

3. The third level is the chord sequence, as the harmonic background of a jazz
standard could be notated, for example. Each chord of this level contributes
to a tonality and is therefore linked to a local tonality above.

4. The fourth level contains the sequence of noteChords, that is a vertical reduc-
tion of a polyphony. Several noteChords could sound during one chord, they
are therefore all linked to a father chord.

5. The fifth and last level contains the sequence of the notes of a musical piece.
Each note is a part of a note-Chord.

The comparison of harmonic trees has been presented in [Robine 2009]. The consid-
eration of a tree structure, instead of a list of sequences to represent musical pieces,
requires techniques for tree comparison. The technique used to compare these trees
is similar to the ones presented in the previous chapter and more precisely based on
Selkow’s algorithm [Selkow 1977]. This algorithm won’t be presented here.
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Figure 5.3: Ordered tree for harmony representation.

5.2 Aligning two Pieces of Music

5.2.1 General Sequence Alignment

In the early seventies, [Needleman 1970] and then [Wagner 1974] proposed algo-
rithms which compute a similarity measure between two strings of symbols as the
maximum score sequence of elementary operations needed to transform one of the
strings into the other. Given two strings of symbols S1 and S2 of respective lengths
|S1| and |S2|, a set of elementary operators on strings, called edit operations, and
a score associated to each edit operation, a score between these two strings is de-
fined as the score of the sequence of edit operations that transforms S1 into S2 with
maximum score. This similarity measure makes use of the dynamic programming
principle to achieve an algorithm with quadratic complexity, i.e. in O(|S1| × |S2|).

Let us consider only the three edit operations that are usually used to compare mu-
sical sequences: substitution, deletion and insertion. Let denote xi the ith character
of S1 and yj the jth character of S2. Let e be an edit operation, a score s is assigned
to each edit operation as follows:

• if e substitutes xi (the ith character of S1) into yj (the jth character of S2)
then s(e) = s(xi, yj)

• if e deletes xi then s(e) = s(xi, λ)

• if e inserts yj then s(e) = s(λ, yj).

The score s is extended to a sequence of edit operation E = (e1, e2, . . . , en) by letting
s(E) =

∑n
k=1 s(ek). This makes it possible to define a score σ(S1, S2) between
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sequences S1 and S2 as the maximum score of edit operation sequences transforming
S1 into S2, namely:

σ(S1, S2) = max
E∈E
{s(E)}

where E represents the set of sequences of edit operations transforming S1 into S2.

To simplify the problem of finding the edit distance between two strings, Wagner and
Fisher [Wagner 1974] and Needleman and Wunsh [Needleman 1970] introduce the
notion of alignment (or trace). Sequence alignment refers to a method that allows
the computation of a one-to-one mapping between symbols of two sequences that
respects symbol order. Scores are associated with each symbol pair and each symbol
not in a pair. Sequence alignment aims at finding a mapping between symbols that
maximizes the sum of scores. Here is a formal definition of the problem:

Definition 10 (Sequence Alignment) Let S1 and S2 be two sequences over an
alphabet Σ, whose respective lengths are |S1| and |S2|. A valid alignment A from S1

to S2 is a set of ordered pairs of integers (i, j) satisfying:

1. 1 ≤ i ≤ |S1| and 1 ≤ j ≤ |S2|,

2. for any distinct pairs (i1, j1) and (i2, j2) in A:

(a) i1 6= i2 if and only if j1 6= j2,

(b) i1 < i2 if and only if j1 < j2.

Condition 1 ensures that only character positions of the respective strings are in-
volved in the alignment. Condition 2(a) ensures that each character position of
either string is aligned with at most one character position of the other string; con-
dition 2(b) ensures that the order between character positions is maintained in the
alignment. Let I and J be the sets of positions in S1 and S2 respectively not involved
in any pair in A.

Let s be an arbitrary scoring function which assigns to each pair (a, b) of Σ∪ {ε}×
Σ∪{ε} a real number s(a, b). Let A be an alignment from S1 to S2, the score S(A)
associated with the alignment A is defined by:

S(A) =
∑

(i,j)∈A

s(xi, yj) +
∑
i∈I

s(xi, ε) +
∑
j∈J

score(ε, yj).

Finally, the alignment score σ(S1, S2) between S1 and S2 is defined as:

σ(S1, S2) = Max(S(A) for all valid A between S1 and S2).

It can be shown that this alignment score is equal to the edit score defined previously
[Wagner 1974].

A pair of two identical symbols in the alignment A is called a match. A pair of two
different symbols is called a mismatch. Symbols not involved in the alignment are
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called gaps. Thus the score of A is the cost of the match and mismatch pairs, added
to the cost of gaps.

The alignment A from S1 to S2 is usually represented by two sequences S′1 and S′2
of the same length over the alphabet Σ ∪ {−}. S1 and S2 are respectively obtained
by suppressing the symbols − from respectively S′1 and S′2. Let us consider the
following alignment from the word MUSIC to the word QUICK:

position: 0 1 2 3 4 5
M U S I C -
Q U - I C K

score: -1 2 -1 2 2 -1

In this example, we have a mismatch in position 0, a match in positions 1, 3 and
4 and two gaps in positions 2 and 5. If the score for a match is +2 and -1 for a
mismatch or a gap then the alignment score is 3.

The alignment score σ(S1, S2) from S1 to S2 may be computed rapidly (in time
proportional to |S1|×|S2| by recurrence). The recurrence equation from 1 ≤ i ≤ |S1|
and 1 ≤ j ≤ |S2| is (see Fig. 5.5-left):

σ(S1[xi], S2[yj ]) = Max


σ(S1[xi−1], S2[yj ]) + s(xi, ε)
σ(S1[xi], S2[yj−1]) + s(ε, yj)
σ(S1[xi−1], S2[yj−1]) + s(xi, yj)

(5.1)

where S1[xi] (resp. S2[yj ]) represent the substring x0x1 . . . xi of S1 (resp. y0y1 . . . yi
of S2). In the following, we will also use the notation S1[xs, xe] to designate the
substring xs . . . xe of S1.

The computation can be done by computing a table M of size (|S1|+ 1)× (|S2|+ 1)
where the value M [i][j] represents σ(S1[xi], S2[yj ]). The first row (resp. column)
contains scores of the alignment between S1[xi] (resp. S2[yj ]) and ε. The time
complexity of this algorithm is O(|S1| × |S2|) in time and O(min(|S1|, |S2|)) in
memory as we can make the computation using only one row or column [Smith 1981].

5.2.2 Local Alignment

In many applications, two strings may not be highly similar in their entirety but
may contain regions that are highly similar. This is particularly true when long
stretches of anonymous sequences are compared, since only some internal sections
of those strings may be related. In this case, the task is to find and extract a pair of
regions, one from each of the two given strings, that exhibits high similarity. This
is called local alignment or local similarity problem [Smith 1981] and is defined as :
given two strings S1 and S2, find sub-strings ρ1 and ρ2 of S1 and S2, respectively,
whose similarity is maximum over all pairs of sub-strings from S1 and S2.

The computation of a local similarity allows us to detect local conserved areas
between both sequences. The solution of such a problem is based on the notion of
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suffix mapping between sequences. The local suffix mapping problem for a given
pair xi, yj of symbols is to find a (possibly empty) suffix ρ1 of the sub-sequence S1[xi]
(defined from the first symbol of string S1 to xi) and a (possibly empty) suffix ρ2

of the sub-sequence S2[yj ] of S2 such that the score of the optimal sequence of edit
operations transforming ρ1 into ρ2 is the maximum over all scores of sequences of
edit operations between suffixes of S1[xi] and S2[yj ].

The score of the sequence solving the optimal local suffix mapping problem (called
local score) for a given pair xi, yj of symbols is denoted by LS(xi, yj):

LS(xi, yj) = max{σ(ρ1, ρ2), (ρ1, ρ2) suffixes of S1 and S2}.

Local similarity between two sequences is then defined as the score of the best pair
of local suffixes in trees S1 and S2:

LS(S1, S2) = max{LS(xi, yj), (xi, yj) ∈ S1 × S2}.

So, in order to evaluate local similarity, the algorithm needs to find maximum simi-
larity between suffixes of S1[xi] and S2[yj ], for any pair (xi, yj) of S1×S2, and then
to determine the best pair xmax

1 , ymax
2 of S1 and S2.

Since we can always choose an empty suffix, LS(xi, θ) = 0 and LS(θ, yj) = 0, where
θ is an empty sequence. And finally, for any (xi, yj), the proper recurrence for
LS(xi, yj) is:

LS(xi, yj) = max


0
LS(xi−1, yj) + s(xi, λ)
LS(xi, yj−1) + s(λ, yj)
LS(xi−1, yj−1) + s(xi, yj)

where xi−1 and yj−1 respectively represent symbols before xi and yj in sequences
S1 and S2. Note that if the query sequence S1 has only one symbol x, then the
local score between S1 and S2 is obtained from an empty sequence (ie. there is no
matching) or from a unique matching between x and the most similar symbol of S2.

Dynamic programming algorithms can compute the optimal alignment (either
global or local) and the corresponding score in time O(|S1| × |S2|) and memory
O(min {|S1|, |S2|}) (see [Needleman 1970, Wagner 1974, Smith 1981] for details).

These two former algorithms we designed mainly for bioinformatic applications.
However in music context they would need some adaptations.

5.2.3 Local Transposition

Musical queries produced by human beings can, not only be totally transposed,
but can also be composed of several parts that are independently transposed. For
example, if the original musical piece is composed of dierent harmonic voices, the
user may sing dierent successive parts with dierent keys. In the same way, pieces of
popular music are sometimes composed of dierent choruses sung based on dierent
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tonic. A sung query may imitate these characteristics. Moreover, errors in singing
or humming may occur, especially for users that are not trained to perfectly control
their voice like professional singers. From a musical point of view, sudden tonal
changes are disturbing. However, if these changes last during a long period, they
may not disturb listeners. Figure 5.4 shows an example of query having two local
transpositions. The two pieces in Figure 5.4 sound very similar, although the two re-

Figure 5.4: Example of a monophonic query not transposed (top) and a monophonic
query characterized by two local transpositions (bottom).

sulting sequences are very dierent. We have addressed this problem in [Allali 2007].
The solution (not developed here) requires to compute multiple score matrices si-
multaneously, one for each possible transposition value. The time complexity is
O(∆× |S1| × |S2|), where ∆ is the number of local transposition allowed during the
comparison (for practical applications, ∆ is set up to 12). Our experiments show
that the local transposition algorithm provides a much better results, in particular
for Query-by-Humming (QbH) applications.

5.2.4 An Extended Set of Edit Operations

When comparing monophonic pieces of music, one limitation of the alignment ap-
proach is that it only allows one-to-one association. Actually, in musical pieces, a
single note in one sequence may sometimes be split into two or more notes in the
second sequence. To avoid this limitation, Mongeau and Sankoff [Mongeau 1990]
introduced a new operation, called merge, allowing the replacement of several char-
acters by a single character and the replacement of one character by several. The
motivation for this new operation, is the fact that a whole note can be replaced by
four quarter notes of the same pitch, which is not very costly (in term of perception).

The definition of an alignment is then modified as follows:

Definition 11 Let S1 and S2 be two sequences over an alphabet Σ, whose respective
lengths are |S1| and |S2|. A valid alignment A from S1 to S2 is a set of pairs of
ordered pairs of integers ((is, ie), (js, je)) satisfying:

1. 1 ≤ is, ie ≤ |S1| and 1 ≤ js, je ≤ |S2|; and ie > is and je > js,

2. ie 6= is + 1⇒ je = js + 1 and je 6= js + 1⇒ ie = is + 1,

3. if ((i′s, i
′
e), (j

′
s, j
′
e)) and ((i′s, i

′
e), (j

′
s, j
′
e)) are any two distinct elements of A:

(a) i′s cannot be equal to is,
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(b) if i′s < is then i′e ≤ is and j′e ≤ js,
(c) if i′s > is then i′s ≥ ie and j′s ≥ je.

Condition 1 ensures that only character positions of the respective strings are in-
volved by the alignment; Condition 2 ensures that a sequence of two non consecutive
character positions in a string is associated with at most one character position;
Conditions 3 ensure that the order between character position is maintained in the
alignment.

To take into account the merge operation in the recurrence 5.1, the following cases
must be added to the recurrence formula (see Fig. 5.5-right):

2 ≤ k ≤ i : σ(S1[xi−k], S2[yj−1] + s(S1[xi−k], yj),
2 ≤ l ≤ j : σ(S1[xi−1], S2[yj−l]) + s(xi, S2[yj−l, yj ]).

(5.2)

where score(S1[xi−k], yj) and score(xi, S2[yj−l]) are the predefined weights associ-
ated to the merge operations.

The time complexity of the algorithm with the merge operation is O((|S1| ×
|S2|)(|S1|+ |S2|)). In practice, the number of consecutive merged notes is bounded
by a constant L which leads to a complexity of O(|S1| × |S2| × L) [Mongeau 1990].

xixi-1

yj-1

y j

a
b

c

x ixi-1

y j-1

yj d

e

Figure 5.5: On the left, the dynamic programming table for the alignment of S1

and S2. The arrows a, b and c represent the three cases of recurrence 5.1 for the
computation of M [i+ 1][j + 1]. On the right, the computations added by Mongeau
and Sankoff algorithm (Formula 5.2). Arrows d correspond to merge in S1, arrows
e correspond to merge in S2.

So far, to define an accurate algorithm, a scoring function must be defined. A
naive scoring scheme like constant operation scores or a complex scoring scheme
can produce significantly different results [Hanna 2007]. Setting these parameters is
tricky and generally leads to a scoring table that contains the scores between each
possible pitch difference. Indeed, substituting one pitch with another one has more
or less influence on the general melody. As introduced in [Mongeau 1990], scores are
thus determined according to consonance. In particular, interval scores decrease for
Western tonal music in order of decreasing dissonance: unison, fifth, third, sixth,
fourth, seventh and second.
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In the monophonic case, a good scoring scheme between two notes xi and yj is often
reached by using a function scorep on pitches (its values are coded into a table) and
a function scored on durations, such as:

score(xi, yj) = α× scorep(pitch(xi), pitch(yj))
+β × scored(duration(xi), duration(yj)).

For a merge operation the weight score(S1[xi−k, xi], yj) is computed similarly as:

score(S1[xk, xi], yj) = α×
i∑
l=k

scorep(pitch(xl), pitch(yj))

+β × scored(
i∑
l=k

duration(xl), duration(yj)).

Usually, the cost associated to a gap only depends on the note duration.

5.2.5 Polyphonic Case

A lot of problems arise, when dealing with polyphonic music alignment. Actually,
the definition of an alignment in the polyphonic case is not a straightforward appli-
cation of the monophonic comparison.

Since many notes may be played at the same time, relative encoding cannot be used.
Thus, polyphonic music can be represented by a sequence of sets of notes. A set can
contain a single note or a chord. A direct consequence is that transpositions cannot
be treated by the relative encoding.

Furthermore, as presented before, setting up a scoring scheme in the monophonic
case (i.e. fixing a score for two notes) is a difficult problem. This task becomes
harder when comparing two chords. Indeed, in one octave there are 12 possible
pitch values for a chord made of a single note (in practical applications, it is common
to work only on one octave), then 12 × 11 for two note chords . . .

(
12
p

)
for p note

chords, which means the scoring scheme will be represented by a matrix of size
212 × 212. Moreover, complex note rearrangements may occur between two similar

Figure 5.6: Arpeggiated chord above, with its interpretation below. The notes are
played successively from the lowest to the highest pitch, and not simultaneously.

polyphonic pieces, and temporal deviations may appear between a score and its
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interpretation. Fig. 5.6 shows such an example: in the notation score, the chord has
to be arpeggiated, and the related interpretation is transcribed as successive notes.
In this case, a comparison system has to detect the similarity between the chord
indicated in the musical score and the successive notes interpreted.

(a)

(b)

(c)

Figure 5.7: Similarity despite permutations (a) Main motif of the 14th string quartet
in C# minor opus 131 by Beethoven (1st movement, bar 1). The motif is composed
by 4 notes (sequence (1 2 3 4)). (b) First theme of the 7th movement, bar 1. The
4 last notes of the two groups are permuted notes of the main motif, sequence (1 4
3 2) and (1 4 2 3) (c) Second theme of the 7th movement, bar 21. The 4 notes are
again a permutation of the main motif, sequence (3 2 4 1).

More generally, we have to deal with notes/chords merging and local rearrange-
ments. For example, composers may choose to change the order of the notes in a
melodic motif during a musical piece. Fig. 5.7 shows three excerpts from a piece by
Beethoven: the second (b) and third (c) excerpts correspond to a rearrangement of
the main motif (a) with swapped notes.

5.3 Polyphonic Alignment

I present hereafter a general method to align two polyphonic musical pieces. The
main characteristic of this method is that it is based on the scoring scheme between
monophonic music pieces introduced in the previous section.

5.3.1 Chord Comparison

In many cases, an arbitrary order is given to the notes composing the chords of
a musical sequence. To avoid this arbitrary choice, one can consider chords as
sets. The cost for substituting one chord by another one leads to the problem of
computing the best permutation between both chords. Fig. 5.8 shows an example
of two cadences that sound similar, but that can be estimated as very dissimilar
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because of the different order of the notes in the chords. To avoid this sort of
problem, we suggest that chords should be considered as unordered sets and the
best permutation should be found. This optimization method allows the estimation
of a high similarity between these two sequences of chords.

Figure 5.8: Similarity between inverted chords. These successive two perfect ca-
dences in C major are similar despite the different order of the notes in the chords
composing the cadences.

This optimization problem is actually a maximum score maximum bipartite match-
ing problem and can be modeled as a weighted maximum matching algorithm
[Edmonds 1972]. A similar approach has been proposed in the case of a geometric
representation of musical pieces [Typke 2004].

Let C1 and C2 be two chords of size n and m. We denote by scorebpg(C1, C2) the
score between these two chords. To compute scorebpg(C1, C2) as the maximum score
maximum bipartite matching problem, we consider the following graph G(v, w) =
(V,E) (Fig. 5.9):

1. vertex set : V = {s, t, e1, e2} ∪ {s11, s21, . . . sn1} ∪ {s12, s22, . . . sm2 }, where s is the
source, S1 is the sink, {s11, s21, . . . sn1} and {s12, s22, . . . sm2 } are the notes of the
chords C1 and C2 and e1, e2 represent ε;

2. edge set : (s, sk1), (s, e1), (e2, t), (sl2, t) with a score 0, (sk1, s
l
2) with score

score(sk1, s
l
2), and (sk1, e) with score score(sk1, ε). All the edges have a capacity

of 1 except (e, t) which capacity is n−m.

G is then a graph whose edges are labeled with integer capacities, non-negative
scores in R, and the maximum flow f∗ = n + m. The score of the maximum
flow is actually the score scorebpg(C1, C2) and the complexity of computing local
score is due to this maximum score maximum flow computation. This problem
can be solved by the Edmonds and Karp’s algorithm [Edmonds 1972] improved by
Tarjan [Tarjan 1983] whose complexity is O(|E||f∗| log2(|V |)). For our graph, the
maximum flow is f∗ = n+m, the edge number is |E| = n×m+2n+2m+3 and the
vertex number is |V | = n+m+ 4. Finally the complexity of the score computation
between two chords is bounded by O(n3× log2(n)) where n represents the maximum
number of notes in a chord.

In conclusion, computing alignment between two strings S1 and S2 leads to a total
time complexity of O(|S1|×|S2|×C3× log2(C)) where C is the maximum number of
notes in a chord in S1 or S2. In practical applications the parameter C is generally
bounded by 4.
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Figure 5.9: Resolution of the optimal permutation as a maximum score flow problem.

5.3.2 Extending Mongeau-Sankoff Operations

As we already stated, an accurate algorithm for music alignment must take into ac-
count both local rearrangements and merging operations. We thus propose allowing
the merging of sub-sequences in both S2 and S1 simultaneously.

Music alignment between two sequences is then extended as follows:

Definition 12 (Extended Music Alignment) Given two sequences S1 and S2

of sets of symbols over Σ. A valid extended alignment Xa between S1 and S2 is a set
of pairs of sub-sequences of S1 and S2, that is Xa = {((is, ie), (js, je))} and respects
the following for all ((is, ie), (js, je)) ∈ Xa:

1. 0 ≤ is < ie ≤ |S1| and 0 ≤ js < je ≤ |S2|,

2. ∀((i′s, i′e), (j′s, j′e)), ((i′s, i′e), (j′s, j′e)) ∈ Xa such that i′s 6= is:

(a) if i′s < is then ie ≤ is and j′e ≤ js,
(b) if i′s > is then i′s ≥ ie and j′s ≥ je.

We define the set G1 (resp. G2) as the set of positions of S1 (resp. S2) not involved
in Xa, that is

G1 = {1, . . . , |S1|}\
⋃

((is,ie),(js,je))∈Xa

{is . . . ie}.
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The score associated with Xa is defined as follow:

S(Xa) =
∑

((is,ie),(js,je))∈Xa

score(S1[xs, xe], S2[ys, ye]) +
∑
i∈G1

s(xi, ε) +
∑
j∈G2

s(ε, yj).

The adaptation of the alignment algorithm is straightforward. The recurrence 5.1
is modified by adding the following cases:

∀ 2 ≤ k ≤ i, 2 ≤ l ≤ j :
σ(S1[xi−k], S2[yj−l]) + score(S1[xi−k, xi], S2[yj−l, yj ]).

(5.3)

In the dynamic programming table, the value of a given position M [i][j] is obtained
from any case M [k][l] for 1 ≤ k ≤ i, 1 ≤ l ≤ j. We thus need to consider the
computation of the value score(S1[xi−k, xi], S2[yj−l, yj ]) (ie. the cost of aligning the
sequence of chords S1[xi−k, xi] and the sequence of chords S2[yj−l, yj ]).

For the comparison of two polyphonic sequences S1 and S2, we propose to define
a scoring scheme based on the on the scoring scheme presented in Section 5.2.4.
However, in this case, we are dealing with sequences of chords instead of single
chords and we thus need a way to encode several chords into a single one.

Let us consider the sequence of chords S1[xis , xie ] that must be encoded (and that
will be compared to a sequence of chords S2[yjs , yje ] in S2). The pitch of S1[xis , xie ]
is then defined as the set T p1 of all the different pitches that are present in this
sequence. The duration of this sequence of chords is equal to T d1 the duration
elapsed from the beginning of xis to the end of xie .

For example, in Fig. 5.2, the sequence of 4 chords:

({G4, B4}, {D2}, {A2}, {G8, B8, D8})

is encoded by the chord
({A,B,D,G})

with a duration of 16.

Finally, a sequence of chords is only represented by a single set of unordered pitches
and a single duration. To compare these chord representations the approach de-
scribed in Section 5.3.1 and scorep to weight the edges of the bipartite graph are
used. Then, the score between two sequences of chords is given by:

score(S1[xis , xie ], S2[yjs , yje ]) = α× scorebpg(T p1 , T
p
2 ) + β × scored(T d1 , T d2 )

Now let us consider the computation of the dynamic programming table M . We
propose to illustrate the computation of a case M [i][j] of this table through the
example in Tab. 5.1. The score in position X is obtained either from f which
implies the computation of scores scorebpg({A}, {C,G}) and scored(2, 2) or:

• from e which implies the computation of scorebpg({A}, {A,C,G}) and
scored(2, 3).
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{A1} {C2,G2} {C1,E1,B1}
... ... ... ...

{G4,B4 } ... a b

{D2} ... c d

{A2} ... e f

{G8,D8,B8} ... X

Table 5.1: Example of merged notes that must be considered for one step (X) of the
alignment algorithm.

• from d which implies the computation of scorebpg({A,D}, {C,G}) and
scored(4, 2).

• from c which implies the computation of scorebpg({A,D}, {A,C,G}) and
scored(4, 3).

• from b which implies the computation of scorebpg({A,B,D,G}, {C,G}) and
scored(8, 2).

• from a which implies the computation of scorebpg({A,B,D,G}, {A,C,G}) and
scored(8, 3).

One can observe that from one computation of scorebpg to another one, we just add
vertices in the bipartite graph. So, it is not necessary to recompute scorebpg from
scratch. Toroslu and Üçoluk give in [Toroslu 2007] an incremental algorithm to com-
pute the assignment problem in O(V 2) where V is the number of vertices in the bi-
partite graph. Using this algorithm in our approach the time complexity of the com-
putation of all possible merges for the case i, j is bounded by O(

∑C
i=1 i

2) = O(C3)
where C is number of different pitches in S1[xii] and S2[yj ]. The time complexity of
the alignment becomes O(|t|2×|q|2×C3) where C is the number of different pitches
in S1 and S2.

5.3.3 An Illustrative Example

In order to illustrate the algorithm, we propose to compare the following sequence
of chords: t =({G4}, {B4},{D2,A2},{G8},{D8},{B8}) (cf. Fig. 5.2) and an arpeg-
giated version of this sequence: S2 =({G4,B4}, {D2},{A2},{G8,D8,B8}). The dis-
tance between S1 and S2 is computed using the following scoring scheme. Let us
consider two notes a and b:

• score(a, a) = 2,

• score(a, b) = 1 if a 6= b,

• score(a, ε) = score(ε, b) = −1,
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ε {G4} {B4} {D2,A2} {G8} {D8} {B8}
ε 0 -1 -2 -4 -5 -6 -7

{G4,B4 } -2 1 4 2 1 0 -1
{D2} -3 0 3 5 4 3 2
{A2} -4 -1 2 8 7 6 5

{G8,D8,B8} -7 -4 -1 5 8 11 14

Table 5.2: Example of a dynamic programming table for the compari-
son between the sequence of chords ({G4},{B4},{D2,A2},{G8},{D8},{B8}) and
({G4,B4},{D2},{A2},{G8,D8,B8})

In this example, we suppose the score between two notes does not depend on the
pitch and the duration of the notes. The dynamic programing table computation is
represented in Tab. 5.2. We then can observe, for instance, that the score between
the subsets of notes ({G4},{B4},{D2,A2}) and ({G4,B4},{D2},{A2}), is obtained
from the merge of chords ({G4},{B4}) and ({G4,B4}) on one hand and on the other
hand from the merge of the chords ({D2,A2}) and ({D2},{A2}). This score (i.e. 8)
is actually computed by summing the score of the permutation between {D2,A2}
and {D2,A2} (i.e. 4) and the score between the chords ({G4},{B4}) and ({G4,B4})
(i.e. 4).

The final score between the two global sequences of chords S1 and S2 can be ob-
tained either by merging all the chords of S1 to the chords of S2 (which corresponds
to the cost of the optimal bipartite matching between ({G4,B4,D2,A2,G8,D8,B8})
and ({G4,B4,D2,A2,G8,D8,B8}); or from the cost described previously (between
({G4},{B4},{D2,A2}) and ({G4,B4},{D2},{A2}) for which the cost is 8) plus the
cost of merging ({G8,D8,B8}) and ({G8},{D8},{B8}).

5.4 Structure Identification

Automatic analysis of the structure of musical pieces is one major open problem of
the Music Information Retrieval research area. This analysis may be very useful for
very different applications such as music comparison, classification or visualisation.
Moreover, once the general structure is known, it is then easier to focus on each
part to detect finer variations (local variations), or the repetitions of short patterns
such as sequences of chords. Visualising the structure of a musical piece may also
help the listener to understand the artistic intentions of the composer. Indeed,
repetition is an important tool for composing music (hopefully often with variation
and contrast), it is thus one of the main properties of music.

At different levels, music can be analyzed as a self-similar structure. A general
structure (for example the ABA form of a minuet) is often composed of a few
parts (exposition of a theme, development, etc.), which may be also composed of
repetitions of patterns. For example [Pollack 2001], The Beatles song “Strawberry
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Fields Forever” has the structure as follow:

I C V C V C V C O

where I is the Intro, V, is a Verse, C is a Chorus and O represents an Outro. The
automatic extraction of these structures at different levels is a very difficult problem.
It generally relies on the estimation of similarity between the different parts of a
given musical piece. We have proposed in [Hanna 2008] to adapt existing methods
for the estimation of the melodic similarity to compute similarity matrices that
exhibit repetitions into a musical piece.

One of the main methods for the visualisation of the musical structure of audio
music relies on the computation of a matrix [Foote 1999] denoted M(i, j), which
indicates the similarity between frames i and j of the same musical piece. Frames
represent a small time interval of music. The similarity is generally indicated by a
score s: the higher the score s(i, j), the more similar the frames i and j. An image
is then computed according to this matrix by defining each pixel color p(i, j) to the
corresponding similarity score s(i, j). Since the similarity s(i, i) is maximum, the
diagonal p(i, i) of such image is easily identifiable. Dark colors are associated with
high similarity scores (the opposite choice is made in [Foote 1999] for example).
The main diagonal then appear black on a mainly white background. Such images
clearly allow the visualisation of the structure of musical pieces. Dark zones indicate
similar regions. In particular, dark diagonal lines (different from the main diagonal)
will exhibit repeated parts such as theme, chorus, verse, etc. Figure 5.10 shows an
example of such a self-similarity matrix.

The musical structure is manually annotated and corresponds to dark diagonals.
Existing approaches essentially consider audio signals. Features are extracted di-
rectly from audio samples. The first main features applied were the Mel-frequency
cepstral coefficients (MFCC) [Foote 1999]. These coefficients are estimated from the
smoothed spectrum of the audio signal and primarily describe the timbre properties
of the sound. Considering only these coefficients implies limitations of structural
analysis systems. Indeed, many popular music pieces are composed of one repeated
chorus, played successively with different instruments : for example, the first chorus
can be played by a singer with a single piano whereas the second chorus can be re-
peated with many other instruments (drums, guitar, etc.). However these different
parts cannot be analyzed as repetitions of the same part. This important limitation
leads researchers to consider other features describing in a better way tonal infor-
mation, since the harmonic information is one of the main information (tonality,
chords, etc.) that induces the structure of music. In [Bartsch 2001], chroma-based
representations (chromagram or pitch class) are applied for encoding musical struc-
ture. Experiments showed that musical structure analysis is improved by using such
representations. Other researches investigate the possibility to take into account lo-
cal musical variations such as tempo deviations or key transpositions [Müller 2007].

Following this way, we have proposed in [Hanna 2008] to investigate methods for
musical structure analysis that enable the detection of repetitions even with local
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Figure 5.10: Visualisation of musical structure of the minuet part of the Water Music
Suite No.1 in F (Haendel) by a self-similarity matrix computed with the method
described in [Hanna 2008]. The structure has been manually annotated.

musical variations. Some recent techniques are very accurate when the different
parts of the structure are repeated with few variations. If it is generally the case
in the context of the Western popular music, musically similar segments may also
exhibit significant variations of tonality (global or local transpositions) or tempo for
example. We aim at developing a system that takes into account such variations.
This investigation requires to develop systems that consider elements of musical
theory, in particular information associated to harmonic content.

5.5 Elements of Implementation

The alignment algorithms mentioned above are powerful and optimal: they will al-
ways find the best alignment. However, they are also very time consuming. This
drawback considerably limits their use for musical applications. For biological ap-
plications, heuristics such as BLAST and FASTA can be used to speed-up local
sequence alignment while allowing for multiple regions of local similarity. These
heuristics are valuable, but they may fail to report hits or may report false posi-
tives. In order to get more accurate results faster implementations are therefore of
primary importance.

Graphics processing units (GPUs) have recently received lots of attention thanks to
their extensive computing resources. Not only are the latest generations of GPUs
very powerful graphic engines, they can also be used for general purpose computa-
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tion (GPGPU) [Owens 2008]. With the recent evolutions of GPUs’ architecture into
a unified, highly parallel programmable processor, and the development of program-
ming tools and high-level programming languages such as NVIDIA’s CUDA, GPUs
have become a very attractive, low-cost alternative to the traditional microproces-
sors for computationally demanding applications that can be expressed as data-
parallel computations, i.e. the same program is executed on many data elements
in parallel. We have proposed an implementation [Ferraro 2009b] of our variant of
Smith-Waterman based on local transposition which illustrates the advantages of
recent graphic cards as computation platforms. We proposed to experiment this
implementation with a QbH application. This type of parallelism is well suited to
the problem of QbH on very large scale music databases, although it also brings new
challenges regarding memory operations and computational resource allocations.

5.5.1 GPU Architecture

Both AMD and NVIDIA build architectures with unified, massively parallel pro-
grammable units, which allow programmers to target that programmable unit di-
rectly instead of dividing work across multiple hardware units. More precisely, a
GPU contains many streaming multiprocessors (MPs) each containing several ele-
ments including several cores, also called streaming processors (SPs), and various
types of on-chip shared memories and registers. The MPs also share some constant
memory areas with very fast access and a global uncached large memory with rel-
atively low throughput and long latency. For example, the NVIDIA GeForce 9800
GX2 used for our experiments is a dual GPU engine with 256 cores (128 per GPU)
running at 1.5 GHz. These cores are regrouped into 2 × 16 MPs which share a
global memory of 1GB with a 512-bit interface width providing a throughput of 128
GB/sec (64 GB/sec per GPU).

The MPs creates, manages, and executes concurrent threads in hardware with zero
scheduling overhead. To manage hundred of threads running several different pro-
grams, the multiprocessor employs an architecture called SIMT (single-instruction
multiple-thread), which resembles SIMD (single-instruction multiple-data) vector
organizations, i.e., single instruction controls multiple processing elements. Unlike
SIMD vector machines, SIMT enables programmers to write thread-level parallel
code for independent, scalar threads, as well as data-parallel code for coordinated
threads.

5.5.2 GPU Computing with CUDA

Our implementation uses CUDA, a general purpose parallel computing framework
developed and distributed by NVIDIA for use with their recent GPUs1. CUDA
can be seen as an extension of C that allows developers to define C functions,

1CUDA was introduced in November 2006 along with the G80 series. CUDA can be downloaded
for free from http://www.nvidia.com/object/cuda_home.html. A list of CUDA-enabled product
is available at http://www.nvidia.com/object/cuda_learn_products.html.

http://www.nvidia.com/object/cuda_home.html
http://www.nvidia.com/object/cuda_learn_products.html
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called kernels to be executed N times in parallel by N different CUDA threads.
CUDA threads may access data from multiple memory spaces during their execu-
tion. CUDA’s programming model assumes that the CUDA threads execute on a
separate device, whereas the rest of the program runs on a CPU. In other words, the
GPU operates as a coprocessor to the host running the C program. Both the host
and device maintain their own memory areas, allowing for concurrent programming
between the CPU and the GPU(s). CUDA kernels must be compiled into binary
code using nvcc, a C compiler for CUDA. Note that nvcc supports C++ program-
ming for host functions but kernels must be written in C, possibly with templates.
nvcc also supports device emulation.

5.5.3 CUDA implementation of QbH

The process of evaluating how well each piece of music in a database match a query
(sung or hummed in the case of QbH), and rank the music pieces according to this
score can be parallelized at different levels. As explained earlier, our implementation
uses a variant of Smith-Waterman. Although it is possible to do so [Liu 2006], our
choice was not to parallelize the implementation of Smith-Waterman itself, as this
approach could only provide significant improvements for extremely large sequences.
In contrast, our CUDA implementation optimizes the arithmetic intensity (the ratio
of arithmetic operations to memory operations) by computing in parallel all the
scores of a query with every piece of music in the database. If the database contains
N pieces of music, our program virtually launches N kernels executing the Smith-
Waterman algorithm in parallel. The main challenges are therefore to optimize the
resource allocations and the memory operations.

After the query has been converted from its original format (typically a wave audio
file), we store it in a special memory area called the texture memory, which allows for
very fast read/write operations. The texture memory is shared among all threads
(Fig. 5.11). The database usually contain too many pieces of music to be stored in
any of the cached, fast memories (texture, constant, shared memory). Therefore, all
the pieces of music are stored in the global memory. On a GPU, the global memory
is not cached, so it is extremely important to follow the right access pattern to get
maximum memory bandwidth. Throughput of memory operations is 8 operations
per clock cycle, plus 400 to 600 clock cycles of memory latency. Under some size
and alignment conditions, the device is capable of reading data from global memory
in a single load instruction. Moreover, the memory bandwidth can be used most
efficiently when the simultaneous memory access by all the active threads can be
coalesced into a single memory transaction. (For more details, see [NVI 2009].)

In order to satisfy all these constraints, the pieces of music of the database are store
in an array of float2, a CUDA structure containing two 32-bit floats, which stores
the pitch and duration of each note. Although the size and alignment properties
are fulfilled by this data type, storing the pieces of music sequentially, one after the
other, would be very inefficient since simultaneous reading by all the threads in a
single transaction would be impossible. Instead, if the database contain N pieces
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Figure 5.11: nVidia GPUs architecture. Each multi-processor executes both the
conversion of queries from audio files to a vector of notes (stored in the texture
memory) and the comparison between the query and each reference (stored in the
device memory). Each processor store its intermediate Smith-Waterman matrices
(only one row) in its own shared memory space. Constants costs and intermediate
values are respectively stored in constant and shared memories.

of music, we organize the data in memory as a one dimensional array, such that its
first N entries correspond to the first note (pitch, duration) of each piece; then, the
next N entries correspond to the second note of each piece, etc.

Each thread performs its computations on its own matrix, more exactly on its ∆ =
12 transposition matrices. In order to minimize the amount of required memory, we
only store the current row of each matrix. Moreover, to optimize memory alignment,
allocation is based on the query’s fixed size rather than the pieces of music’s variable
sizes. Finally, in order to allow simultaneous read/write operations by the active
threads, the matrices are not stored at consecutive addresses but rather using the
same strategy as the database. Fig. 5.11 describes the device architectures.
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5.6 Presentation of the papers

5.6.1 Music Representation

As introduced previously, melody is an important property for the perceptual de-
scription of Western musical pieces. In the monophonic context, retrieval systems
based on melodic similarity generally consider sequences of pitches and durations.
We have presented and discussed in [Hanna 2007a] different symbolic representations
of pitches and durations for monophonic melodies.

[Hanna 2007a] Pierre Hanna, Pascal Ferraro and Matthias Robine.
On Optimizing the Editing Algorithms for Evaluating
Similarity Between Monophonic Musical Sequences.
Journal of New Music Research, vol. 36, no. 4, pages
267–279, 2007

The case of polyphony has been presented in [Hanna 2007b].

[Hanna 2007b] Pierre Hanna and Pascal Ferraro, Polyphonic mu-
sic retrieval by local edition of quotiented sequences,
in: Proceedings of the 5th International Workshop on
Content- Based Multimedia Indexing (CBMI), Bor-
deaux, France, 2007, pp. 61–68.

In order to take into account important musical elements as tonality, passing notes,
strong and weak beats, in [Robine 2007a] we have then proposed to improve edit-
distance based algorithms by considering music theory. These elements are illus-
trated with a few monophonic musical examples which lead to important errors in
usual systems. First experiments with these examples show that the improvements
induced are significant.

[Robine 2007a] Matthias Robine, Pierre Hanna and Pascal Ferraro.
Music Similarity: Improvements of Edit-based Algo-
rithms by Considering Music Theory. In Proceedings
of the ACM SIGMM International Workshop on Mul-
timedia Information Retrieval (MIR), pages 135–141,
Augsburg, Germany, 2007.

5.6.2 Music Comparison

Existing symbolic music comparison systems generally consider monophonic music
or monophonic reduction of polyphonic music. Adaptation of alignment algorithms
to the music leads to accurate systems. For instance, we have proposed an extension
allowing to take into account local transposition in [Allali 2007]. However extensions
to polyphonic music arise new problems.
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[Allali 2007] Julien Allali, Pascal Ferraro, Pierre Hanna and
Costas Iliopoulos. Local Transpositions in Alignment
of Polyphonic Musical Sequences. In Nivio Ziviani and
Ricardo Baeza-Yates, editeurs, 14th String Processing
and Information Retrieval Symposium, volume 4726
of Lecture Notes in Computer Science, pages 26–38.
Springer, oct. 2007.

In [Allali 2009a], we propose a general framework for polyphonic music which per-
mits to directly apply the substitution score scheme set for monophonic music, and
which allows new operations by extending the operations proposed by Mongeau and
Sankoff.
[Allali 2009a] Julien Allali, Pascal Ferraro, Pierre Hanna, Costas

Illiopoulos and Matthias Robine. Toward a Gen-
eral Framework for Polyphonic Comparison. Fun-
damenta Informaticae, Accepted for Publication, 16
pages, 2009.

5.6.3 Self-similarity in Music

Motivated by the identification of the musical structure of pop songs or classical
music, we present in [Hanna 2008] a method for visualising the musical structure of
symbolic monophonic music.

[Hanna 2008a] Pierre Hanna, Matthias Robine and Pascal Ferraro.
Visualisation of Musical Structure by Applying Im-
proved Editing Algorithms. In Proceedings of the In-
ternational Computer Music Conference (ICMC), page
to appear, Belfast, Northern Ireland, 2008.

Based on a generalisation of string pattern matching techniques, in [Allali 2009] we
have then introduced combinatorial problems involving overlays (non-overlapping
substrings) and the covering of a text S1 by them.

[Allali 2009] Julien Allali, Pavlos Antoniou, Pascal Ferraro,
Costas Iliopoulos and Spiros Michalakopoulos. Over-
lay Problems for Music and Combinatorics. In Pro-
ceedings of the 15th International Conference on Au-
ditory Display, page to appear, Copenhagen, Dn, May
2009. 15

5.6.4 Applications

In the context of Simbals project, we have developed a set of applications to analyse
music. The number of copyright registrations for music documents is increasing each
year. Computer-based systems may help to detect near-duplicate music documents
and plagiarisms. We have developed an improved system which mainly considers
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melody but takes also into account elements of music theory in order to detect
musically important differences between sequences.

In [Robine 2007b], we present the improvements proposed by our system in the
context of the near-duplicate music document detection. Several experiments with
famous music copyright infringement cases are proposed. In both monophonic and
polyphonic context, the system allows the detection of plagiarisms.

[Robine 2007b] Matthias Robine, Pierre Hanna, Pascal Ferraro and
Julien Allali. Adaptation of String Matching Algo-
rithms for Identification of Near- Duplicate Music Doc-
uments. In Proceedings of the International SIGIR
Workshop on Plagiarism Analysis, Authorship Identi-
fication, and Near-Duplicate Detection (PAN), pages
37–43, Amsterdam, Netherlands, 2007.

In [Ferraro 2009b], we present a fast implementation of our local alignment method,
which allows to retrieve a hummed query in a database of MIDI files, with good
accuracy, in a time up to 160 times faster than other comparable systems.

[Ferraro 2009b] Pascal Ferraro, Pierre Hanna, Laurent Imbert and
Thomas Izard, Accelerating Query-by-Humming on
GPU, in: 10th International Society for Music Infor-
mation Retrieval Conference, Kobe Japon, 2009, p. to
appear, 6.
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Deciphering the complex organization of biological structures is one of the key chal-
lenges in modern biology. Complexity can be due to a variety of causes, e.g. multi-
tude of processes, feedback and regulation mechanisms, superposition of processes
at different scales. A lot of work has been developed in the past two decades on
biological sequences. This is remarkably illustrated by the wealth of theoretical
developments that has been made for the analysis and interpretation of genomic
data, for which genomes are considered as sequences of 4 letters coding for genes.
Biological sequences are also used at more macroscopic scales for the description
of certain biological organisms. To study plant development for instance, biologists
study the growth process or the branching process of axes as sequences of discrete
events along the axes. At both scales, the complexity of the investigation is tightly
connected with the intrinsic complexity of the studied structure, i.e. of biological
sequences.

As we have seen, some works started to investigate the analysis and interpretation
of more complex biological structures such as trees, that can be found in many do-
mains of biology. For instance, plant structures are naturally trees of axes or trees
of internodes. In the same way, RNA secondary structures are modelled by trees or
arc-annotated sequences. Huge databases have been constituted for this type of bi-
ological data. Exchanging and sharing these huge tree-structured databases is more
and more a necessity for the scientific community. In contrast with sequences, trees
show a higher degree of organization (in particular, trees are made-up of sequences).
Due to this increase of structural complexity, algorithms for analyzing trees have
in general a higher complexity than their equivalent for analyzing sequences. As
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a consequence, the number of methods available for biologist to investigate tree-
structured data remains very limited.

Novel battery of algorithms and models for the analysis of tree-structured data must
then be developed, in the spirit of the family of algorithms that were developed for
sequence analysis in bioinformatics or in plant science. To achieve this goal, research
might develop approaches around the notion of data compression. The ability to
compress complex data is fundamental to its understanding. It makes it possible to
remove its internal redundancy and, by emphasizing its deep incompressible nature,
to provide new insights into the original data. Two types of compression strat-
egy might be investigated which respectively make use of structural and statistical
properties of trees. Those in the former class would replace long repeated subtrees
by a pointer to an earlier instance of the subtrees or to an entry in a dictionary.
Examples in this category are the popular Lempel-Ziv compression algorithms and
their variants. Since plant architectures are known to exhibit repetitions of simi-
lar structures, we aim at generalizing structural methods to compress sequences to
tree-structured data. In a statistical context, compression is intimately related to
model selection, i.e. choosing a model that realizes the best compromise between
good fitting of the observed data and parsimony of the model.

6.1 From An Algorithmic Perspective

6.1.1 Compression Algorithms

The Lempel-Ziv algorithm (LZ’77) is one of the most popular algorithms to com-
press strings. This algorithm is based on a data structure on texts called suffix trees.
The principle of this algorithm consists in coding the text by dynamically building
(simultaneously with text reading) a dictionary of words already read in the text.
Then the text is coded by references to the words available in the dictionary. Decod-
ing retransforms the code into the original text (without any loss) by maintaining in
parallel the dictionary. This compression method is successful on strings but needs
adaptations on tree-structured data.

6.1.2 Tree Indexing Structures

The manipulation of huge textual databases leads to the development of specific
data structures and efficient algorithms to manipulate them. The suffix tree is
used in this context to the construction of index. However the development of the
suffix tree has been made for the research of text in strings or sequences. The
generalization of the concept of suffix tree (or suffix array) to the construction of
indices of databases of trees is one of the next challenge. Such generalization will
allow efficient identification of patterns in tree structured data.
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6.1.2.1 Self-nestedness

As presented in Section 3.3.1, first works has introduced the definition of nested
trees. In this definition, trees exhibit a recursive structure. The main problem is
to identify the redundancy within these trees in order to propose compressed rep-
resentations as Directed Acyclic Graphs (DAGs). This means that efficient subtree
isomorphisms must be proposed. Existing algorithms may be explored and adapted
in order to propose efficient algorithms to compress trees into a DAG. To quantify
the degree of self-nestednness of a tree T , one must evaluate how far T is from
perfect self-nestedness. To formalize this idea, let us consider S the set of all the
finite self-nested trees and a distance D defined on the set of all trees. Let us call
NST (T ) the set of self-nested trees with minimal distance to T . In general for
topological distances, there exists more than one self-nested tree S∗ with minimal
distance D(T, S∗). This quantity characterizes how distant the tree T is from the
nearest self-nested tree and therefore is a good candidate to quantify the degree of
self-nestedness of T .

In this definition, D can be any distance between two trees. A particular choice
of D corresponds to different definitions of the NST of a tree. We have proposed
a first solution in [Ferraro 2009a] with a very constraint distance. To keep going
further, the different possible choices of D depending on the applications must be
studied. Function of the different distances, the algorithms to evaluate the nearest
self-nested tree may then be developed.

6.2 From the Application Point of View

6.2.1 Plant Modelling

Internal similarities and nested structures in plants have for long been identified by
botanists as key feature in the general organization of plants and the dynamics of
their development (see Chapter 3). Different techniques were used until now ranging
from qualitative analysis, with the help of descriptions based on botanical drawing
or pictures, to various approaches of quantitative analysis.

Methods for the systematic analysis of the internal similarities of plant branching
systems are important for two major reasons:

• First, they may be used to reveal structures of plants deeply hidden in complex
branching systems. If all the redundancy that is expressed in the branching
structure of a plant is removed, we would be likely to characterize the deep
structure of the plant. Being simpler, this structure could be easier to inter-
pret, to characterize or to compare with the corresponding structure of other
plants.

• Second, the fact that plants are made up of the repetition of many similar
components at different scales provides macroscopic presumptions for the ex-
istence of similarities in processes that drive meristem activity at microscopic
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scales. Thus characterizing the internal similarities of plants is expected to
give important clues to understand meristem functioning.

Many methods have been developed for analyzing sequences of events (e.g. corre-
sponding to branching structures or to the succession of growth phases along the
main axis) extracted from plant structure. Comparatively less attention has been
paid to the development of methods for directly characterizing tree-like structures.
However, the natural organization of plants is primarily observed at the level of
branching systems that qualitatively show strong internal similarities between their
own parts. Different types of remarkable patterns have been identified within plants:

• At a local scale, repeated patterns or motifs corresponding to frequent suc-
cessions of entities in the form sub-trees of limited depth (e.g. corresponding
to a parent and its child vertices in the most simple case). Typically, the
sympodial growth, with the death or transformation of the apical meristem,
induces repeated patterns.

• At a more macroscopic scale, homogeneous zones within tree structure where
the morphological characteristics of the plant entities do not change substan-
tially within each zone, but change markedly between zones.

• Nested structuring where “typical” branching systems seem to be nested one
into the others. At the finest scale, elementary branching systems may corre-
spond to specific motifs.

Although these remarkable patterns have been empirically described by botanists
for decades, only few algorithmic or statistical modeling approaches were developed
yet to identify and characterize similar, possibly nested, patterns in plant structures.

6.2.2 RNA Secondary Structures

From the RNA perspective, the characterization of a simple signature of a family
of RNA will allow to better identify new candidates within a genome. The main
issue of algorithms designed to identify genes is to capture a maximum sensitivity.
However if the specificity is too accurate, a lot of false events may be captured. Thus
to relax the characteristics describing a particular family researches might propose
to introduce in RNA gene finder algorithms compressed version of the structure.

Several classes of computer methods have been developed to locate non-coding
RNA genes (ncRNAs). The main class contains tools that exploit well-characterized
primary and secondary structure elements (RnaMot, MilPat, Patscan, Rnamotif).
Other classes exploit data from a number of sources including:

• comparative sequence analysis between genomes of related species,

• energy minimization in non coding regions and,

• the base composition of ncRNAs compared to coding regions (QRNA . . . ).
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Considering the first class, we can distinguish approaches that are tailored to an
RNA family (tRNAscan-SE for tRNAs) and the general-purpose programs that
describe any type of ncRNAs by its primary and secondary features (rnamot etc.).

The main advantage of general-purpose programs is that a description can be easily
modified to run a new search by the biologist, more or less sensitive depending of the
knowledge of the characteristics shared by the RNA family. For programs tailored
to a specific RNA family, it is not possible to modify the pattern as easily because
the description of the pattern and the algorithm that searches for it are intimately
associated, however, they appear as the most specific software.

Furthermore, one main challenge in Bioinformatics when working with RNA is to
deal with the 3D structure (considering all interactions between 2D elements). This
level of analysis, more realistic, brings lot of problems with mathematical model-
ing. One example is given by the distance with long-range contacts that define the
sub-domains of RNA and promote interaction with ligands. In the literature, the
description of anchoring motifs can be found. These motifs can be shared in different
RNA family with a non similar secondary structure.

For some RNA family, the presence of secondary elements is not enough important
to be used as a signature. As example, snoRNAs are a class of small RNA molecules
that guide chemical modifications (methylation or pseudouridylation) of ribosomal
RNAs (rRNAs) and other RNA genes (tRNAs and other small nuclear RNAs (snR-
NAs)). They both interact with RNA and proteins to make their biochemical role.
The k-turn motif is therefore present in these molecules and is involved in the in-
teraction of snoRNAs with proteins.

The representation of RNA through compressed trees would give a simplification
of the 2D structure to help to identify interactions to a higher level. Then, the
secondary elements could be simplified and the compressed view could help to only
focus on their interactions. A comparative analysis of these representations from
different families would be handy to study anchoring patterns involved in long range
RNA-RNA or RNA-proteins interactions.

6.2.3 Symbolic Music Analysis

We have seen in this report that musical pieces can be represented by sequences or
trees of symbols. They can thus be analyzed in the same way bioinformatic data are;
and the the former compression methods or indexing structures might be developed
in the context of symbolic music analysis.

A music similarity system can help a music consumer to find new musical pieces
by finding the music that is most musically similar to specific query songs, or is
nearest to songs that the consumer already likes. Therefore, the main applications
of these systems that estimate the similarity between audio musical pieces are the
Query-by-Humming/Singing/Whistling and Query-by-Example systems. The main
idea of these applications is to help users to retrieve musical pieces from a single
melody line (whistled, hummed or sung) or an audio extract of the piece searched.
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Another interesting application of such systems is the retrieval of cover songs. These
systems need the development of efficient methods allowing the identification of a
particular pattern.

Three particular challenging applications will finally benefit of such algorithms:

• Applications on music of the researches about self similarity lead to algorithms
that would be able to detect the different patterns of any musical pieces. These
patterns may be very representative of the musical pieces analyzed: theme,
verse, chorus, etc. One of the main applications induced is the automatic gen-
eration of audio summaries. Instead of being represented by the first seconds,
musical pieces can be represented by a few seconds of the verse and then a few
seconds of the chorus. Such summary would certainly be more representative
of the original piece.

• Advances on musical structure analysis, and, more generally, on musical prop-
erties analysis have to lead to systems that helps users to listen a musical piece
by showing them additional information such as musical structure, rhythmic
properties, etc. Such augmented listening could also be applied in a pedagogic
context. A score and its human interpretation can be compared by measur-
ing the different deviations with similarity methods. It can lead to a musical
application, useful for self-learning an instrument or to evaluate the technical
level of a musician for example.

• New browsing systems that allow users to discover musical pieces in huge
databases depending on musical properties shall be developed. Since several
similarities may be analyzed, users could select pieces that are similar with
some properties but dissimilar considering other properties. For example,
given a piece, users could be proposed new songs that are rhythmically similar,
but with totally different chord progressions. Such systems may also lead to
music recommendation systems.
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Analysis of Tree Structures : From Computational Biology to
Music Analysis

Abstract: This document present a synthetic point of view of my research for the
last ten years.

Sequence and tree structure data analysis is a standard operation for which there
are well-known utilities. In particular, trees are widely used structures for coding
data in biology. A huge number of projects have been proposed to develop method
for analysing these biological tree structured data. During the last ten years, I
have proposed to adapt these different tree-structured data analysis methods to
different contexts from plant architecture modeling to music analysis and I have
then developped new approaches to analyse tree data structures.

The increasingly number of databases describing structured biological data (RNA
secondary structures, gene sequences, plant architecture, etc.) or musical pieces
generates a need for new investigational tools.

Recent development in computer science and applied mathematics has allowed me
to define new methods integrating simultaneously structure and dynamic of devel-
opment.

Keywords: Plant Architecture Analysis, RNA Secondary Structures Comparison,
Symbolic Music Analysis, Tree Data Structures, DAGs, Multi-Scale Tree-Graphs
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