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Abstract

Clustering means partitioning nodes into groups called
clusters, providing the network with a hierarchical orga-
nization.

A self-stabilizing protocol, regardless of the initial system
state, automatically converges to a set of states that sat-
isfy the problem specification without external intervention.
Due to this property, self-stabilizing protocols are adapted
to highly dynamic networks as ad hoc or sensors networks.
In this paper, we propose a self-stabilizing clustering pro-
tocol. Our protocol guarantees a threshold (Size Bound)
on the number of nodes that a clusterhead handle. There-
fore, none of the clusterheads are overloaded at any time.
The criterion of the clusterheads election is based on
their weight value, a general parameter that can be com-
puted according to several node parameters as transmission
power; battery power, ....

1. Introduction

An ad hoc network is a self-organized network, especially
those with wireless or temporary plug-in connections. Ad
hoc networks cannot rely on centralized and organized net-
work management. Significant examples include establish-
ing survivable, efficient, dynamic communication for emer-
gency/rescue operations, disaster relief efforts, and military
networks. Meetings where participants create a temporary
wireless ad hoc network is another typical example. In these
networks, mobile nodes may move arbitrary often; thus, the
network’s topology may change rapidly and unpredictably.
Self-configuring, self-healing and self-organizing manage-
ment is needed in such networks.

Clustering means partitioning network nodes into groups
called clusters, providing the network with a hierarchical or-
ganization. A cluster is a connected subgraph of the global
networks composed of a clusterhead and ordinary nodes.
Each node belongs to only one cluster. In addition, a clus-
ter is required to obey to certain constraints that are used for
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network management, routing methods, resource allocation,
etc. By dividing the network into non-overlapped clusters,
intra-cluster routing is administered by the clusterhead and
inter-cluster routing can be achieved in a reactive manner
between clusterheads. It is experimentally shown that these
protocols, when coupled with an ad hoc routing protocol,
produce throughput improvements of up to 80% over the ad
hoc routing protocol alone [6]. Members of a cluster can
share resources such as software, memory space, printer,
etc. Also, clustering facilitates the reuse of resources, which
improves the system capacity. Moreover, clustering can be
used to reduce the amount of information that is used to
store the network state. Distant nodes outside of a cluster
usually do not need to know the detailed state this cluster.
Indeed, an overview of the cluster’s state is generally suf-
ficient for those distant nodes to make control decisions.
Thus, the clusterhead is typically in charge of collecting the
state of nodes in its cluster and constructing an overview of
its cluster state.

For the above mentioned reasons, it is not surprising that
several distributed clustering protocols have been proposed
during the last ten years [2, 3,4, 7,9, 17]. A detailed survey
on clustering algorithms can be found in [17]. The cluster-
ing protocols in [2, 9] construct a spanning tree. Then the
clusters are constructed on top of the spanning tree. The
clusterheads set does not necessarily form a dominating set
(i.e., a node can be at distance greater than 1 from its clus-
terhead). In [17], the performance of the node-degree based
clustering algorithms are evaluated. In [7], the weight-
based distributed clustering protocol taking into account
several parameters (node’s degree, transmission and battery
power, node mobility) is presented. In a neighborhood, the
selected nodes are those that are the most suitable for the
clusterhead role (i.e., a node optimizing all the parameters).
In [4], a Distributed and Mobility-Adaptive Clustering pro-
tocol, called DMAC, is presented. The clusterheads are se-
lected according to a node’s parameter (called weight). The
higher is the weight of a node, the more suitable this node is
for the role of clusterhead. An extended version of this pro-
tocol, called Generalized DMAC (GDMAC), is proposed



in [3].

A system is self-stabilizing [8] when regardless of its ini-
tial configuration, it is guaranteed to reach a legitimate con-
figuration in a finite number of steps. A system which
is not self-stabilizing may stay in an illegitimate config-
uration forever. The correctness of self-stabilizing proto-
cols does not depend on initialization of variables, and a
self-stabilizing protocol converges to some predefined sta-
ble configuration starting from an arbitrary initial one. Self-
stabilizing protocols are thus, inherently tolerant to transient
faults in the system. Many self-stabilizing protocols can
also adapt dynamically to changes in the network topology
or system parameters (e.g., communication speed, number
of nodes). A new configuration resulting from a topologi-
cal changes is viewed as an inconsistent configuration from
which the system will converge to a configuration consistent
with the new topology. Several self-stabilizing protocols
for cluster formation and clusterhead selection have been
proposed [5, 11, 12, 14, 16]. [14] presents a robust self-
stabilizing version of DMAC under the synchronous sched-
ule. A self-stabilizing version of DMAC and GDMAC is
presented in [12]. A robust and self-stabilizing version of
GDMAC is presented in [11]. In [5], a self-stabilizing link-
cluster protocol under an asynchronous message-passing
system model is presented. The definition of cluster is not
exactly the same as ours: an ordinary node can be at dis-
tance two of its clusterhead. The presented clustering pro-
tocol requires three types of messages, our protocol adapted
to message passing model requires one type of messages. A
self-stabilizing protocol for cluster formation is presented
in [16]. A density criteria (defined in [15]) is used to select
clusterhead: a node v chooses in its neighborhood the node
having the biggest density. A v’s neighborhood contains
all nodes at distance less or equal to 2 from v. Therefore,
to choose clusterhead, communication at distance 2 is re-
quired. Our protocol builds clusters on local information;
thus, it requires only communication between nodes at dis-
tance 1 of each others.

Contribution: In this paper, we propose a self-stabilizing
clustering protocol which takes into consideration the num-
ber of nodes a clusterhead can handle, and transmission
power, mobility, and battery power of the nodes. Our pro-
tocol is based on local properties. Our protocol guarantees
that network nodes are partitioned into clusters: each cluster
has at most Size Bound nodes. Thus, our protocol achieves
load balancing by guarantee a threshold (Size Bound) on
the number of nodes that a clusterhead handle. Therefore,
none of the clusterheads are overloaded at any time. The
clusterheads are chosen according to their weight value:
the higher weight a node gets, the better clusterhead it is.
Amount of bandwidth, memory space or battery power of
a processor could be used to determine weight values (the

computation of weight values is out the scope of this paper).
A trivial solution guaranteeing the first requirements is that
every node is the head of cluster having no other member.
This solution does not provide an useful hierarchical organi-
zation. Therefore, we minimize the number of clusterheads
in a neighborhood. Several clusterheads are neighbor only
if it is necessary: no clusterhead can join another cluster and
gives up its responsibility.

Our protocol is designed for the state model. Nevertheless,
it can be easily transformed into a protocol for the message-
passing model. For this purpose, each node v periodically
broadcasts to its neighbors a message containing its state.
Based on this message, v’s neighbors decide to update or
not their variables. After a change in the value of v’s state,
node v broadcasts to its neighbors its new state.

The paper is organized as follows. In section 2, the for-
mal definition of self-stabilization is presented. The well-
balanced clustering properties is presented in the section 3.
Our protocol is described in section 4. The protocol proof is
presented in section 5. We conclude by a discussion about
the convergence time in section 6.

2. Model

We model a distributed system by an undirected graph
G = (V, E) in which V is the set of nodes and E is the
set of edges. There is an edge (u,v) € F if and only if
u and v can directly communicate (v and v are said neigh-
bors). The set of neighbors of a node v € V' will be denoted
by N,. At node v in the network is assigned an unique iden-
tifier (/D). For simplicity, here we identify each node with
its I D and we denote both with v. We assume the locally
shared memory model of communication. Thus, each node
v has a finite set of local variables such that the variables at
a node v can be read by v and any neighbors of v, but can
be only modified by v.

The code of each node v consists of a finite set of rule. A
rule is a guarded statement of the form Rule; : Guard; —
Action;, where Guard, is a boolean predicate involving the
local variables of v and the local variables of its neighbors,
and Action; is a program that modify the local variables
of v. Action; is executed by node v only if the Guard; is
satisfied, in which case we say the node v is enabled.

The state of a node is defined by the values of its local vari-
ables. A configuration of a distributed system G is an in-
stance of the node states. In a ferminal configuration, no
node is enabled.

A computation e of a system G is a sequence of configura-
tions ¢y, Ca, ... such that for ¢ = 1,2, ..., the configuration
c;+1 is reached from c; by a single step of one or several en-
abled nodes. The nodes execute their programs - code asyn-
chronously. Therefore, the subset of enabled nodes that do



simultaneously their action during a computation step, is ar-
bitrary chosen. A computation is fair if any node in G that is
continuously enabled along a computation, will eventually
perform an action. In this paper, we study only fair com-
putation. A computation is maximal if it reaches terminal
configuration or it is infinite. Let C be the set of possible
configurations and £ be the set of all possible computations
of a system G. The set of computations of G starting with
the particular initial configuration ¢ € C will be denoted &,.
The set of computations of £ whose initial configurations
are all elements of B € C is denoted as £g.

In this paper, we use the notion attractor [13] to define self-
stabilization.

Definition 1 (Attractor). Let B3 and Bs be subsets of C.
Then Bs is an attractor from Bs if and only if:
Convergence -
Ve € €p,, (e =c1,¢2,...), i > 1:¢; € Bs.
Closure - Ve € £p,, (e = c1,¢a,...),Yi > 1,¢; € Bs.

Observation 1 Let By, By and Bs be subsets of C. If B3
is an attractor from By and if By is an attractor from B
then B3 is an attractor from B;.

The set of configurations matching the problem specifica-
tion is called the set of legitimate configurations, denoted as
L. C\L denotes the set of illegitimate configurations.

Definition 2 (Self-stabilization). A distributed system S
stabilizing to SP - a predicate on configurations - if and
only if there exists a non-empty set L C C such that the
following conditions hold:

1. L is an attractor from C.

2. Ve € L, ¢ satisfies the predicate SP.

3. Well-balanced Clustering for network

We consider weight-based networks, i.e., a weight w,, is as-
signed to each node v € V of the network. In ad hoc sensor
networks, amount of bandwidth, memory space or battery
power of a processor could be used to determine weight
values. The choice of the clusterheads will be based on
the weight associated to each node: the higher the weight
of a node, the better this node is suitable to be a cluster-
head. The nodes having an unique identifier (I D), one may
replace the weight variable by the uplet (weight, I D), to
ensure that nodes have distinct weight values. Therefore,
without loss of generality, we assume that each node has a
different weight.

Clustering means partitioning its nodes into clusters, each
one with a clusterhead and (possibly) some ordinary nodes.
In order to have well balanced clusters, the following well-
balanced clustering properties have to be satisfied:

1. Every ordinary node always affiliates with one cluster-
head of its neighborhood which has higher weight than its
weight (affiliation condition).

2. There is at most SizeBound nodes in a cluster (size
condition).

3. If a clusterhead v has a neighboring clusterhead « such
that w,, > w, then the size of u’s cluster is Size Bound
(clusterhead neighboring condition).

Protocol 1 : definition of Constants, Variables and Macros
on v

Constants
w, : N; - is the weight of node v
SizeBound : N; - is the upper bound on a cluster size

Variables of node v

Ch,: boolean; - indicate if v is or is not a clusterhead.

Head, : IDs; - is the clusterhead of v.

CD, : {IDs}; - is the list of nodes that can choose v as
a their clusterhead. In the case where v is an ordinary node,
this list should be empty.

Sy N; - is the size of v’s cluster. If v is an ordinary
node then S, should be 0.

Macros
v’s neighbors could be clusterheads of v :
Nf ={zeN,:veCD, AN Ch,=T A
Wy > WHead, N\ Wy > wv};

The size of v’s cluster :
Size, :=|{z € N, : Head, = v}|;

Computation of C D2, :
begin
CDO0, :={z € Ny : WHead, < Wy N W, < Wy};
if |CDO0,| < SizeBound — Size, then
CD1, :=CDO0,;
else C' D1, contains the SizeBound — Size,
smallest members of C' DO0,,; fi
ifCD, CCD1,U{w € N, : Head,, = v}
then CD2, .= CD1,;
else CD2, := 0; fi
end

The first requirement ensures that each ordinary node has
direct access to its clusterhead (the head of the cluster
to which it belongs), allowing fast intra and inter clus-
ter communications. The first requirement also guarantees
that each ordinary node affiliates with a suitable cluster
(i.e., a cluster whose the head has a larger weight than its
weight). The cluster management workload is proportional
to the cluster size. Thus, the second requirement guaran-



tees a clusterhead will be not overburden by the manage-
ment workload of its cluster : each cluster has at most
SizeBound members. The third requirement limits the
number of clusters. A node stays clusterhead only if can-
not join an existing cluster: in its neighborhood, all suitable
clusters are full (i.e., they have Size Bound members).

4. Self-stabilizing protocol building bounded
size clusters

The code of the “self-stabilizing construction of bounded
size clusters” is presented in Protocol 2; the constants, the
variables, and macros are defined in Protocol 1.

Notation 1

Cluster, is the set of nodes belonging to the v’s cluster
(having chosen v as their clusterhead) : Cluster, := {z €
N, : Head, = v}. The safety predicate is defined as :
P;(v) = |CD, U Cluster,| < SizeBound.

Our algorithm is a distributed algorithm requiring only
communication between neighbors. Thus, a node gets par-
tial information about the network state. To obtain a com-
plete knowledge of the network state requires communica-
tion, memory space, and time that are proportional to the
network size. Moreover, this knowledge will be not ac-
curate in highly dynamic network, or large scale network
where topology changes happen very often. Therefore, cen-
tralized algorithms (i.e., algorithms requiring a complete
knowledge of the network) are not suitable for dynamic and
large scale networks, even if they build very efficient clus-
tering structures, as the algorithms proposed in [1].

The main idea of the algorithm is that a node becomes and
stays clusterhead only when it cannot join one of its neigh-
bor cluster without violating the well-balanced clustering
properties.

To prevent that the size condition is violated, a node u can-
not freely join a cluster : u needs to have the permission
of the clusterhead. More precisely, only the nodes belong-
ing to the set C'D, may join v’s cluster. The goal of this
mechanism is to enforce the size condition. To achieve that
goal, any clusterhead v will verify a property stronger than
the size condition, the safety predicate (defined above). A
cluster whose the head satisfying the safety predicate veri-
fies the size condition after any computation step. A con-
trario, a cluster whose the head v does not satisfy the safety
predicate, may not verify the size condition, after a specific
computation step (i.e., all nodes belonging to C'D,, join v’s
cluster). Therefore, we have designed our protocol is such
a way that the safety predicate is eventually always satisfied
by all clusterheads.

For each clusterhead v, the macro C'D2,, is used to set C'D,,
value. CDO, is the set of v’s neighbors wanting to join

Protocol 2 : Self-Stabilizing Clustering protocol on v

Predicates
Go(v) = [(SHead > SizeBound) V (Head, ¢ N,)
(ChHead —F) ( WHead, < wv)]
G11(v) = (Chy =F) A (NS =0) A Go(v)
Gi2(v) = (Chy, =T) A (N =0) A (Head, # v)

>
w
=
I
L Q
D‘
I
~
>

)
Sy #Szzev)
Ga(v) = (Chy = F) A

(CDy # CD2,)]
[(Sy #0) v (CD, #0)]

Rules
Ri(v): G1(v) —
Chy :=T; S, := Size,;
CcD, :=CD2,; Head, :=v
Rz(U) : Gz(v) —
Ch, :=F; S, :=0; CD, := 0
Head, := maz,,_ {z € NS
R3(U) : jC'}]_(’U) A\ ﬁG‘rz(’l)) A\ G3(’U> —
Sy = Size,; CD, :=CD2,
R4(’U) : _|G1(’U) A _|G2(U) A G4(’U) —
S, :=0; CD, =10

M : Clusterhead node
QO: Ordinary node

SizeBound=3
Head=4 Head=15

Head=15 «

N

~ . R3(15), R2(7), R2(8)

~

Head=3 Head=8 Head=7

Initial configuration

Head=3 Head=15 Head=15

Figure 1. lllustration of C D value computa-
tion



the v’s cluster (i.e., their clusterhead has a smaller weight
than v’ weight). Only a subset of C'D0, is selectionned
to be in C'D2,. This subset of C'D0, is computed to en-
sure that the safety predicate would be satisfied by v after
any computation step from the current configuration. Let
us illustrate the computation of C'D2 by an example. In
the initial configuration of the Figure 1, the safety predi-
cate is satisfied (i.e., every node v satisfies the predicate
Ps(v)). In this configuration, the node having the biggest
weight is node 15. All its neighbors want to join its cluster
CD015 = N15 - Cluster15 = {3, 4, 7, 8} Node 15 can al-
low only two nodes to join its cluster (because Size Bound
= 3). The two selected nodes are the nodes of C'D045 hav-
ing the two-smallest weight. Therefore C D15 = {3,4}.
In the Figure 1, during the first computation step, all nodes
of C'D0y5 join Clusterys. At the end of this computation
step, Clusterys = {2,7,8}. If C'D;5 would have the value
CD1y5 = {3,4}. After this step, |CD15 U Cluster;s|
could have the value 5 = |{2,3,4,7,8}|, the safety predi-
cate would not be satisfied: after another computation step,
the 15’s cluster could have 5 members. Therefore, C' D5 is
set to (), and not to C D1;5.

The macro N, helps us to guarantee the clusterhead neigh-
boring condition. The set N, is not empty, if the clus-
terhead v does not verify the clusterhead neighboring con-
dition. In this case, v is enabled ; it has to join an exist-
ing cluster in its neighborhood. N, contains the list of v’
neighbors that are better clusterheads for v than its current
one. Node v will choose the node of N, having the biggest
weight as its clusterhead (rule R,). The Nj set contains
neighbors of v verifying the following properties (1) they
are clusterhead, (2) their weight is bigger than the weight of
the current clusterhead of v, (3) their weight is bigger than
the weight of v, and (4) they accept that v joins their cluster
(i.e., v belongs to their C'D set).

We split the possible cases where a node v has to change its
local variables according to the following mutually exclu-
sive cases:
Case 1. v has to become a clusterhead (rule Ry). In v’s
neighborhood, there is not suitable clusterhead (i.e., N,"
is empty) and it belongs to a cluster having more than
SizeBound nodes or v does not satisfy the Affiliation
condition. In this case, G11(v) is satisfied.

Case 2. v has to changed of cluster (rule Rs). The set of
N,f is not empty: v has in its neighborhood a more suit-
able clusterhead than its current one. In this case, G2(v)
is satisfied.

Case 3. v has to change some local variable values (S or
CD value) without changing of cluster (it will stay clus-
terhead or ordinary). If v is a clusterhead then G3(v) or
G12(v) is satisfied. If v is an ordinary node then G4 (v) is
satisfied.

M : Clusterhead node

O: Ordinary node
SizeBound=3

Head=15 Head=15 Head=15 Head=15
4 2 4 2
15 1
S=3 Head=15 S=4 Jll Head=15
OR3(15)
3 10 3 10
Head=15 Head=15 Head=15 Head=15

Initial configuration configuration A

RI1(10)

\

Head=15 Head=15 Head=15 Head=15
4 2 4 2
15, 1
S=3 Head=15 S=4 Head=15
TUR3(15)
3 10 3 10
Head=15 Head=10 Head=15 Head=10

Terminal configuration configuration B
Figure 2. lllustration of Self-stabilizing con-
struction of bounded clusters

Protocol 1 is illustrated in Figure 2, in this example
SizeBound = 3. Initially, there is one cluster having 4
members (the size condition is not verified). The node 10
will quit this cluster, and will form a new cluster (action
Ry), once the only clusterhead (node 15) has updated its .S
variable (action R3).

5. Proof of self-stabilization

In subsection 5.1, we prove that the safety predicate holds
continuously till the protocol converges to a legitimate con-
figuration, once a configuration reaching this predicate is
reached. Such an example is given in figure 3. Initially all
clusters have less than 3 members, this property is verified
along any computation reaching a legitimate configuration.

A legitimate configuration is a terminal configuration where
every node v satisfies Ps(v) and CD,, = (). In subsection
5.2, we prove that along any fair computation, a legitimate
configuration is reached from any configuration. In subsec-
tion 5.3, we establish that in a legitimate configuration, the
well-balanced clustering properties are verfied.



5.1. Safety

Definition 3 Let Ay be the set of safe configurations de-
fined by {C | Vv : Ps(v) is satisfied }.

Notation 2 Let ¢ be a configuration. We denote CD,(c)
the value of the C' D variable of the node v in c. We denote
Cluster,(c) the v’s cluster in c.

Observation 2 Assume that we have a computation step
1 3 e According to the macro NT and to the rule R,
Clustery(ca) C (Cluster,(c1) UCD,(c1)).
Assume that v updates CD,, during the computation step
cs. According to the macro C'D2,,
e CDy(c2) =0 or
|CDy(c2) U Cluster,(cy

)| < SizeBound
e CD1,(c1) N Cluster,(cp) = 0.

Lemma 1 A, is closed.

Proof: Assume that: (1) we have a configuration ¢; in
which Ps(v) holds and (2) we have a computation step
c1 3 ¢y. We will prove that P (v) holds in cy.

In any case (CD,(ca) = CDy(c1), CDy(ca) =
0, or CDy(co) = CD2,(c1)), we have
|CD,(c1) U Clustery(c1)] <  SizeBound and
|CD,(c2) U Clustery(c1)| < SizeBound.

Case 1: Cluster,(c2) C Cluster,(c1). Ps(v) is satisfied
in Co.

Case 2: Cluster,(c2) C {u, .. upm}t U Cluster,(cy).
According to the observation 2, we have {uy, .. 4y} C
CDU(Cl).

If CDU(CQ) = CDq)(Cl) or CDU(CQ) = @
then |CD,(c2) U  Clustery(ca)] < |CDy(c1) U
{u1, .. um} U Cluster,(c1)] <|CD,(c1)U Cluster,(c1)|
< SizeBound. Ps(v) is satisfied in cs.

If CD,(c2) = CD2,(c1) then (according to the C' D2,
definition) CD,(c1) C (CDy(c2) U Cluster,(c1)).
Thus |CDy(c2) U Cluster,(cz)] =
|CDy(c2) U Aur, .. up} U  Cluster,(c1)] <
|CD,(c2) U Cluster,(cy)| < SizeBound.
P, (v) is satisfied in co.

O

5.2. Convergence

In this subsection, some of the proofs are omitted dee to
lack of space, they can be found in [10].

Lemma2 P, = (Gi2(v) =F) A (Ga(v) = F).

Ay = A N {ceC|Vv: Head, € N, U{v} and
|Cluster,| < SizeBound and Py(v) is satisfied} is an
attractor from C.

M : Clusterhead node

O : Ordinary node
Sizebound=3

—————————————————————————————

X Y X, Y, X, Y3
CD={} | CD={Yp} ‘-t e

Terminal configuration

Figure 3. Stabilization time.

The convergence is done in step. At the end of the i‘" step
the configuration set L”; is reached: all nodes of Set; has
chosen forever their clusterhead. We define Set; and L”;
(for any value of 7) as follows.

Notation 3
Ly = Ay and Sety = 0.
V; is the set of nodes that do not belong to Set;: V; =
V — Set;.
vh; is the node with the highest weight in V.
Lipn=L";n{ceC|Chy, =T}
SizeBound, is the value min(Size Bound, | Nyp, NV;]).
Li = Liy1 N {c € C||Clusteryy,| = SizeBound;}.
Seti11 = Set; U {vh;} U Clusteryy,.
L’y =L N {ceC|YveSetiy : CD, = 0}.



The convergence steps are illustrated in figure 3 where the
weight of nodes are ordered as the following: X; 1 > Y; >
X; > Y;;1. Initially A4 is reached. After the first com-
putation step, L is reached (the node having the largest
weight, Xy, is a clusterhead). After the second compu-
tation step L} is reached (Clusterx, = {Y1} = Nx,).
After the third computation step, Lo is reached, X, the
node having the largest weight of V' — { X, Y1}, is a clus-
terhead. After the fourth computation step, L} is reached
(Clusterx, = {Ya} = Nx, — {Xo,Y1}).

Observation 3 Let v be a node of V;. We have, by definition
of Vi, Head, ¢ Set;. If Set; # V then (Set; C Set;y1)
and (Set; # Set;11).

At each step, Set; increases up to contain all nodes. Once
Set; = V, we will prove that a legitimate configuration is
reached.

Lemma 3 For any value of i, L;11 is an attractor from C,
assuming that L”; is an attractor from C.

Proof: vh; is the node with the biggest weight in V;. Let z
be in Nyp,. If 2 € Set;, we have CD,, = () (see definition
of Ly or L”;41). So N;;H is empty: vh; never executes
Rg (Uhl)

According to the observation 3, we have Head,,, € V;,
thus by definition of vh;, WHead,,, < Woh, -

If vh; is not a clusterhead then G;(vh;) is satisfied be-
CaUSe WHead,,, < Woh,- As all computations are fair, vh;
eventually performs R;(vh;). After that Ch,p, = T and
Head,, = vh;, forever. O

Lemma 4 Let c; be a configuration of L;; 1. Let cs be a

. cS
computation step from cy: ¢ — ca. We have
Clusteryp, (c1) C Clusteryp, (c2).

Proof:

Let u be a node of Cluster,, (ie., Head, = vh;). In
L;4+1, a neighbor z of u such that w, > w,p, is in Set;:
CD, = (. Thus z ¢ N, ; we conclude that N, is empty
forever. Thus, G2 (u) is never verified. In L;q1, G1(u) is
not verified. We conclude that the node  stays in the Clus-

ter of vh; forever. O
Lemma$ Let c; be a configuration of L;y,. Let cs
be a computation step from ci: ¢ — co. We have

CD1yp,(c2) # CD1yy,(c1) if only if Clusteryp,(c1) #
Clusteryp, (c2).

Lemma 6 For any value of i, L, is an attractor from C
assuming that L; 1 is an attractor from C.

Proof: Once L, is reached, only the nodes of V; may be
in the Cluster of vh;, therefore, the size of Cluster,, is
bounded by Size Bound,.

As no node can quit Cluster,, (lemma 4), Clustery,
will eventually stay identical forever. According lemma 5,
CD1,,, will eventually stay identical forever.

Once C'D1,p, is set up, if, CD,p, = CD1,p,, Rs(vh;) is
never enabled (i.e., C'D,, stays always equal to CD1,p,).
Once, CD1,y, is set up, if CD,n, # CD1,,, then
R3(vh;) is enabled forever. By fairness, Rs(vh;) action
will be eventually performed. After at most two R3(vh;)
actions, we have CD,;, = CD1,;,. We conclude that
any computation has a suffix where C'D,;, stay equal
to CD1,p,. In this suffix, the size of C'D,y, is equal to
SizeBound; — |Clusteryp, |

Assume that size of Cluster,,, is forever smaller than
SizeBound;. In that case, the computation has a suffix
where a node u will stay forever in the set C'D,,. By
definition of vh; and V;, we have wpeqd, < Wyn, and
Wy < Wyp,, thus vh; € N,;I. Any neighbor z of u such that
Wy > Wyp, is in Set;. Thus C'D, = . Therefore vh; is the
node of N, having the biggest weight. Ra(u) is enabled
forever. By fairness, Ro(u) action will be eventually per-
formed: u will choose vh; as its clusterhead: Cluster,p, is
modified. There is a contradiction. (I

Lemma 7 For any value of i, L” ;11 is an attractor from C,
assuming that L, is an attractor from C.

Proof: Let v be a node of Set;; that does not belong to
Set;. If v is an ordinary node, CD, = () because A3 is
a subset of L”;,;. If v is a clusterhead then v = vh;.
By definition of L ,, Yu € N, : WHead, > Wy OF
|Cluster,| = SizeBound. Thus CD2, = (), in Lj_,.
If CD, # 0, then R3(v) is enabled forever. Once the rule
is executed, C'D,, = () holds. O

Theorem 1 Let As a configurations set defined by As =
Ayn{c € C| Vv : CD, = 0}. The system eventually
reaches a terminal configuration of As.

Proof: According to the Observation 3, Set; C Set;i1.
Thus, there exists j such that Set; = V.

L” ; is an attractor because L”, L;, L}, and L”; are attrac-
tors for any value of 1 > 4 < j. In L”, the rule Ry, the rule
Rj, and the rule R4 are not enabled on any node. Only the
rule R3 may be enabled forever, on a node v. By fairness,
v will execute R3(v), then v is never enabled. We conclude
that a terminal configuration of L will be reached. Any
configuration of L belong to As. O



5.3. Correctness

Theorem 2 Once a terminal configuration of As is
reached, the well-balanced clustering properties are satis-

fied.

Proof: In a terminal configuration of As, for every node z,
we have G;(z) = F : i = 1.4 and CD, = () (see theorem
1).

Case 1. =z is an ordinary node. Gii(z) = F implies
(Headz S Nv) AN (ChHeadz = T) and (wHeadz > ’LUZ).
Thus, z satisfies affiliation condition.

Case 2. z is a clusterhead node. Following Lemma 2, in
a terminal configuration S, < SizeBound, thus, the size
condition is satisfied.

Let v be a clusterhead, neighbor of z such that w, > w,.
Notice that C'DO0, is not empty (it contains z). G3(v) is
not verified. Thus, CD2, is equal to CD,. We have
CD, = 0, thus, CD2, = CD1, = 0. We conclude
that Size, = SizeBound. Thus, every clusterhead v in 2’
neighborhood verifies the following predicate: (w, < w,)
or (S, = SizeBound). Therefore, the clusterhead neigh-
boring condition is satisfied. (I

6. Convergence times

The stabilization time is the maximum number of compu-
tation steps needed to reach a stabilized configuration from
an arbitrary initial one. Figure 3 presents a scenario to mea-
sure stabilization time, in the worst case: the initial config-
uration is the worst one. In this configuration (Figure 3.a),
there are (N — 1)/2 clusters where N is the network size.
Each cluster C'; (¢ > 1) includes a clusterhead Y; and a or-
dinary node X ;. The weight of nodes are ordered as the
following: X;_1 > Y; > X; > Y;;;. Initially, only the
node Xy is enabled. X is not a clusterhead, and its has
the largest weight of the system; thus G'11(Xy) is satisfied.
In the first round X performs the rule R;. Now, Y7 is en-
abled, because N; = {Xo}; the other nodes are still not
enabled. Thus, during the second round, the node Y; per-
forms the rule R to join X’s cluster. Then, X; is enabled;
the G11(X1) predicate is satisfied because Clyeqdy, = F.
In the third round, X; performs the rule R;, and so one. All
nodes will update their status; during a computation step,
only one node changes its status.

The stabilization time is O(N).
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