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A strongly connected graph is a directed graph that has a path from each
vertex to every other vertex.

Language Grammar Dependency Graph
A—aB | bC |e ?:—:8
L ={(ab*aUba*b)*} B — aA| bB
C —aC | bA
strongly connected graph.
L={a"b"a"b", A— aAb| B

n>0,m>0} B — bBa | e ° 8

non-strongly connected graph.
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Rational generating function
o £L={(a-b)", n>0}

Right regular grammar Left regular grammar Automate
a
L—>a-Ale L—A-ble
A—=b-L A—L-a m
b
@ A language is regular iff it is recognized by a finite deterministic
automaton.

Theorem [Kleene, 1956]

The generating function of a regular language belongs to the set Q(z) of
rational functions:

N™[[z]] € Q(2)

e N™[[z]] is also characterized as the smallest set of generating
functions closed by addition, product, quasi-inverse.
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Closure properties
A={a",n>0}, B={b", n>0}
e Hadamard Product A® B :={u.v, |ul=]|v|, uvue Aandve B}

Ao B={a"-b", n>0} L—a-L-b|e
e Shuffle A B = U (mww)
w1€A,w2€B
AWwB={(aub)", n>0} L—a-L|b-L|e
@ Derivation A" := a%.A
A={a", n>0} A'={a"-am n>0,m2>0}
e

@ Complement, intersection, square root. ..
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Asymptotics of rational series (folklore)
@ Let F(z) be a rational function analytic at 0 then

order(p)
2"1F () = ") P(Z

.

pepole(F) r=1

order(p)
n+r—1 —n—r
- ¥ 3o ( i )p
pepole(F) r=1
@ Let p be the unique dominant singularity and let r be its order, then

[2"F(2) ~ Cyr (~1) (" e 1) p—

e However, some difficult problems: 3f, = 07 (Pisot’s problem),
fluctuations of the positivity of the (f;)'s (conjugate roots of same

modulus, e.g. F(z) = m)
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o Let F(z,u) be a bivariate rational generating function

F(z,u) = Zf,,(u)z" = Zzn:fn,kukz",
n>0 n>0k=0

where the number of words of length n with k “b" is f, .

@ X,: a random variable counting the number of letters “b" in words of
length n

What is the limit distribution of X7
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Limit law in strongly connected graph
e [Edward E.Bender, 1973]: Central and Local Limit Theorems Applied
to Asymptotic Enumeration.

@ [Guibas—Odlyzko, 1981]: String overlaps, pattern matching, and
nontransitive games.

o [Régnier-Szpankowski, 1998]: On pattern frequency occurrences in a
Markovian sequence.

o [Bertoni—Choffrut-Goldwurm—Lonati, 2006]: Asymptotics in a regular
language of the number of words with a fixed number of occurences.

Theorem [Nicodéeme-Salvy—Flajolet, 2002]

If the language L is rational with strongly connected dependency graph,
then X, is asymptotically Gaussian with mean 1, and variance o2:

Xn — fin ] 1 /X — i
PI’ — < x| > — expl — dt.
|: On - V2T J o p( 2 )

Sketch of proof: Perron—Frobenius and Hwang quasi-power theorem. .[J
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Non-Strongly Connected Graph

Theorem [BaBoPoTa, 2011]

For any continuous curve C, there exists a regular language in which X,
(number of "b" in words of length n) has a limit distribution which e-near
from C.
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Theorem [BaBoPoTa, 2011]

For any polynomial P(n, k) in R=%[n, k], there exists a power series
F(z,u) € N™[z]] such that

o [2NMF(ze) O P(nsk)
Pr(Xn = k) - [Z”]F(Z, 1) - Z?:OP(IL I')'

Sketch of proof

o P(n, k) is a linear combination of n®k"

o n®kP? = [2"[uk] 3 n®z" 3 kBuk.

n>0 k>0
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Lemma

The power series > n'z" belongs to N™![[z]] and more precisely
n>0

' S i
> n'z" Z’ {I} 1 _z;)ﬁ—l = jglo H L

n>0

Proof (by induction):

@ apply z0z to the equality (equivalent to pointing © in the symbolic
method),

@ use the recurrence defining:

» the Stirling numbers of the second kind {l 41_ 1} {JI} +J {Jl}

» the Eulerian numbers [I j— 1} =(+1) H +(i+1-)) [j i 1} -0
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Examples

1 1 B
(1-z) (1—uz) (utu+u3)
(1-z)(1—w3z2)
1 1 1 1
(1-2)2 (1—uz) (1-2) (1—uz)?
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e C=AUB

C _ py — [Whz"C(zu) _ [uk][z"](A(z,u)+B(z,u))
o Pr(Xy =k) = [z"]C(z.1) [z"](A(z,1)+B(z,1))

» If (o4 < pB) or (pa = ps and ryq < rz) then
Pr(XS = k) ~ Pr(X;* = k)
» If pu = pp and rq = rp then

Pr(XS = k) = ¢, Pr(X;* = k) + ¢ Pr(XP = k)

(1—2)2%1—u22)+ (1_z)(11_uzz)2Jr
(1-z)2(1—u?z)
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Boltzmann Sampling

Boltzmann samplers allows the generation of uniform random
decomposable combinatorial objects.

@ [P. Duchon-P. Flajolet-G. Louchard—G. Shaeffer, 2004]: Boltzmann
Samplers for the random generation of combinatorial structures.

e [O. Bodini-Y. Ponty, 2010]: Multidimensional Boltzmann Sampling of
languages.
@ The Boltzmann sampler returns an object v of size n and parameter k
with .
x"u
P = .
r'X,U(’Y) F(X, U)
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Boltzmann Sampling

Theorem [BaBoPoTa, 2011] intrinsic efficiency for the size

For any fixed tolerance € > 0, the Boltzmann sampler size generates, in
average, in O(n) independently in ug, an object of size N in the interval
[(1—€),(1+e)n].

Theorem [BaBoPoTa, 2011] intrinsic impossiblity for the frequency

For any fixed tolerance 0 < 4, < 1, the Boltzmann sampler size-frequence
could be unable to generate an object with a frequency of u in an interval
[(ty — ), (y + 64)] where p,, is the mean of wu.
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Algebraic Branches

Combinatorial Algebraic Functional

object grammar Equation Branches

1414z
Binary trees T—aT-Tla z_T(z)+zT%(z) - Az

2z

1+v/1—4z2

2z2

Dyck words D—a-D-b-Dle 1-D(z)+22D%(z) 11422

222

Algebraic grammar with m non terminals:
@ Polynomial system of equations Y; = Pi(z, Y1,..., Ym),
@ P; have non-negative coefficients,
@ YO =(0,...,0), YD = p(Y"), ¥ = fim Y

h—o0

A unique branch analytic with non-negative Taylor coefficients around 0.
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Asymptotics of algebraic grammars

Theorem of Newton-Puiseux

Let f(z) the branch of an algebraic equation P(z, f(z)) = 0, near its

singularities p, f(z) admits a convergent fractional series expansion of the
form: f(z) = Z ck-(z— p)% with kg € Z and K > 1.

k>ko

asymptotics:

1 —n,—a—1
F(—a)p "

fo ~ Cky

What are the possible values of o?
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Strongly connected graph

Theorem of [Drmota-Lalley-Woods, 97-93-97]
Let Y = P,-(\7) a system satisfying:
@ All polynomials P; have positive coefficients .
@ The system admits a fixed point Y.

© The dependency graph of the system is strongly connected.
Then:

Q all solutions behave like Yj(z) = Co, — C;.
neighborhood z = p,

Q ["]Y(2) ~

Nlw

szp

1-240(1—2)in

with Co;, Cj, p algebraic numbers.

Hanane Tafat (Paris North)
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Example

A—a-Alb-B-B|c
B—b-Ala-B-B|c

o { A(z) = zA(z) + zB(2)* + z
B(z) = zA(z) + zB(z)* + z

Algebraic equation: zA(z)* + (z — 1)A(z) +z =0

Branches of A(z):
z—1++V-322-2z+1 —z+1++V-322-2z+1
2z ' 2z

The singularities: —1, 0,1/3

Puiseux expansion: A(z) = 3 — 1/3(1 —3z) + O(1 — 3z2)
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non-strongly connected graph

general trees { T—a-T-Ala m

T = zSeq(T) A—=T-Ale

strongly connected.

_ B—a-T-Ub-T-U
super bicolore trees: U — B-Ule

B = 22T Seq(B) T ;_f ;ZATS"

non-strongly connected.

Branch: B(z) = 3 — %\/l —4z+4z\/1 -4z

Puiseux expansion: B(z) = 1 — (1 —4z)!/* + O((1 — 42)3/*)
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@ The behavior asymptotics of bicolored trees T is 1/2

@ Super-bicolored trees: B =T [(z + z).T]
» schema of composition critique,

> 2% is the behavior asymptotics.

@ k—Super-bicolored trees: By = T [(z + z).Bx_1]
» schema of k— composition critique,

> is the behavior asymptotics.

_1
ok+1

Using Maple (Algolib:Combstruct, gdev) we obtain: for k compositions de
B 2,(% behavior.
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Theorem

Suppose that Y = P(z, \7) is a positive polynomial system such that there
is a unique solution (Y1(z), ..., Ym(2)) that is analytic at z = 0.

2 H . . .
What is more, if gz—% # 0 then for every j there exists an integer k; > 1
such that locally

Vi@) = en(z = o)

n>0
B—a-T-Ub-T-U
super bicolore trees: U—B-Ule
B = 2zT Seq(B) T—a-T-Aa
A—=T - Ale

non-strongly connected.
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the derivative

@ The generating function of Super-bicolored trees:
B(z) = % - %(1 —4z)% 4 O((1 — 4z2)3/%)

£B(z) = 31— 42) /4 O((1 — 42) /%)

( B’—>T-Z/I\a'7"-U!a-T-U’\b-T’-Lﬂb-T-LI? jT
B—a-T-Ub-T-U J
T = TAla-T'-Ala-T - Ale
T—a-T-Ala

U =B -UB-Ule

U—B-Ule
A= T AT - Ale
L A—T-Ale

non-strongly connected.

The dependency graph still non-strongly connected
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Theorem

Suppose that Y = P(z, \7) is a positive polynomial system such that there
is a unique solution (Y1(z), ..., Ym(2z)) that is analytic at z = 0.

. 2p.
What is more, if for all (/,) % #0 and 8?,_%\,’1 = 0 then for every j there
exists an integer k; > 1 such that locally

Yi(@) =Y en-(z = o)

n>0
or
n%—l
YD) =Y e (=)'
n>0

B T -Ua T Ua-T-Ub-T -Ub-T-U
B—a-T-Ub-T-U
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Theorem

Suppose that Y = P(z, \7) is a positive polynomial system of entire
functions such that there is a unique solution (Y1(2), ..., Ym(2)) that is
analytic at z = 0.

Vi@ =Y e (2= )"

n>0
or .
Yi(2) =Y . (z—p) 5 "
n>0
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Example

B — ala-BClb- BC

o
)
C—alb-CC 8

{A—>a-A-A-Ab-A 3

Az) = 204222 Az) = 2(1—2z) 32 4 ...
B(z) = z(1 — 4z%)1/2 B(z) = %(1 —27)7 12 4
C(Z) — 1—(1—242.22)1/2 C(Z) — 1 _ \/5(1 _ 22)1/2 _I_
n \/5 n_ 1/2
[Z ]A(Z) ~ mQ n
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Conclusion

e We gave distributions which can be reached as a pattern occurrence
distribution (4 application: random generation).

@ Work in progress: the asymptotic behaviorand the possible limit laws
in non strongly connected context free-grammars?

@ Implementation (in SageMath):

» Input: (language, pattern),
» Output: (limit law, multivariate Boltzmann sampler).
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