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@ Introduction to stack sorting
@ Pushall sorting

© General sorting
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Representations of permutations

Permutation: Bijective map from [1..n] to itself

@ Grapbhical representation:

@ Two-line representation: b

(12345678 °
9=\ 18364257 o(i)r-1----+

@ One-line representation: hd
c0=18364257
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Patterns in permutations

Pattern relation <:
m € Sk is a pattern of o € S, if

1< i <...<i<nsuch that ®
oj, ... 0 is order-isomorphic to . ®
We write 7 < 0. )
[ J

Equivalently: Normalizing o}, ... 0}, [
on [1..k] yields 7. °

[ J
Example: 1324 312854796 °
since 2549 =1324. PS

Remark: m £ 0 = ¢ avoids 7.
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Patterns in permutations

Pattern relation <:
m € Sk is a pattern of o € S, if

1< i <...<i<nsuch that ®
oj, ... 0 is order-isomorphic to . o
We write 7 < 0. )
[ J

Equivalently: Normalizing o}, ... 0}, o
on [1..k] yields 7. °

[ J
Example: 1324 312854796 °®
since 2549 =1324. PS

Remark: m £ 0 = ¢ avoids 7.
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Permutation Classes

Class of permutations: set downward closed for <
Equivalently: c e Cand m o =m¢cC(C
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Permutation Classes

Class of permutations: set downward closed for <
Equivalently: c e Cand m o =m¢cC(C

Av(B): the class of perm. avoiding all the patterns in the set B.
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Permutation Classes

Class of permutations: set downward closed for <
Equivalently: c e Cand m o =m¢cC(C

Av(B): the class of perm. avoiding all the patterns in the set B.

Prop.: Every class C is characterized by its basis:
C = Av(B) for B= {0 ¢ C|Vr < o with 7 # 0,7 € C}

Basis may be finite or infinite.
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

|_| 4132

Example:
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

|_| 432

Example:
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

I_I N
4

Example:
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

I_I N
4

Example:
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

I_I ’
1
4

Example:
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

I_I ’
1
4

Example:
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1 I_I R
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1 I_I 3R
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1 I_I 2
3
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1 I_I 2
3
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1 Iil
3
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1 Iil
3
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

12|_|
3
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

12|_|
3
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

123|_|
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

123|_|
4
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

U
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 I_I 2413

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 I_I 2413

4132 is sortable

Adeline Pierrot On two-stack sorting



Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 I_I 413
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 I_I 413
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 I_I 13
4
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 I_I 13
4
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 H 3
4
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 H 3
4
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234|_| 4132 1 |_| 3
4
2

4132 is sortable
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Stack: last-in first-out device

wop
introduced by Knuth. output <—‘ r O1...0n

Definition: o is sortable if 3 a
sequence of moves m € {p, u}* s.t.
the output m(o) is the identity.

Example:

1234 I_I 4132 1 I_I 2413
4
2

4132 is sortable 2413 is not sortable
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Sorting with one stack: a linear algorithm
Question: How to decide if o is
output e—fiw [11—-01 ...0p

sortable?
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Sorting with one stack: a linear algorithm

Question: How to decide if o is
sortable?

output <—M‘ p 01...0p
Find m € {p, u}* s.t. the output [

m(c) is the identity
o] =n = [m(a)l, = |m(a)]|, = n.
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Sorting with one stack: a linear algorithm

Question: How to decide if o is
sortable?

output <—M‘ p 01...0p
Find m € {p, u}* s.t. the output [

m(c) is the identity
o] =n = [m(a)l, = |m(a)]|, = n.

Naive algorithm: Check if m(c) is the identity ¥V m € {p, u}2"

— exponential algorithm.

Adeline Pierrot On two-stack sorting



Sorting with one stack: a linear algorithm

Question: How to decide if o is
sortable?

output <—M‘ p 01...0p
Find m € {p, u}* s.t. the output [

m(c) is the identity

o] =n = |m(o)l, = |m(0)|. = n.

Naive algorithm: Check if m(c) is the identity ¥V m € {p, u}2"
— exponential algorithm.

Key: At most one way to sort a permutation:

Do move p if and only if the top of the stack is the next element
to be output.
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Sorting with one stack: a linear algorithm

Question: How to decide if o is
sortable?

output <—M‘ p 01...0p
Find m € {p, u}* s.t. the output [

m(c) is the identity
lof =n = |m(o)l, = [m(a), = n.

Naive algorithm: Check if m(c) is the identity ¥V m € {p, u}2"
— exponential algorithm.
Key: At most one way to sort a permutation:

Do move p if and only if the top of the stack is the next element
to be output.

— A linear algorithm to test whether a permutation is sortable.
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Sorting with one stack: a mathematical characterization

Question: How many sortable permutations of size n?
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Sorting with one stack: a mathematical characterization

Question: How many sortable permutations of size n?

o sortable & ¢ avoids 231
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Sorting with one stack: a mathematical characterization

Question: How many sortable permutations of size n?

o sortable & ¢ avoids 231

01...0p
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Sorting with one stack: a mathematical characterization

Question: How many sortable permutations of size n?

o sortable & ¢ avoids 231
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Sorting with one stack: a mathematical characterization

Question: How many sortable permutations of size n?

o sortable & ¢ avoids 231
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Sorting with one stack: a mathematical characterization

Question: How many sortable permutations of size n?

o sortable & ¢ avoids 231

The set of permutations sortable with one stack :
Av(231), enumerated by Catalan numbers: ¢, = ﬁ(z"n)
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Sorting with two stacks in serie

Definition: o is sortable if 3 a
output

% A p
sequence of moves m € {pa /\7/~L}* ‘_H—Hfffl ...0p
s.t. the output m(o) is the identity. ‘ \ ‘ \

V H

Question: ¢ a given permutation, is
o sortable with two stacks?
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Sorting with two stacks in serie

Definition: o is sortable if 3 a A
output H p
sequence of moves m € {p, \, u}* put < O1---0n
s.t. the output m(o) is the identity.
Question: ¢ a given permutation, is
\Y H

o sortable with two stacks?

Naive algorithm: Check if m(c) is the identity V m € {p, A, u}>"
im(a)l, = Im(o)[x = [m(o)|, = n

— exponential algorithm.
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Sorting with two stacks in serie

Definition: o is sortable if 3 a
output

% A p
sequence of moves m € {p, \, u}* y O1---0n
s.t. the output m(o) is the identity.
Question: ¢ a given permutation, is

Vv H

o sortable with two stacks?

Naive algorithm: Check if m(c) is the identity V m € {p, A, u}>"
im(a)l, = Im(o)[x = [m(o)|, = n

— exponential algorithm.

Is there a polynomial algorithm?
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Sorting with two stacks in serie

Definition: o is sortable if 3 a
output

% A p
sequence of moves m € {p, \, p}* ‘_H—‘rm ..o
s.t. the output m(o) is the identity. ‘ \ ‘ \

V H

n

Question: ¢ a given permutation, is
o sortable with two stacks?

Naive algorithm: Check if m(c) is the identity V m € {p, A, u}>"
im(a)l, = Im(o)[x = [m(o)|, = n

— exponential algorithm.
Is there a polynomial algorithm?

Try to limit the number of sortings to test.

Adeline Pierrot On two-stack sorting



A canonical way to sort?
No longer a unique way to sort.
ﬁuﬁﬁal ... 0,
V H
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A canonical way to sort?

No longer a unique way to sort.

poA P,
1..-0np
As example moves p and p commute. (_\|_|[ Ll|_
V H
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A canonical way to sort?

No longer a unique way to sort.
As example moves p and p commute. (_\|_|[ Ll|_

Find a canonical sorting?
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A canonical way to sort?

No longer a unique way to sort.
As example moves p and p commute. (_\|_|[ Ll|_

Find a canonical sorting?

Choose move p < top of V is the next element to be output.
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A canonical way to sort?

No longer a unique way to sort.
As example moves p and p commute. (_\|_|[ Ll|_

Find a canonical sorting?

Choose move p < top of V is the next element to be output.

Some permutations still have an exponential number of sortings:
n(n—1) ... 1 can be sorted in 2("~1) differents ways.
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A canonical way to sort?

No longer a unique way to sort.
As example moves p and p commute. (_\|_|[ Ll|_

Find a canonical sorting?

Choose move p < top of V is the next element to be output.

Some permutations still have an exponential number of sortings:
n(n—1) ... 1 can be sorted in 2("~1) differents ways.

Note: During all the sorting procedure:
@ Stack H is in increasing order of indices from bottom to top

o If the output is the identity, stack V is in decreasing order of
values from bottom to top
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A canonical way to sort?

No longer a unique way to sort.
As example moves p and p commute. (_\|_|[ Ll|_

Find a canonical sorting?

Choose move p < top of V is the next element to be output.

Some permutations still have an exponential number of sortings:
n(n—1) ... 1 can be sorted in 2("~1) differents ways.

Note: During all the sorting procedure:
@ Stack H is in increasing order of indices from bottom to top

o If the output is the identity, stack V is in decreasing order of
values from bottom to top

But no way to choose between move A and move p
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A permutation class

Let m < o (pattern)

sorting procedure for ¢ — sorting procedure for m
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A permutation class

Let m < o (pattern)
sorting procedure for ¢ — sorting procedure for m
— ¢ sortable and m < ¢ = = sortable

< sortable permutations form a class Av(B)
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A permutation class

Let 7 < o (pattern)
sorting procedure for ¢ — sorting procedure for m
— ¢ sortable and m < ¢ = = sortable
< sortable permutations form a class Av(B)

But B infinite and not characterised

length | sortable | unsortable | basis

n<6 n! 0 0
7 5018 22 22
8 39374 946 51
9 | 336870 26010 | 146

10 | 3066695 562105 604




® 0 =®[m,...,mp)

o
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@ 0 = ®[m,...,mp| is sortable < Vi, 7; is sortable.

T A 2 A
pa s(r1)- - -s(my) -
|
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@ 0 = ®[m,...,mp| is sortable < Vi, 7; is sortable.
2 a a2
pa s(r1)- - -s(my) -
.
@ 0 =O[m,...,mp| is sortable = Vi, 7; is sortable.

us ¥ N 2
s(m)- .s(m)u U o
[
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@ 0 = ®[m,...,mp| is sortable < Vi, 7; is sortable.
2 a a2
o s(r1)- - -s(my) -
.
@ 0 =O[m,...,mp| is sortable = Vi, 7; is sortable.

¥ ¥ ¥
s(m)- .s(m)u U .
(@

Converse not true: 7; has to admit a special sorting in 2 steps.
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@ 0 = ®[m,...,mp| is sortable < Vi, 7; is sortable.

) B T
g i

@ 0 =O[m,...,mp| is sortable = Vi, 7; is sortable.

¥ ¥ VA
s(m)- .s(m)u U o
[

Converse not true: 7; has to admit a special sorting in 2 steps.

o = O[m,..., 7] is sortable < Vi < n, 7; is pushall sortable and
Tp is sortable.
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Pushall sorting

left stack  right stack

output

Definition: o is pushall sortable if 3 my € {p, A\}* and
my € {\, u}* s.t. the output mp(mi(c)) is the identity.

— A sorting in 2 parts.
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Example and property
I_I 2413
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Example and property
413
L
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Example and property
13
s
2
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Example and property
13
L) L
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Example and property
L) L
4 2

Adeline Pierrot On two-stack sorting



Example and property
I_I Iil
1
4 2
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Example and property
AN
4 2
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Example and property
Iil I_I
3
4 2
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Example and property
AN
4 2
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Example and property
Iil I_I
3
4

Adeline Pierrot On two-stack sorting



Example and property
12
1 L
4

Adeline Pierrot On two-stack sorting



Example and property
123
L L
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Example and property
1234 I_I
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Example and property

1234 2413
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Example and property

1234 2413

N — O

Stack configuration c just after the last element enter the right
stack gives all information about the pushall sorting procedure:
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Example and property
2413
]

Stack configuration c just after the last element enter the right
stack gives all information about the pushall sorting procedure:

N — O

@ First part of the procedure: do only moves p and A to reach
configuration ¢
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Example and property
2413
]

Stack configuration c just after the last element enter the right
stack gives all information about the pushall sorting procedure:

N — O

@ First part of the procedure: do only moves p and A to reach
configuration ¢ = sorting with one stack (the right one)
considering the left stack as the output.
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Example and property

1234
|_| |i|
1
4 2

Stack configuration c just after the last element enter the right
stack gives all information about the pushall sorting procedure:

@ First part of the procedure: do only moves p and A to reach
configuration ¢ = sorting with one stack (the right one)
considering the left stack as the output.

@ Second part of the procedure: do only moves A and u to pop
out in increasing order configuration ¢
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Example and property

1234
|_| |i|
1
4 2

Stack configuration c just after the last element enter the right
stack gives all information about the pushall sorting procedure:

@ First part of the procedure: do only moves p and A to reach
configuration ¢ = sorting with one stack (the right one)
considering the left stack as the output.

@ Second part of the procedure: do only moves A and u to pop
out in increasing order configuration ¢ = sorting with one
stack (the left one) considering the right stack as the input.
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Example and property

1234 2413

|I\)I—‘(.U

Stack configuration c just after the last element enter the right
stack gives all information about the pushall sorting procedure:

@ First part of the procedure: do only moves p and A to reach
configuration ¢ = sorting with one stack (the right one)
considering the left stack as the output.

@ Second part of the procedure: do only moves A and u to pop
out in increasing order configuration ¢ = sorting with one
stack (the left one) considering the right stack as the input.

— Test in linear time whether a stack configuration is valid
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A first naiv algorithm

Bijection between
@ pushall sorting procedures of o and

o valid stack configurations of o
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A first naiv algorithm

Bijection between
@ pushall sorting procedures of o and

o valid stack configurations of o

Test in linear time whether a stack configuration is valid for o
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A first naiv algorithm

Bijection between
@ pushall sorting procedures of o and

o valid stack configurations of o

Test in linear time whether a stack configuration is valid for o

— Algorithm deciding whether a permutation is pushall sortable
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A first naiv algorithm

Bijection between
@ pushall sorting procedures of o and

o valid stack configurations of o

Test in linear time whether a stack configuration is valid for o
— Algorithm deciding whether a permutation is pushall sortable
* Naive algorithm:

Try all stack configurations of o and test whether it is valid
— exponential algorithm: 2" bicolorings (~ stack config.) to test

Adeline Pierrot On two-stack sorting



A first naiv algorithm

Bijection between
@ pushall sorting procedures of o and

o valid stack configurations of o

Test in linear time whether a stack configuration is valid for o
— Algorithm deciding whether a permutation is pushall sortable
* Naive algorithm:

Try all stack configurations of o and test whether it is valid

— exponential algorithm: 2" bicolorings (~ stack config.) to test

* Limit the number of bicolorings to test by studying properties of
valid configurations (and bicolorings).
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Stack-patterns

2
Unsortable stack-patterns: 1],11 and | 2 1

Theorem: a stack configuration can be popped out in increasing
order < it avoids the 3 unsortable stack-patterns.
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Stack-patterns

2
Unsortable stack-patterns: 1],11 and | 2 1

Theorem: a stack configuration can be popped out in increasing
order < it avoids the 3 unsortable stack-patterns.

@ Necessary to avoid these patterns
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Stack-patterns

2
Unsortable stack-patterns: 1],11 and | 2 1

Theorem: a stack configuration can be popped out in increasing
order < it avoids the 3 unsortable stack-patterns.

@ Necessary to avoid these patterns

@ Sufficient: you can put the smallest element out and keep
avoiding stack-patterns
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Sorting as a coloring

Right coloring: coloring of o with two colors G and R s.t.

]
]
(]

no pattern 132 in R

no pattern 213 in G

no point of R lying vertically between a pattern 12 of G
no point of G lying horizontally between a pattern 12 of R

= coloring with forbidden patterns 132, 213, 1X2 and 2/13
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Sorting as a coloring

Right coloring: coloring of o with two colors G and R s.t.
@ no pattern 132 in R
@ no pattern 213 in G
@ no point of R lying vertically between a pattern 12 of G
°

no point of G lying horizontally between a pattern 12 of R

= coloring with forbidden patterns 132, 213, 1X2 and 2/13

Theorem: ¢ is pushall sortable < ¢ has a right coloring.

proof. R = right stack and G = left stack = bijection between
right colorings and valid stack configurations.
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Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

inie

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

H

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

Iy

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

L

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

L

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

e

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

e

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

e

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

LY

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

L L

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

i L

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.

Adeline Pierrot On two-stack sorting



Ll
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stack and color G to those of the left stack.
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Recall: Unsortable stack-patterns: [, 1 and [2] [1

Forbidden colored patterns: 132, 213, 1X2 and 2/13.

e If o is sortable, put color R to the elements of the right
stack and color G to those of the left stack.

A

@ If o has a right coloring, put the elements of R in the right
stack and thoses of G in the left stack.
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©-decomposable permutations

..
o= 8[r1,...,m] = Col(c) = Col(m1) x --- x Col(m)

Col(c) = the set of right colorings of o
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©-decomposable permutations

..
o= 8[r1,...,m] = Col(c) = Col(m1) x --- x Col(m)

Col(c) = the set of right colorings of o
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Forbidden colored patterns = implication rules

%}

>




Restrict the number of bicolorings to test

Add hypothesis
to ensure a polynomial number of bicolorings to test.
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Restrict the number of bicolorings to test

Add hypothesis
to ensure a polynomial number of bicolorings to test.

@ Assume o is ©-indecomposable.
Otherwise o = ©[my ... mp] with 7; ©-indecomposable
o =06[m,..., ] = Col(c) =~ Col(m) x --- x Col(m)
So replace o by the ;.
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Restrict the number of bicolorings to test

Add hypothesis
to ensure a polynomial number of bicolorings to test.

@ Assume o is ©-indecomposable.
Otherwise o = ©[my ... mp] with 7; ©-indecomposable
o =06[m,..., ] = Col(c) =~ Col(m) x --- x Col(m)
So replace o by the ;.

@ Separate distinct cases:
Each pattern 12 is unicolor
There are patterns 12 but no pattern 12
There are patterns 12 but no pattern 12
There are patterns 12 and patterns 12.
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.

Proof : Left-to-right minima of o are unicolor.
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.
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Let 0; and o} consecutive left-to-right minima of o.
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Proof : Left-to-right minima of o are unicolor.

Let 0; and o} consecutive left-to-right minima of o.

Zone A is non-empty as o is ©-indecomposable.
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.

Proof : Left-to-right minima of o are unicolor.

Let 0; and o} consecutive left-to-right minima of o.
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Zone A is non-empty as o is ©-indecomposable.
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.

Proof : Left-to-right minima of o are unicolor.

Let 0; and o} consecutive left-to-right minima of o.

Tk

Zone A is non-empty as o is ©-indecomposable.

Let oy in this zone and c its color,
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.

Proof : Left-to-right minima of o are unicolor.

Let 0; and o} consecutive left-to-right minima of o.
Zone A is non-empty as o is ©-indecomposable.

Let oy in this zone and c its color,
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.

Proof : Left-to-right minima of o are unicolor.

Let 0; and o} consecutive left-to-right minima of o.

Zone A is non-empty as o is ©-indecomposable.

Let oy in this zone and c its color, then o; and o
also have color c.
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First case: Each pattern 12 is unicolor

Proposition: o ©-indecomposable and C a right coloring of o
where each pattern 12 is unicolor = C is unicolor.

Proof : Left-to-right minima of o are unicolor.

Let 0; and o} consecutive left-to-right minima of o.
Zone A is non-empty as o is ©-indecomposable.

Let oy in this zone and c its color, then o; and o
also have color c.

Consequence: We just have to check the 2 unicolor colorings
(all points in R or all points in G ).
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@ There are patterns 12 but no pattern 12:
Position of the up-leftmost pattern 12 determines all colors:

9j

%)

ot D
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@ There are patterns 12 but no pattern 12:
Position of the up-leftmost pattern 12 determines all colors:

LI 1%}
ot I
(%) ]

@ There are patterns 12 but no pattern 12: Position of the
down-rightmost pattern 12 determines all colors:

@ %)
D 40
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@ There are patterns 12 but no pattern 12:
Position of the up-leftmost pattern 12 determines all colors:

LI 1%}
ot I
(%) ]

@ There are patterns 12 but no pattern 12: Position of the
down-rightmost pattern 12 determines all colors:

@ @
T 14
o4 <

@ There are patterns 12 and patterns 12:
Position of the up-leftmost pattern 12 and the
down-rightmost pattern 12 determines all colors.
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:

@ Check if unicolor coloring R is right
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
@ Check if unicolor coloring R is right

@ Check if unicolor coloring G is right
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
@ Check if unicolor coloring R is right
@ Check if unicolor coloring G is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
test if the coloring without pattern 12 is right

Adeline Pierrot On two-stack sorting



Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
@ Check if unicolor coloring R is right
@ Check if unicolor coloring G is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
test if the coloring without pattern 12 is right

@ Choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring without pattern 12 is right
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
@ Check if unicolor coloring R is right
@ Check if unicolor coloring G is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
test if the coloring without pattern 12 is right

@ Choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring without pattern 12 is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring is right.
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
@ Check if unicolor coloring R is right
@ Check if unicolor coloring G is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
test if the coloring without pattern 12 is right

@ Choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring without pattern 12 is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring is right.

Test if coloring right = linear
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Polynomial algorithm

o ©-indecomposable. To compute all its right colorings:
@ Check if unicolor coloring R is right
@ Check if unicolor coloring G is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
test if the coloring without pattern 12 is right

@ Choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring without pattern 12 is right

@ Choose a pattern 12 as the down-rightmost pattern 12 and
choose a pattern 12 as the up-leftmost pattern 12 and test if
the coloring is right.

Test if coloring right = linear

— O(nd) algorithm
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Col(c) = the set of right colorings of o

Separate 9 kinds of colorings (instead of the 4 previous one) for o
©-indecomposable
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Col(c) = the set of right colorings of o

Separate 9 kinds of colorings (instead of the 4 previous one) for o
©-indecomposable

Then the position of one particular point determines all the coloring
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Col(c) = the set of right colorings of o

Separate 9 kinds of colorings (instead of the 4 previous one) for o
©-indecomposable

Then the position of one particular point determines all the coloring

@ o O-indecomposable = |Col(c)| < 9|o| computed in O(|o|?)
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Col(c) = the set of right colorings of o

Separate 9 kinds of colorings (instead of the 4 previous one) for o
©-indecomposable

Then the position of one particular point determines all the coloring

@ o O-indecomposable = |Col(c)| < 9|o| computed in O(|o|?)

e 0 =0[m,...,mx] = Col(o) =~ Col(m1) X -+ x Col(m)
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Col(c) = the set of right colorings of o

Separate 9 kinds of colorings (instead of the 4 previous one) for o
©-indecomposable

Then the position of one particular point determines all the coloring

@ o O-indecomposable = |Col(c)| < 9|o| computed in O(|o|?)

e 0 =0[m,...,mx] = Col(o) =~ Col(m1) X -+ x Col(m)

— Description of Col(c) in linear space: 9|my|+ - - + 9|mi| = 9|o|
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Col(c) = the set of right colorings of o

Separate 9 kinds of colorings (instead of the 4 previous one) for o
©-indecomposable

Then the position of one particular point determines all the coloring
@ o O-indecomposable = |Col(c)| < 9|o| computed in O(|o|?)
® 0 =0|m,...,mk] = Col(c) = Col(m1) x --- x Col(my)

— Description of Col(c) in linear space: 9|my|+ - - + 9|mi| = 9|o|

— Algorithm giving Col(c) in quadratic time.
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From pushall sorting to general sorting

Algorithm to decide if o is pushall sortable in quadratic time

Use it to decide if o is sortable (general sorting)
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From pushall sorting to general sorting

Algorithm to decide if o is pushall sortable in quadratic time

Use it to decide if o is sortable (general sorting)

@ 0 = @[r1,...,m,] is sortable < Vi, ; is sortable.

@ 0 =O[m,...,mp| is sortable < Vi < n, 7; is pushall sortable
and 7, is sortable.
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From pushall sorting to general sorting

Algorithm to decide if o is pushall sortable in quadratic time
Use it to decide if o is sortable (general sorting)
@ 0 = @[r1,...,m,] is sortable < Vi, ; is sortable.

@ 0 =O[m,...,mp| is sortable < Vi < n, 7; is pushall sortable
and 7, is sortable.

@ What if o is not decomposable?
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Right-to-left minima

We decompose 0 = ...0y, ...0y, ...0k, Where oy, are right-to-left
minima of o (o4, =1 and o, = 0y)

Ok,

Ok

i+1

Oy
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Right-to-left minima

We decompose o
minima of o (o4, =1 and o, = 0y)

. Oy - Ok, ...0k Where oy, are right-to-left

Key idea: look at the stack configuration when oy, enters stack H

Ok,

Ok

i+1

Ok
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. Oy - Ok, ...0k Where oy, are right-to-left

Key idea: look at the stack configuration when oy, enters stack H

o) ={oj | j < ki et oj > o4}

0k, o sortable = ¢(7) pushall sortable Vi

converse not true : pushall sortings
have to be compatibles
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Right-to-left minima

We decompose 0 = ...0y, ...0y, ...0k, Where oy, are right-to-left
minima of o (o4, =1 and o, = 0y)

Key idea: look at the stack configuration when oy, enters stack H

o) ={oj | j < ki et oj > o4}

R A
A A
A
7207V,

0k, o sortable = ¢(7) pushall sortable Vi

R AR
N Y

converse not true : pushall sortings
have to be compatibles
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Right-to-left minima

We decompose 0 = ...0y, ...0y, ...0k, Where oy, are right-to-left
minima of o (o4, =1 and o, = 0y)

Key idea: look at the stack configuration when oy, enters stack H

o) ={oj | j < ki et oj > o4}

R A
A A
A
7207V,

0k, o sortable = ¢(7) pushall sortable Vi

R AR
N Y

converse not true : pushall sortings
have to be compatibles

Ok

i+1

check compatibility between valid
stack configurations

Ok
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Compatible stack configurations

D

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
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B
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¢ stack configuration of B and ¢’ stack configuration of D.

Check compatibility in linear time (no choice to go from ¢ to ¢’):
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Compatible stack configurations
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B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢
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Compatible stack configurations

D e A p

N 2 2

]_...p-]_ O'j...o'n
ov OH

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢
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Compatible stack configurations

D It A p
2 ¥ 2
ov OH

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢

While j < n (with n = max{i | o; € D}):
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Compatible stack configurations

D I A p

N VY N\

]_...p_]_ O'j.-.o'n
gv OH

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢
While j < n (with n = max{i | o; € D}):
If o = pthendo pand p«— p+1.
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Compatible stack configurations
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]_...p_]_ O'j.-.o'n
gv OH

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢
While j < n (with n = max{i | o; € D}):
If o = pthendo pand p«— p+1.
Else if H=0 or oy € H(c') do pand j — j + 1.
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Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢

While j < n (with n = max{i | o; € D}):
If o = pthendo pand p«— p+1.
Else if H=0 or oy € H(c') do pand j — j + 1.
Else if o; € H(c") or oy > 0 then do .
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Compatible stack configurations

D I A p

N VY N\

]_...p_]_ O'j.-.o'n
gv OH

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢
While j < n (with n = max{i | o; € D}):
If o = pthendo pand p«— p+1.
Else if H=0 or oy € H(c') do pand j — j + 1.
Else if o; € H(c") or oy > 0 then do .
Else do p and j «— j + 1.
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Compatible stack configurations

D It A p
2 ¥ 2
ov OH

B

0

¢ stack configuration of B and ¢’ stack configuration of D.
Check compatibility in linear time (no choice to go from ¢ to ¢’):

Start with configuration ¢
While j < n (with n = max{i | o; € D}):
If o = pthendo pand p«— p+1.
Else if H=0 or oy € H(c') do pand j — j + 1.
Else if o; € H(c") or oy > 0 then do .
Else do p and j «— j + 1.

Test whether the configuration obtained is ¢’
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Restrict number of tests

o) and ¢U+1) may have an
exponential number of valid stack
configurations

Okiy1
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Restrict number of tests

o) and ¢U+1) may have an
O exponential number of valid stack
configurations

Okiy1
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Restrict number of tests

o) and ¢U+1) may have an
O exponential number of valid stack
1 D+1) configurations

Okiy1
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Restrict number of tests

o) and ¢U+1) may have an
O exponential number of valid stack
configurations

O p(i+1)

It is sufficient to test compatibility
DD on B() and D(+1)

ok

i+1

Yo
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Restrict number of tests

o) and ¢U+1) may have an

DD ) exponential number of valid stack
o D+1) configurations

It is sufficient to test compatibility
DD on B() and D(+1)

Okiy1

Then stack configurations of C(+1)

B® O are linked with those of D(i+1)
VO k:
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Restrict number of tests

o) and ¢U+1) may have an
O exponential number of valid stack

0O ¢+ i }
o D+1) configurations

It is sufficient to test compatibility

DD on B and DU+1)
Tkisn .
Then stack configurations of C(+1)
B() DD are linked with those of D(i+1)
Yo s

— sorting graph
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Sorting graph for o(/)

Stack configurations of B;
Stack configurations of B,

Stack configurations of B3

Links between compatibles stack configurations

— a path gives a valid stack configuration of ¢{/) which is a part
of a sorting procedure of o1... 0.
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Algorithm

O=...0k...0Ok...0k (0 = right-to-left minima of o)

At step i, the algorithm returns false if 01 ... 0y, is not 2-stack
sortable.

Otherwise it computes the sorting graph of () describing all the
possible stack configurations when o enters the stacks in a

sorting procedure of o verifying some conditions.

Sorting graph of o) computed from the one of 61 by checking
compatibility between configurations.
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Complexity (n = |o])

For each right-to-left minima (at most n times):
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Complexity (n = |o])

For each right-to-left minima (at most n times):

e Compute the &-decomposition of o) = @[Bf'.)7 Béi), . B_g)]
— linear
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Complexity (n = |o])

For each right-to-left minima (at most n times):

e Compute the &-decomposition of o) = @[Bf'.)7 Béi), . B_g)]
— linear

@ For new BJ.(i), compute valid stack configurations of B}'.) — nx n?
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For each right-to-left minima (at most n times):

e Compute the &-decomposition of o) = @[Bf'.)7 Béi), . B_g)]
— linear

@ For new BJ.(i), compute valid stack configurations of B}'.) — nx n?

@ Find indices p and g for which we have to check the compatibility
of stack configurations of BY) and BY™ — linear

@ For all stack configuration ¢ of Bc(,i_l) and all stack configuration ¢’

of BYY, check the compatibility of ¢ and ¢’ and add the right links
between configurations of Bc(,'), o B,(J') —nxXnxn

()

@ For indices j > p, for all configuration ¢ of Bji and all configuration

c’ of BJ-(Ql, add a link between cand ¢/ — nxnxn
@ For indices j < p, g, do links between configurations of Bj(") and

configurations of BJ-(L)l by copying links between BJ.(i_l) and Bj(i_ll)
—nxnxn
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Complexity (n = |o])

For each right-to-left minima (at most n times):

e Compute the &-decomposition of o) = @[Bf'.)7 Béi), . B_g)]
— linear

@ For new BJ.(i), compute valid stack configurations of B}'.) — nx n?

@ Find indices p and g for which we have to check the compatibility
of stack configurations of BY) and BY™ — linear

@ For all stack configuration ¢ of Bc(,i_l) and all stack configuration ¢’

of BYY, check the compatibility of ¢ and ¢’ and add the right links
between configurations of Bc(,'), o B,(J') —nxXnxn

()

@ For indices j > p, for all configuration ¢ of Bji and all configuration

c’ of BJ-(Ql, add a link between cand ¢/ — nxnxn

@ For indices j < p, g, do links between configurations of Bj(") and
configurations of BJ-(i)l by copying links between BJ-(i_l) and Bj(i_ll)
—nxnxn

— Total complexity n*
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Conclusion

An O(n*) algorithm deciding if o is 2-stack sortable
and giving a description of all its sorting verifying some
conditions.

@ No enumeration of 2-stack sortable permutations
@ Improve bounds about asymptotic?
@ Generalization for k > 2 stacks?

@ For k fixed, is the problem always polynomial?
Or is it some threshold?
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Thank you for your attention
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