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Graphs

Let G :=(V, E), where Va
V :={vi,vo,v3,va} and

E = {{vi,va}, {2, w3},

{va,va}, {v3,va}}.
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Graphs

Colorings

For g € N\ {0}, a (proper) g-coloring of G is a map
c:V — 7Z/qZ such that if {x,y} € E then c(x) # c(y).
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Graphs

Colorings

For g € N\ {0}, a (proper) g-coloring of G is a map

c:V — 7Z/qZ such that if {x,y} € E then c(x) # c(y).

The chromatic polynomial xg(q) of G is defined as the number of
g-colorings of G.
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Graphs

Colorings

For g € N\ {0}, a (proper) g-coloring of G is a map

c:V — 7Z/qZ such that if {x,y} € E then c(x) # c(y).

The chromatic polynomial xg(q) of G is defined as the number of
g-colorings of G.

Let G :=(V, E), where Va
V = {vi, v, v3,va} and

E = {{vi,va}, {2, v3},

{v2,va}, {v3,va}}.

Vi v, 'S
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Graphs

Colorings

For g € N\ {0}, a (proper) g-coloring of G is a map

c:V — 7Z/qZ such that if {x,y} € E then c(x) # c(y).

The chromatic polynomial xg(q) of G is defined as the number of
g-colorings of G.

Let G :=(V, E), where Va
V = {vi, v, v3,va} and

E = {{vi,va}, {2, v3},

{v2,va}, {v3,va}}.

Vi vy V3

For g =4, c(v1) = c(v3) =0, c(v2) =1 and ¢(v4) =3 is a
4-coloring of G.
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Graphs

Colorings

For g € N\ {0}, a (proper) g-coloring of G is a map

c:V — 7Z/qZ such that if {x,y} € E then c(x) # c(y).

The chromatic polynomial xg(q) of G is defined as the number of
g-colorings of G.

Let G :=(V, E), where Va
V = {vi, v, v3,va} and

E = {{vi,va}, {2, v3},

{v2,va}, {v3,va}}.

Vi vy V3

For g =4, c(v1) = c(v3) =0, c(v2) =1 and ¢(v4) =3 is a
4-coloring of G.
While xg(q) = q(q — 1)*(¢ — 2) = ¢* — 46> + 5¢° — 2q.
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Graphs

Flows

For g € N\ {0}, a (nowhere zero) g-flow on an oriented graph
Go = (V,Ey) isamap w: Eg — (Z/qZ) \ {0} such that Vv € V,
Ze*:v;eeEg W(e) - e~ =v;ecky W(e) =0.
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Graphs

Flows

For g € N\ {0}, a (nowhere zero) g-flow on an oriented graph
Go = (V,Ey) isamap w: Eg — (Z/qZ) \ {0} such that Vv € V,
Ze*:v;eeEg W(e) T Lue =v;eck W(e) =0.

The flow polynomial x;(q) of G is defined as the number of
g-flows of Gy (it doesn’t depend on 6).
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Graphs

Flows

For g € N\ {0}, a (nowhere zero) g-flow on an oriented graph
Go = (V,Ey) isamap w: Eg — (Z/qZ) \ {0} such that Vv € V,
Ze*:v;eeEg W(e) T Lue =v;eck W(e) =0.

The flow polynomial x;(q) of G is defined as the number of
g-flows of Gy (it doesn’t depend on 6).

Let Gy := (V, Ep), where v,
V :={vi, v, w3} and
Ep := {(v1, v2), (v3, v2),

(va,vi)}.
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Graphs

Flows

For g € N\ {0}, a (nowhere zero) g-flow on an oriented graph
Go = (V,Ey) isamap w: Eg — (Z/qZ) \ {0} such that Vv € V,
Ze*:v;eeEg W(e) T Lue =v;eck W(e) =0.

The flow polynomial x;(q) of G is defined as the number of
g-flows of Gy (it doesn’t depend on 6).

Let Gy := (V, Ep), where v,
V :={vi, v, w3} and
Ep := {(v1, v2), (v3, v2),

(va,vi)}.

For g = 4, w((v1,v2)) = w((v3,v1)) =1 and w((v3,v»)) =3 is a
4-flow of G.
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Graphs

Flows

For g € N\ {0}, a (nowhere zero) g-flow on an oriented graph
Go = (V,Ey) isamap w: Eg — (Z/qZ) \ {0} such that Vv € V,
Ze*:v;eeEg W(e) T Lue =v;eck W(e) =0.

The flow polynomial x;(q) of G is defined as the number of
g-flows of Gy (it doesn’t depend on 6).

Let Gy := (V, Ep), where v,
V :={vi, v, w3} and
Ep := {(v1, v2), (v3, v2),

(va,vi)}.

For g = 4, w((v1,v2)) = w((v3,v1)) =1 and w((v3,v»)) =3 is a
4-flow of G. While x5(q) = g — 1.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
In particular rk(()) = 0.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A, B C X, then rk(AU B) + rk(An B) < rk(A) + rk(B).
In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).

In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
An independent sublist of maximal rank rk(X) is called a basis.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).

In particular rk(()) = 0.

We say that a sublist A is independent < rk(A) = |A|.

An independent sublist of maximal rank rk(X) is called a basis.
rk(X) is called the rank of the matroid.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).

In particular rk(()) = 0.

We say that a sublist A is independent < rk(A) = |A|.

An independent sublist of maximal rank rk(X) is called a basis.
rk(X) is called the rank of the matroid.

The independent sublists determine the matroid structure:
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).
A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
An independent sublist of maximal rank rk(X) is called a basis.
rk(X) is called the rank of the matroid.

The independent sublists determine the matroid structure:
rk(A) = |maximal independent sublist of A|.
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Examples
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;

X a finite list of edges of a graph G;
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;

X a finite list of edges of a graph G;
rk(A) = |maximal subforest of Al;
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;
X a finite list of edges of a graph G;
rk(A) = |maximal subforest of Al;
independent = cycle-free (forests).
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Tutte Polynomial
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) =Y (x = 1)KX)=rkA)(y — q)lA=rk(A),
ACX
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) =Y (x = 1)KX)=rkA)(y — q)lA=rk(A),
ACX

Theorem (Tutte 1954)

Let G = (V, E) with k connected components, and let Tg(x,y)
the Tutte polynomial of G. We have

xg(q) = (-1)IVI=kgkTg(1 - q,0);
x5(q) = (—1)E=IVITET4(0,1 — q).
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Deletion Contraction |
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Deletion Contraction |
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Matroid

Deletion Contraction |

Va4
Vi v, V3
Vs Vs
Vi v, V3 A v,
Classical deletion of Classical contraction of
{V2,V3}- {V2,V3}.
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Labelled graphs

Labelled graphs

Let (G,¢), where G := (V,E), V :={vi,v2,v3, na},
R :={{vi, v}, {v2, v3},{vo, va}} the regular edges,
D := {{v3,vs}} the dotted edges, so that
E=RUD={{vi,w},{v,vs},{vo,va},{v3,va}};
let ({vi,v2}) =1, L({va,v3}) =2, {({va,va}) =3,
{({vs,va}) = 6 be the labels.
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Labelled graphs

Oriented labelled graphs

Let (G,¢), where G := (V,E), V :={vi,v2,v3, na},
R :={(v1, v), (v3, v2), (v, va)} the regular edges,
D := {(v3, va)} the dotted edges, so that
E=RUD ={(v1,v2),(v3, ), (v2,va),(v3,va)};
let £((vi,v2)) =1, £((v3,wv2)) =2, £((v2,va)) =3,
¢((v3,va)) = 6 be the labels.

Va
| 6
V1 Vz V3
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chele D'Adderio

Graph colorings, flows and arithmetic



Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:
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Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:
(1) if e:={u,v} € R, then {(e) - c(u) # l(e) - c(v);
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Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:

(1) if e:={u,v} € R, then {(e) - c(u) # l(e) - c(v);
(2) if e:={u,v} € D, then £(e) - c(u) = £(e) - c(v).
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Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:

(1) if e:={u,v} € R, then {(e) - c(u) # l(e) - c(v);

(2) if e:={u,v} € D, then £(e) - c(u) = £(e) - c(v).

The arithmetic chromatic polynomial xg ¢(q) of (G,¢) is defined as
the number of arithmetic g-colorings of (G, /).
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Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:

(1) if e:={u,v} € R, then {(e) - c(u) # l(e) - c(v);

(2) if e:={u,v} € D, then £(e) - c(u) = £(e) - c(v).

The arithmetic chromatic polynomial xg ¢(q) of (G,¢) is defined as
the number of arithmetic g-colorings of (G, /).

Consider (G, ¢) with G := (V, E),

V ={v1,v2,v3},

R:={e1 :={vi,wn}, e :={v1,wn}}, ——» 2 o
D:={e3:={v2,v3}}so E=RUD, il 3V Vs
le1) =2, l(e2) =3 and {(e3) = 2.
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Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:

(1) if e:={u,v} € R, then {(e) - c(u) # l(e) - c(v);

(2) if e:={u,v} € D, then £(e) - c(u) = £(e) - c(v).

The arithmetic chromatic polynomial xg ¢(q) of (G,¢) is defined as

the number of arithmetic g-colorings of (G, /).
Consider (G, ¢) with G := (V, E),

V= {V17 V2, V3}'
R := {6‘1 = {V]_, VQ}, e = {Vla V2}}, 2 2 o
D :={e3:={v2,n3}} so E=RUD, W = v, Vs

le1) =2, l(e2) =3 and {(e3) = 2.
For g =6, c(v1) = 0 and ¢(v2) = c(v3) = 1 is an arithmetic
4-coloring of G.
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Labelled graphs

Arithmetic colorings

For g € N\ {0}, a (proper) arithmetic q-coloring of a labelled
graph (G,¢) is a map c: V — Z/qZ such that:

(1) if e:={u,v} € R, then {(e) - c(u) # l(e) - c(v);

(2) if e:={u,v} € D, then £(e) - c(u) = £(e) - c(v).

The arithmetic chromatic polynomial xg ¢(q) of (G,¢) is defined as

the number of arithmetic g-colorings of (G, /).
Consider (G, ¢) with G := (V, E),

V= {V17 V2, V3}'
R := {6‘1 = {V]_, VQ}, e = {Vla V2}}, 2 2 o
D :={e3:={v2,n3}} so E=RUD, W = v, Vs

le1) =2, l(e2) =3 and {(e3) = 2.
For g =6, c(v1) = 0 and ¢(v2) = c(v3) = 1 is an arithmetic
4-coloring of G. For ¢ = 6h, xg.(q) =2q(q — 4) = 2¢*> — 8q.
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V ={v1,v2,v3},

R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.
For g = 6h, xg.(q) = 2q(q — 4)=249° — 8q.
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.
For g = 6h, xg.(q) = 2q(q — 4)=2¢* — 8q.
For ¢(v2): g choices.
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg.(q) = 2q(q — 4)=2¢* — 8q.
For ¢(v2): g choices.

2¢(v3) = 2¢(w2)
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg./(q) = 2q(q — 4)=2q*> — 8q.

For ¢(v2): g choices. -
2¢(v3) = 2¢c(v2) = c(v3) = c(w2) or c(v2) + q/2:
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg.(q) = 2q(q — 4)=2q* — 8q.

For ¢(v2): g choices. -

2¢(v3) = 2¢c(wv2) = c(v3) = c(v2) or c(v2) + q/2: 2 choices.
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, x¢./(q) = 2q(q — 4)= 2¢* - 8q.

For ¢(v2): g choices. o

2¢c(v3) = 2¢(v2) = ¢(v3) = c(v2) or c(v2) + q/2: 2 choices.
2¢(v1) # 2¢(w2) and 3c(vi) # 3c(w)
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, x¢./(q) = 2q(q — 4)= 2¢* - 8q.

For ¢(v2): g choices. o

2¢c(v3) = 2¢(v2) = ¢(v3) = c(v2) or c(v2) + q/2: 2 choices.
2¢(v1) # 2¢(w2) and 3c(vi) # 3c(v2) = c(v1) # c(v2),
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg.(q) = 29(q — 4)=2q*> — 8q.

For ¢(v2): g choices. -

2¢(v3) = 2¢c(wv2) = c(v3) = c(v2) or c(v2) + q/2: 2 choices.
2¢(v1) # 2¢(v2) and 3¢(v1) # 3c(v2) = c(v1) # c(wa),
c(v2) +4q/2,
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e :={u,v} € R, then £(e) - c(u) # £(e) - c(v);
(2) if e:={u,v} € D, then {(e) - c(u) = {(e) - c(v).
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg.(q) = 29(q — 4)=2q*> — 8q.

For ¢(v2): g choices. -

2¢(v3) = 2¢c(wv2) = c(v3) = c(v2) or c(v2) + q/2: 2 choices.
2¢(v1) # 2¢(v2) and 3c(v1) # 3¢(v2) = c(v1) # c(wa),
c(v2) +q/2, c(v2) +q/3,
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e:={u,v} € R, then £(e) - c(u) # {(e
(2) if e:={u,v} € D, then £(e) - c(u) = {(e
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg.(q) = 2q(q — 4)=24* — 8q.

For ¢(v2): g choices. -

2¢(v3) = 2¢c(wv2) = c(v3) = c(v2) or c(v2) + q/2: 2 choices.

2¢(v1) # 2¢(v2) and 3¢(v1) # 3c(v2) = c(v1) # c(wa),
c(v2) +q/2, e(v2) + a/3, ¢(v2) +2q/3:
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Labelled graphs

Arithmetic colorings

c:V — 7Z/qZ such that:

(1) if e:={u,v} € R, then £(e) - c(u) # {(e
(2) if e:={u,v} € D, then £(e) - c(u) = {(e
Consider (G, ¢) with G := (V, E),

V= {Vlv V2, V3}|
R:={e1 :={vi,wn}, e :={v1,w}}, 2 : o
D :={e3:={w,wn}}so E=RUD, i a3

l(e1) =2, l(e2) =3 and {(e3) = 2.

For g = 6h, xg.(q) = 2q(q — 4)=24* — 8q.

For ¢(v2): g choices. -

2¢(v3) = 2¢c(wv2) = c(v3) = c(v2) or c(v2) + q/2: 2 choices.

2¢(v1) # 2¢(v2) and 3¢(v1) # 3c(v2) = c(v1) # c(wa),
c(w) + q/2 c(v2) + q/3 c(v2) + 2q/3 q — 4 choices.
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Labelled graphs

Arithmetic flows
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:

(1) forall v e Vv,

Ze+:veeE9 ﬂ(e) ’ W(e) - Ze—:veeEg f(e) ' W(e) =0¢ Z/qZ;
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:

(1) forall v e Vv,

Det=veck, (&) wle) = Xe_yecg, Ue) - wle) =0 ¢ Z/qZ;

(2) for all e € Ry, w(e) #0 € Z/qZ.
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:

(1) forall v e Vv,

Det=veck, (&) wle) = Xe_yecg, Ue) - wle) =0 ¢ Z/qZ;

(2) for all e € Ry, w(e) #0 € Z/qZ.

The arithmetic flow polynomial x; ,(q) of (G,£) is defined as the
number of arithmetic g-flows of (Gy, £) (it doesn’t depend on 0).
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:

(1) forall v e Vv,

Det=veck, (&) wle) = Xe_yecg, Ue) - wle) =0 ¢ Z/qZ;

(2) for all e € Ry, w(e) #0 € Z/qZ.

The arithmetic flow polynomial x; ,(q) of (G,£) is defined as the
number of arithmetic g-flows of (Gy, £) (it doesn’t depend on 0).
Consider (Gg, ) with Gg := (V, Ep),

V ={wv1,w, w3}, Ry :={e1 = (vi,n),

& = (V2, V1)}1 Dy := {63 = (v2, V3)} mz «’— o
so Eg = RyU Dy, {(e1) =2, {(e2) =3 Vi 3 TV, V3
and /(e3) = 2.
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:

(1) forall v e Vv,

Det=veck, (&) wle) = Xe_yecg, Ue) - wle) =0 ¢ Z/qZ;

(2) for all e € Ry, w(e) #0 € Z/qZ.

The arithmetic flow polynomial x; ,(q) of (G,£) is defined as the
number of arithmetic g-flows of (Gy, £) (it doesn’t depend on 0).
Consider (Gg, ) with Gg := (V, Ep),

V ={wv1,w, w3}, Ry :={e1 = (vi,n),

e = (va,v1)}, Dy :={e3 := (w2, 3)} - 2

so Ey = Ry U Dy, €(e1) =2, 5(62) =3 Vi 3 V:_ .V3
and /(e3) = 2.

For g =6, w(er) = 3, w(e) = 2 and w(e3) = 0 is an arithmetic
6-flow of G.
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Labelled graphs

Arithmetic flows

For g € N\ {0}, a (nowhere zero) arithmetic g-flow on an oriented
labelled graph (Gy, ¢) is a map w : Egy — (Z/qZ) such that:

(1) forall v e Vv,

Det=veck, (&) wle) = Xe_yecg, Ue) - wle) =0 ¢ Z/qZ;

(2) for all e € Ry, w(e) #0 € Z/qZ.

The arithmetic flow polynomial x; ,(q) of (G,£) is defined as the
number of arithmetic g-flows of (Gy, £) (it doesn’t depend on 0).
Consider (Gg, ) with Gg := (V, Ep),

V ={wv1,w, w3}, Ry :={e1 = (vi,n),

€ = (Vz, Vl)}, Dy = {e3 = (V2, V3)} 2 (_2_ .
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 D v,
and /(e3) = 2.

For g =6, w(er) = 3, w(e) = 2 and w(e3) = 0 is an arithmetic
6-flow of G. For ¢ = 6h, x5 ,(q) =2(q —4) =29 — 8.
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that:

(1) Vv eV, Yi_yecr, U(e) wle) = ey ecg, le) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} <’ o
so Ey = Ry U Dy, E(el) =2, 5(62) =3 Vi 3V, \E
and /(e3) = 2.

For g = 6h, X:”,é(q) =2(q—4)=2q-8.
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that:

(1) Vv eV, Yi_yecr, U(e) wle) = ey ecg, le) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} - 2_

so Ey = Ry U Dy, E(el) =2, 5(62) =3 Vi3 Vj— .V3
and /(e3) = 2.

For g = 6h, X:”,é(q) =2(q—4)=2q-8.

—2w(e3) =0
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that:

(1) Vv eV, Yi_yecr, U(e) wle) = ey ecg, le) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} <’ o
so Ey = Ry U Dy, E(el) =2, 5(62) =3 Vi 3V, \E
and /(e3) = 2.

For g =6h, x ,(q) = 2(q — 4)=2q — 8.
—2w(e3) =0 = w(es) =0 or q/2:
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that:

(1) Vv eV, Yi_yecr, U(e) wle) = ey ecg, le) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} :.2 <’ o
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 Vi 3V, Vs
and /(e3) = 2.

For g = 6h, \ ,(q) = ( 4)=2q —8.
—2w(e3) =0 = w(es) =0 or q/2: 2 choices.

Michele D'Adderio

Graph colorings, flows and arithmetic Tutte polynomial



Labelled graphs

Arithmetic flows

w : Eyg — (Z/qZ) such that: B
(1) Vv e V, Ze+:ve€Ee le) - w(e) — Ze_:veeEe l(e)-w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gy, ) with Gy := (V, Ep),

V ={wv1,w, w3}, Ry :={e1 = (vi,n),

€ = (Vz, Vl)}, Dg = {63 = (V2, V3)} 2 (_2— .
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 Vi 3V, Vs

and /(e3) = 2.
For g = 6h, X?J.ﬁ(q) =2(g—4)=2q-8.

—2w(e3) =0 = w(e;) =0 or q/2: 2 choices.
2w(er) — 3w(ez) = 0 and 2w(es) + 3w(ez) — 2w(er) =0
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that:

(1) Vv eV, Yi_yecr, U(e) wle) = ey ecg, le) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} :.2 <’ o
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 Vi 3V, Vs
and /(e3) = 2.

For g = 6h, \ ,(q) = ( 4)=2q —8.
—2w(e3) =0 = w(es) =0 or q/2: 2 choices.
2w(e) —3w(e) =0
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that: B
(D) VeV, > eirvecr, 1(€)  w(€) =D e—yecg, Ue) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} :.2 <’ o
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 Vi 3V, Vs
and /(e3) = 2.

For g = 6h, X:é() 2(qg —4)=2q —8.

—2w(e3) =0 = w(es) =0 or q/2: 2 choices.

2w(e) —3w(ex) =0 : w(e2) = 23 (q/2 choices) = w(e;) = 3a
or 33+ q/2 (2 choices),
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that: B
(D) VeV, > eirvecr, 1(€)  w(€) =D e—yecg, Ue) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} :.2 <’ o
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 Vi 3V, Vs
and /(e3) = 2.

For g = 6h, X:”,é(q) =2(q—4)=2q-8.

—2w(e3) =0 = w(es) =0 or q/2: 2 choices.

2w(e) —3w(ex) =0 : w(e2) = 23 (q/2 choices) = w(e;) = 3a
or 33+ q/2 (2 choices), but w(e;) # 0 # w(e)
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that:

(1) Vv eV, Yi_yecr, U(e) wle) = ey ecg, le) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} :.2 <’ o
so Eg = Ry U Dy, l(e1) =2, l(e2) =3 Vi 3V, Vs
and /(e3) = 2.

For g =6h, \; ,(q) = 2(q —4)=2q —8.

—2w(e3) =0 = w(es) =0 or q/2: 2 choices.

2w(er) —3w(e) =0 : w(ex) = 2a (q/2 choices) = w(er) = 33
or 33+ q/2 (2 choices), but w(er) # 0 # w(e) =

(w(er), w(e2)) # (0,0), (0,4/3), (0,24/3), (q/2,0):
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Labelled graphs

Arithmetic flows

w : Eg — (Z/qZ) such that: B
(D) VeV, > eirvecr, 1(€)  w(€) =D e—yecg, Ue) - w(e) =0;
(2) for all e € Ry, w(e) #0 € Z/qZ.

Consider (Gg, ¢) with Gy := (V, Ep),

V = {Vl, Vo, V3}, Rg = {e1 = (Vl, V2),

e = (v2,v1)}, Dy :={e3 := (w2, v3)} <’ o
so Ey = Ry U Dy, E(el) =2, 5(62) =3 Vi 3V, \E
and /(e3) = 2.

For g = 6h, X:;() 2(qg —4)=2q —8.

—2w(e3) =0 = w(es) =0 or q/2: 2 choices.

2w(e) —3w(ex) =0 : w(e2) = 23 (q/2 choices) = w(e;) = 3a
or 33+ q/2 (2 choices), but w(e;) #0# w(e) =

(w(er), w(e2)) # (0,0), (0,4/3), (0,24/3), (q/2,0): g — 4

choices.
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Arithmetic Matroid

Definition of Arithmetic Matroid
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Arithmetic Matroid

Definition of Arithmetic Matroid

An arithmetic matroid is a pair (Mx, m), where M x is a matroid
on a list of vectors X, and m is a multiplicity function, i.e.
m : P(X) — N\ {0} has the following properties:
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Arithmetic Matroid

Definition of Arithmetic Matroid

An arithmetic matroid is a pair (Mx, m), where M x is a matroid
on a list of vectors X, and m is a multiplicity function, i.e.
m : P(X) — N\ {0} has the following properties:
if AC X and v € X is dependent on A, then m(AU {v})
divides m(A);
if AC X and v € X is independent on A, then m(A) divides
m(AU{v});
if AC B C X and B is a disjoint union B= AU F U T such
that for all AC C C B we have rk(C) = rk(A) + |C N F|,
then m(A) - m(B) = m(AUF)-m(AUT).
if AC B C X and rk(A) = rk(B), then
pB(A) =Y acrcp(—=1)T"AIm(T) > 0;
if AC B C X and rk*(A) = rk*(B), then
1g(A) ==Y acrep(=DIT"AIm(X\ T) > 0.
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Arithmetic Matroid

Definition of Arithmetic Matroid
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Arithmetic Matroid

Definition of Arithmetic Matroid

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.
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Arithmetic Matroid

Definition of Arithmetic Matroid

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.

So any matroid is trivially an arithmetic matroid.
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Arithmetic Matroid

Definition of Arithmetic Matroid

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.

So any matroid is trivially an arithmetic matroid.

In this sense the notion of an arithmetic matroid is a generalization
of the one of a matroid.

Michele D'Adderio
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Arithmetic Matroid

Definition of Arithmetic Matroid

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.

So any matroid is trivially an arithmetic matroid.

In this sense the notion of an arithmetic matroid is a generalization
of the one of a matroid.

But of course there are more interesting examples.
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Arithmetic Matroid

The main example
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z" S L/ANLBSL|/HhL & --- D L/dsZ.
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z" S L/ANLBSL|/HhL & --- D L/dsZ.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z" S L/ANLBSL|/HhL & --- D L/dsZ.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);

m(A) :=|Ga : (A)|, where Gp is the maximal subgroup of G such
that (A) < Ga and |Ga : (A)| < cc.
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z" S L/ANLBSL|/HhL & --- D L/dsZ.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);

m(A) :=|Ga : (A)|, where Gp is the maximal subgroup of G such
that (A) < Ga and |Ga : (A)| < cc.

Theorem (D.-Moci)
If we set Mx := (X, rk), then (Mx, m) is an arithmetic matroid.

Michele D'Adderio
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A concrete example
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.
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Arithmetic Matroid

A concrete example

Let X = {v; :=(3,0),vp :=(2,-2),v3 := (~3,3)} C G := Z2.

Consider the matrix < 3.2 3

whose columns are vy, vo, v3.
0 -2 3 ) 1
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Graph colorings, flows and arithmetic Tutte polynomial



Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.

. . 3 2 -3
Consider the matrix whose columns are vy, vo, v3.

0 -2 3

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.
>

whose columns are vy, vo, v3.
0 -2 3 1

Consider the matrix <

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1,

w
w
N—
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.
o

whose columns are vy, vo, v3.
0 -2 3 1

Consider the matrix <

w
w
N—

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1, m({w}) =2,
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.
>

whose columns are vy, vo, v3.
0 -2 3 1

Consider the matrix <

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1, m({wva}) =2, m({vi, va,3}) =3,

w
w
N—
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Arithmetic Matroid

A concrete example

Let X = {Vl = (3a O)a Vo = (2a _2)7 V3 = (*33)} - G := Zz.
2 .

whose columns are vy, vo, v3.
0 -2 3 1

Consider the matrix <

w
w
N—

Remark
The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1, m({w}) =2, m({v1,va,v3}) =3, m({va,v3}) =1,
m({v1,v2}) =6, m({v1}) = m({vs}) =3, m({v1, vs}) = 9.
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Arithmetic Tutte Polynomial
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Arithmetic Tutte

Arithmetic Tutte Polynomial

The arithmetic Tutte polynomial of the arithmetic matroid
(Mx, m) is defined as

Mx(x,y) = Z m(A)(x — 1) X)=rk(A)(y, _ 1)IAl=rk(4)
ACX
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Arithmetic Tutte

Arithmetic Tutte Polynomial

The arithmetic Tutte polynomial of the arithmetic matroid
(Mx, m) is defined as

Mx(x,y) = Z m(A)(x — 1) X)=rk(A)(y, _ 1)IAl=rk(4)
ACX

For the trivial multiplicity function m(A) = 1 for all A C X we get
the Tutte polynomial Tx(x,y) of Mx.

Michele D'Adderio
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Arithmetic Tutte

An example
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G :=Z2.
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G :=Z2.

. : 3 2 -3
Consider the matrix 0 —o 3 whose columns are vy, vo, v3.

Then m(0) = m({va, v3}) =1, m({v1,va}) =6, m({wa}) =2,
m({v1}) = m({vs}) = m({v1, v2,vs}) =3, m({v1, vs}) = 9.
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G :=Z2.
Consider the matrix 302 3 ) whose columns are vy, vs, v3.
0 -2 3 T
Then m(0) = m({va, v3}) =1, m({v1,va}) =6, m({wa}) =2,
m({v1}) = m({vs}) = m({v1, v2,vs}) =3, m({v1, vs}) = 9.

Mx(x,y) = Y pcx m(A)(x — 1)) =k(A)(y — 1)IAI=k(A) =
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G :=Z2.
Consider the matrix 8 _22 ;3 ) whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,va}) =6, m({wa}) =2,
m({v1}) = m({vs}) = m({v1,v2, v3}) = 3, m({v1, v3}) = 9.
Mx(x,y) = 2 acx m(A)(x — 1)HX)=kA) (y — 1)IAI=*(A) =
=(x—1)?
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Arithmetic Tutte

An example

Let X = {V1 = (3, 0), Vo = (2, —2)’ V3 = (7373)} CG:= 72

Consider the matrix 302 3 ) whose columns are vy, vo, v3.
ensider the ma 0 -2 3 1, V2, V3

Then m(0) = m({va, v3}) = 1, m({vi, va}) = 6, m({v2}) = 2,

m({vi}) = m({vz}) = m({v1, vo, v3}) = 3, m({v1, v3}) = 0.

Mx(x,y) = 3 pcx m(A)(x — 1)kX)=rk(A)(y — 1)IAI=rk(4) =

= (x—1)2+(3+2+3)(x— 1)
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Arithmetic Tutte

An example

Let X = {V1 = (3, 0), Vo = (2, —2)’ V3 = (7373)} CG:= 72

Consider the matrix 302 3 ) whose columns are vy, vo, v3.
ensider the ma 0 -2 3 1, V2, V3

Then m(0) = m({va, v3}) = 1, m({vi, va}) = 6, m({v2}) = 2,

m({vi}) = m({vz}) = m({v1, vo, v3}) = 3, m({v1, v3}) = 0.

Mx(x,y) = 3 pcx m(A)(x — 1)kX)=rk(A)(y — 1)IAI=rk(4) =

= (x—1)2+(3+2+3)(x = 1)+(x —1)(y — 1)
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Arithmetic Tutte

An example

Let X = {V1 = (3, 0), Vo = (2, —2)’ V3 = (7373)} CG:= 72

Consider the matrix 302 3 ) whose columns are vy, vo, v3.
ensider the ma 0 -2 3 1, V2, V3

Then m(0) = m({va, v3}) = 1, m({vi, va}) = 6, m({v2}) = 2,

m({vi}) = m({vz}) = m({v1, vo, v3}) = 3, m({v1, v3}) = 0.

Mx(x,y) = 3 pcx m(A)(x — 1)kX)=rk(A)(y — 1)IAI=rk(4) =

= (x = 1)2+(3+2+3)(x = D+(x = 1)(y = 1)+(6+9)
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Arithmetic Tutte

An example

Let X = {V1 = (3, 0), Vo = (2, —2)’ V3 = (7373)} CG:= 72

Consider the matrix 302 3 ) whose columns are vy, vo, v3.
ensider the ma 0 -2 3 1, V2, V3

Then m(0) = m({va, v3}) = 1, m({vi, va}) = 6, m({v2}) = 2,

m({vi}) = m({vz}) = m({v1, vo, v3}) = 3, m({v1, v3}) = 0.

Mx(x,y) = 3 pcx m(A)(x — 1)kX)=rk(A)(y — 1)IAI=rk(4) =

= (x = 1P+(3+2+3)(x ~ DH(x = )y = )+(6 +9)+3(y — 1)

Michele D'Adderio

Graph colorings, flows and arithmetic Tutte polynomial



Arithmetic Tutte

An example

Let X = {v1 :=(3,0),vp :=(2,-2),v3 := (-3,3)} C G := Z2.

) ) 3 2 -3
Consider the matrix 0 —o 3 ) whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,va}) =6, m({wa}) =2,
m({v1}) = m({vs}) = m({v1, v2, 3}) = 3, m({v1, 3}) = 9.
Mx(x,y) = 3 acx m(A)(x — 1) X =rkA) () — 1)lAI=rk(A) —
= (x—=1)24+B+2+3)(x —1)+(x = 1)(y = 1)+(6 +9)+3(y — 1)=
x? 4+ 5x + 6+ xy +2y.
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G :=Z2.
Consider the matrix 8 _22 ;3 ) whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,va}) =6, m({wa}) =2,
m({v1}) = m({vs}) = m({vi, vz, v3}) = 3, m({v1, v3}) = 9.

Mx (x,y) = Y- acx m(A)(x — 1)K A (y — 1)IA=KA) =
=(x=1)24+B+2+3)(x - 1)+(x—1)(y = 1)+(6 +9)+3(y — 1)=
x? 4 5x + 6 + xy + 2y. Positive coefficients!
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G :=Z2.

. : 3 2 -3
Consider the matrix 0 —o 3 ) whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,va}) =6, m({wa}) =2,
m({v1}) = m({vs}) = m({vi, vz, v3}) = 3, m({v1, v3}) = 9.
Mx (x,y) = Y- acx m(A)(x — 1)K A (y — 1)IA=KA) =
=(x=1)24+B+2+3)(x - 1)+(x—1)(y = 1)+(6 +9)+3(y — 1)=
x? 4 5x + 6 + xy + 2y. Positive coefficients!

Theorem (D.-Moci)

The arithmetic Tutte polynomial has a combinatorial interpretation
that generalizes Crapo’s one for the classical Tutte polynomial.
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From (G, () to Mg,
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Theorems

From (G, () to Mg,

To e = (v;, ;) € Ep associate the vector xe € ZIV| with £(e) in the
i-th position, —¢(e) in the j-th position, and 0 elsewhere.
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Theorems

From (G, () to Mg,

To e = (v;, ;) € Ep associate the vector xe € ZIV| with £(e) in the
i-th position, —¢(e) in the j-th position, and 0 elsewhere.

Set Xp = {x. | e € D}, G :=7ZIVl/(Xp),
XR::{Ye\eeR}gG.
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Theorems

From (G, () to Mg,

To e = (v;, ;) € Ep associate the vector xe € ZIV| with £(e) in the
i-th position, —¢(e) in the j-th position, and 0 elsewhere.

Set Xp = {x. | e € D}, G :=7ZIVl/(Xp),
XR::{Ye\eeR}gG.

Take Mg ¢ to be the one associated to Xr C G.
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Theorems

From (G, () to Mg,

To e = (v;, ;) € Ep associate the vector xe € ZIV| with £(e) in the
i-th position, —¢(e) in the j-th position, and 0 elsewhere.

Set Xp = {x. | e € D}, G :=7ZIVl/(Xp),
XR::{Ye\eeR}gG.

Take Mg ¢ to be the one associated to Xr C G.

Consider (Gg, ) with Gg := (V, Ep),

V ={vi,v, vz}, Ry :={e1 := (v1,»),

& = (V2, Vl)}: Dy = {63 = (v2, V3)} mz «’— o
so Ey = Ry U Dy, 5(61) =2, g(e2) =3 v, 3 7Y, A
and /(e3) = 2.
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Theorems

From (G, () to Mg,

To e = (v;, ;) € Ep associate the vector xe € ZIV| with £(e) in the
i-th position, —¢(e) in the j-th position, and 0 elsewhere.

Set Xp = {x. | e € D}, G :=7ZIVl/(Xp),
XR::{Ye\eeR}gG.

Take Mg ¢ to be the one associated to Xr C G.

Consider (Gg, ) with Gg := (V, Ep),

V ={vi,v, vz}, Ry :={e1 := (v1,»),

& = (V2, Vl)}: Dy = {63 = (v2, V3)} mz «’— o
so Ey = Ry U Dy, 5(61) =2, g(e2) =3 v, 3 7Y, A
and /(e3) = 2.

e~ Xe =(2,-2,0) € Z3,
& ~ X =(-3,3,0) €73
e ~ Xe =(0,2,-2)€Z3
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Theorems

From (G, () to Mg,

To e = (v;, ;) € Ep associate the vector xe € ZIV| with £(e) in the
i-th position, —¢(e) in the j-th position, and 0 elsewhere.

Set Xp = {x. | e € D}, G :=7ZIVl/(Xp),
XR::{Ye\eeR}gG.

Take Mg ¢ to be the one associated to Xr C G.

Consider (Gg, ) with Gg := (V, Ep),

V ={vi,v, vz}, Ry :={e1 := (v1,»),

& = (v2,v1)} Dy :={e3:= (v, 3)} —p

so Eg = RyU Dy, l(e1) =2, l(e2) =3 Vi3 V:_ .V3
and /(e3) = 2.

e~ xeq =(2,-2,0) € 73, G =7V /(Xp) = 73/ (xe,),
e ~ XeQZ(—3,3,O)€Z3, XR:{YEI,YQ}Q G

e ~ Xe =(0,2,-2)€Z3 Xp C G «w Mgy
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Theorems

Main results

Set G := the classical contraction of all dotted edges of G.
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Theorems

Main results

Set G := the classical contraction of all dotted edges of G.
We say that ¢ is admissible for (G, ¢) if £(e) divides q for all e € E.

Michele D'Adderio

Graph colorings, flows and arithmetic Tutte polynomial



Theorems

Main results

Set G := the classical contraction of all dotted edges of G.
We say that ¢ is admissible for (G, ¢) if £(e) divides q for all e € E.

Theorem (D.-Moci)
For q admissible we have

x0.(q) = (~1)VI*q Mg (1 — q,0).

X5.(q) = (—1)IRI=IVI+kgIDI=IVIHVIpMG 4(0,1 — g).
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Theorems

Main results

Set G := the classical contraction of all dotted edges of G.
We say that ¢ is admissible for (G, ¢) if £(e) divides q for all e € E.

Theorem (D.-Moci)
For q admissible we have

x0.(q) = (~1)VI*q Mg (1 — q,0).

X5.(q) = (—1)IRI=IVI+kgIDI=IVIHVIpMG 4(0,1 — g).

Theorem (Tutte 1954)

Let G = (V, E) with k connected components, and let Tg(x,y)
the Tutte polynomial of G. We have

xg(q) = (-1)IVI=%gkTg(1 — q,0);
x5(q) = (—1)E-VITET4(0,1 — q).

Michele D'Adderio
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Theorems

An example

2 2
[ D}
v, 37V, A

Michele D'Adderio

Graph colorings, flows and arithmeti



Theorems

An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xp = {Xeys Xe, } € G 1= 73/ {xe,).
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Theorems

An example

2 2
[ S
A 3 7V, Vs

We have xe, = (2,—2,0),xe, = (—3,3,0), xe;, = (0,2, —2), and
Xr = {Xe;, Xy} € G 1= 73/ (xe;).

2 -3 0
Consider the matrix [ =2 3 2 with columns X, , Xe, ; Xe; .
o o0 -2

m(0) = 2,
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Theorems

An example

2 2
[ S
A 3 7V, Vs

We have xe, = (2,—2,0),xe, = (—3,3,0), xe;, = (0,2, —2), and
Xr = {Xe;, Xy} € G 1= 73/ (xe;).

2 -3 0
Consider the matrix [ =2 3 2 with columns X, , Xe, ; Xe; .
o o0 -2

m(0) =2, m({xe,}) = 4,
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Theorems

An example

2 2
[ S
A 3 7V, Vs

We have xe, = (2,—2,0),xe, = (—3,3,0), xe;, = (0,2, —2), and
Xr = {Xe;, Xy} € G 1= 73/ (xe;).

2 -3 0
Consider the matrix [ =2 3 2 with columns X, , Xe, ; Xe; .
o o0 -2

m(0) =2, m({xe,}) = 4, m({xe,}) = 6,
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Theorems

An example

2 2
[ S
A 3 7V, Vs

We have xe, = (2,—2,0),xe, = (—3,3,0), xe;, = (0,2, —2), and
Xr = {Xe;, Xy} € G 1= 73/ (xe;).

2 -3 0
Consider the matrix [ =2 3 2 with columns X, , Xe, ; Xe; .
o o0 -2

m(0) =2, m({xe,}) = 4, m({xe,}) = 6, M({Xe;, xe,}) = 2.
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Theorems

An example

2 2
[ D}
v, 37V, A

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {761’762} CG:= Z3/<Xe3>-
m(0) = 2, m({xe,}) = 4, m({xe,}) = 6, M({xe;, xe,}) = 2.
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Theorems

An example

2
(m— 2 o

v, 3 V, A

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xp = {Xeys Xe, } € G 1= 73/ {xe,).

m(0) =2, m({xe,}) = 4, m({xe,}) = 6, m({Xe,, xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x = 1)+(4+6)+2(y — 1) =
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Theorems

An example

2
(m— 2 o

v, 3 V, A

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {761’762} CG:= Z3/<Xe3>-

m(0) =2, m({xe,}) = 4, m({xe,}) = 6, m({Xe,, xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x —1)+(4 +6)+2(y — 1) =2x + 6 + 2y.
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Theorems

An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {Xey; Xe, } C G 1= Z3/<xe3).

m(0) =2, m({xe,}) =4, m({xe,}) =6, M({xe, Xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x — 1)+(4 + 6)+2(y — 1) =2x + 6+ 2y.
(—1)VI=kg* Mg o(1 — q,0) = (—1)q(2(1 — q) + 6) =
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Theorems

An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {761’762} CG:= Z3/<Xe3>-

m(0) =2, m({xe }) = 4 m({xe,}) = 6, m({xe;, e, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x — 1)+(4 + 6)+2(y — 1) =2x + 6+ 2y.

(—D)WVITkgkMg (1 — ,0) = (~1)q(2(1 — q) + 6) =

= 2q2 —8qg =
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Theorems

An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {Xey; Xe, } C G 1= Z3/<xe3).

m(0) =2, m({xe,}) =4, m({xe,}) =6, M({xe, Xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x — 1)+(4 + 6)+2(y — 1) =2x + 6+ 2y.
(—1)VI=kg* Mg o(1 — q,0) = (—1)q(2(1 — q) + 6) =

=2q% —8q =xg,(q)!!
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Theorems

An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {Xey; Xe, } C G 1= Z3/<xe3).

m(0) =2, m({xe,}) = 4, m({xe,}) = 6, m({Xe,, xe, }) = 2.
MQ,Z(XaY) :ZAQXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x —1)+(4+6)+2(y — 1) =2x + 6 +2y.
(—1)VI=*g*Mg 4(1 — ,0) = (—1)q(2(1 — q) +6) =

=29 —8q =xg.(q)!

(1) RI=IVitkgIDI-IVIHVIpL (0,1 — g) =

Michele D'Adderio

Graph colorings, flows and arithmetic Tutte polynomial



Theorems

An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {Xey; Xe, } C G 1= Z3/<xe3).

m(0) =2, m({xe, }) = 4, m({xe,}) = 6, m({xe;, Xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x — 1)+(4 + 6)+2(y — 1) =2x + 6+ 2y.
(—1)VI=kgkMg o(1 — ,0) = (~1)q(2(1 — q) + 6) =

=2¢° — 89 =xg.(q)!

(1) RI=IVitkgIDI-IVIHVIpL (0,1 — g) =
=(-1)(6+2(1—-q)) =
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An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {Xey; Xe, } C G 1= Z3/<xe3).

m(0) =2, m({xe, }) = 4, m({xe,}) = 6, m({xe;, Xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x — 1)+(4 + 6)+2(y — 1) =2x + 6+ 2y.
(—1)VI=kgkMg o(1 — ,0) = (~1)q(2(1 — q) + 6) =

=2¢° — 89 =xg.(q)!

(1) RI=IVitkgIDI-IVIHVIpL (0,1 — g) =
=(-1)(6+2(1—gq)) =29 -8=
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An example

2 2
[ D}
Vi 3 V2 \E

We have xe, = (2,-2,0), xe, = (—3,3,0), %, = (0,2, —2), and
Xr = {Xey; Xe, } C G 1= Z3/<xe3).

m(0) =2, m({xe, }) = 4, m({xe,}) = 6, m({xe;, Xe, }) = 2.
Mg,z(xa)/) :ZACXR m(A)(x — 1)rk(X)_rk(A)(y - 1)|A|_rk(A) =
2(x — 1)+(4 + 6)+2(y — 1) =2x + 6+ 2y.
(—1)VI=kgkMg o(1 — ,0) = (~1)q(2(1 — q) + 6) =

=2¢° — 89 =xg.(q)!

(1) RI=IVitkgIDI-IVIHVIpL (0,1 — g) =

= (-1)(6 +2(1 — q)) =29 — 8 =x5 4(q)"!
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Deletion Contraction Il

Va
|6

Vi v, V3
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Deletion Contraction Il

Va
T
1 2
Vi v, V3
Vs
T
- ¢
vy v, A
Deletion of {vy, v3}. Contraction of {2, v3}.
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THE END

THANKS!
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