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1 Introduction

In recent years, there has been growing interest in ontology-based data access, in which
information in the ontology is used to derive additional answers to queries posed over
instance data. The D L-Lite family of description logics [3, 2]) is considered especially
well-suited for such applications due to the fact that query answering can be performed
by first incorporating the relevant information from the ontology into the query, and
then posing the modified query to the bare data. This property, known as first-order
rewritability, means that query answering over D L-Lite ontologies has very low data
complexity, which is considered key to scalability.

An important problem which arises in ontology-based data access is how to handle
inconsistencies. This problem is especially relevant in an information integration setting
where the data comes from multiple sources and one generally lacks the ability to mod-
ify the data so as to remove the inconsistency. In the database community, the related
problem of querying databases which violate integrity constraints has been extensively
studied (cf. [4] for a survey) under the name of consistent query answering. The stan-
dard approach is based on the notion of a repair, which is a database which satisfies
the integrity constraints and is as similar as possible to the original database. Consistent
answers are defined as those answers which hold in all repairs. A similar strategy can
be used for description logics by replacing the integrity constraints with the ontology.

Consistent query answering for the D L-Lite family of description logics was re-
cently studied in [8, 7]. Unfortunately, the obtained complexity results are rather neg-
ative: consistent query answering is co-NP-hard in data complexity, even for instance
queries and the simplest dialect D L-Lite .. In the database community, negative re-
sults were also encountered, but this spurred a line of research [5, 6, 9] aimed at identi-
fying cases where consistent query answering is feasible, and in particular, can be done
using query rewriting. We propose to carry out a similar investigation for D L-Lite on-
tologies, with the aim of better understanding the cases in which query rewriting can be
profitably used. In this paper, we make some first steps towards this goal. Specifically,
we formulate general conditions which can be used to prove that a consistent rewriting
does or does not exist for a given D L-Lite.,,. TBox and instance query.

The paper is organized as follows. After some preliminaries, we introduce in Sec-
tions 3 and 4 the problem of consistent query answering and some useful notions and
terminology. Our main results are presented in Sections 4, 5, and 6, where we present
general conditions which yield co-NP-hardness, first-order inexpressiblity, or first-order
expressiblity of consistent instance checking in D L-Lite ... Finally, in Section 7, we



show that query rewriting is always possible if we adopt a previously studied alternative
semantics. Note that proofs have been omitted for lack of space but can be found in [1].

2 Preliminaries

Syntax. DL-Lite.,.. knowledge bases (KBs) are built up from a set N, of constants,
called individuals, a set N¢c of unary predicates, called atomic concepts, and a set Ng
binary predicates, called aromic roles. Complex concept and role expressions are con-
structed using the following syntax:

B— A|3R C— B|-B R— P| P~

where A € N¢ and P € Ng. Here B (resp. R) denotes a basic concept (resp. basic
role), and C' denotes a general concept. A TBox is a finite set of inclusions of the form
B C C (with B,C as above). An ABox is a finite set of assertions of the form B(a)
(B € N¢) or R(a,b) (R €) where a,b € N;. A KB consists of a TBox and an ABox.

Notational conventions We use |hs(I") (resp. rhs(I)) to refer to the basic concept ap-
pearing on the left (resp. right) side of an inclusion I, e.g. Ihs(3P C —D) = 3P and
rhs(3P C —D) = D. We sometimes use R~ to mean P~ if R = P € Ng and P if
R = P, and write R(a, b) to mean P(a,b) if R = P and R(b,a)if R = P~.

Semantics An interpretation is T = (AZ,.7), where A is a non-empty set and -Z
maps each a € N, to aZ € AT, each A € N¢ to AT C A%, and each P € Ng to
PT C AT x AT, The function -Z is straightforwardly extended to general concepts and
roles, e.g. (3S)% = {c | 3d(c,d) € ST}. T satisfies G C H if GT C HZ; it satisfies
A(a) (resp. P(a,b)) if aT € AT (resp. (a®,b7) € PT). We write T |= « if T satisfies
inclusion/assertion «. Z is a model of K = (7, A) if Z satisfies all inclusions in 7" and
assertions in A. A KB K is satisfiable/consistent if it has a model; otherwise it is unsat-
isfiable/inconsistent (KL = L1). We say that K entails «, written K = «, if every model
of K is a model of a. The closure of T, written cl(T ), consists of all inclusions which
are entailed from 7. Given an ABox .4, we denote by Z 4 the interpretation which has
as its domain the individuals in .A and which makes true precisely the assertions in .A.

Queries A query is a formula of first-order logic with equality (FOL), whose atoms are
of the form A(t), P(t,t'), or t = ¢’ with t,t’ terms, i.e., variables or individuals. Con-
Jjunctive queries are queries which do not contain V, -, or =. Instance queries (1Qs) are
queries consisting of a single atom with no variables (i.e. ABox assertions). A Boolean
query is a query with no free variables. For a Boolean query g, we write Z |= ¢ when ¢
holds in the interpretation Z, and K |= ¢ when Z |= ¢ for all models Z of K.

3 Consistent query answering

The most commonly used approach to query answering over inconsistent KBs is known
as consistent query answering and relies on the notion of a repair:

Definition 1. A repair of a knowledge base K = (T, A) is an inclusion-maximal subset
B of A consistent with T. We use Rep(K) to denote the set of repairs of K.



Consistent query answering consists in performing standard query answering on
each of the repairs and intersecting the answers. For Boolean queries, we have:

Definition 2. A Boolean query q is said to be consistently entailed from K = (T, A),
written KC [=cons ¢, if (T, B) |= q for every repair B € Rep(K).

Just as with standard query entailment, we can ask whether consistent query entail-
ment can be tested by rewriting the query and evaluating it over the data.

Definition 3. A first-order query ¢’ is a consistent rewriting of a Boolean query q w.r.t.
a TBox T if for every ABox A, we have T | A =cons q if and only if T4 1= ¢'.

We illustrate the notion of consistent rewriting on an example.

Example 1. Consider the query ¢ = R(a,b) and the TBox 7 = {3dR C —-D,3R C
-357,3R~ C -B,B C -D}. Weclaim ¢’ = R(a,b)A—=D(a)A—3xS(x,a) N\—B(b)
is a consistent rewriting of ¢ w.r.t. 7. To see why, note that if a repair implies g, then it
must contain R(a, b). Moreover, if the ABox .A contains any assertion that contradicts
R(a,b) then we can build a repair which does not contain R(a,b). Thus, R(a,b) is
consistently entailed just in the case that R(a,b) € A and there are no assertions in A
which conflict with R(a, b), which is precisely what ¢’ states.

The method used in Example 1 can be generalized to show that a consistent rewrit-
ing exists for all role instance queries'. Unfortunately, the same is not true for concept
1Qs. Indeed, in [7], it was shown that consistent instance checking in DL-Lite,,. is
co-NP-hard in data complexity. We present the reduction in the following example.

Example 2. Consider an instance ¢ = c¢; A ... A ¢, of UNSAT, where each ¢; is a
propositional clause. Let vy, ..., vy be the propositional variables appearing in . We
define the DL-Lite ... knowledge base K = (T, A) as follows:

7 = {3P C-3IN,3IPC-3U", INC-JU ,qJUC A}
A = {U(a,¢)|1<i<m} U {P(c;,vj)|v; € c;} U{N(c;,v)|; € ¢;}

It is not hard to verify that  is unsatisfiable if and only if K = o5 A(a). The basic idea
is that because of the inclusion 3P~ C =3N —, each repair corresponds to a valuation
of the variables, with v; assigned true if it has an incoming P-edge in the repair.

The focus in this paper will be on distinguishing between hard and easy instances of
the consistent query answering problem. More specifically, we will be interested in the
problem of on deciding for a given TBox and IQ whether a consistent rewriting exists.

4 Causes and conflicts

In formulating our results, it will be convenient to introduce some terminology for refer-
ring to assertions which participate in the entailment of another assertion or its negation.

! Obviously this is no longer the case if we consider a logic with role inclusions like DL- Litex.



Definition 4. Let o, 3 be assertions and 1 an inclusion. We say (3 causes (or is a cause
of) « given T, written 3 L oq if {T},{8} & a. We say § conflicts with (or is a

conflict for) « given 1, written (3 SR o, if Y = By C =By and 8 = By(a) and
a | By(a) for some a. Sometimes we omit T if its identity is not relevant.

Definition 5. Concepts in the set CauseT(B) = {D | T = D C B} (resp. ConflT(B) =
{D | T = D C —B}) are called the cause-types (resp. conflict-types) of B.

The following straightforward proposition characterizes consistent instance check-
ing in terms of causes and conflicts.

Proposition 1. Let K = (T, A) be a DL-Lite.or. KB and o an instance query. Then
K Fcons « if and only if there exists a subset A" C A which is consistent with T and
such that for every 3 € A which causes «, there is v € A’ which conflicts with 3.

In other words, consistent instance checking comes down to deciding existence of a
consistent subset of the ABox which contradicts all causes of the instance query.

We now introduce the notion of a cause-conflict chain. The intuition is as follows.
Suppose that we have an assertion i in the ABox which causes the IQ «. Then to show
K Fcons @, Proposition 1 says we must select some assertion py which conflicts with
wo- But if pg conflicts with an assertion A\; which is a conflict of another cause y1, then
this forces us to choose a different conflict p; for pq which is consistent with py. The
presence of p; may in turn attack a conflict of a third cause p3, leading us to select a
conflict p3 for 3, and so on.

Definition 6. A cause-conflict chain (for TBox T and IQ «) is a sequence [1opo A1 41 p1
A2ft202 « - . ApfhnPrAnt1lint1 Of distinct assertions, together with a sequence 1ol
oD Y. 2,000,201 2,1 011 of inclusions from cl(T ), which satisfy:
. 7 r; Siga 2
— forevery i: p; — «, p; &—— p;, p; &——— X1, and i; &—— )\;
- if j < i, then we do not have |1; &— p;
- {po, p1,- .., pn} is consistent with T

Examples of cause-conflict chains can be found in Figure 1a(b) and 2(b). In the follow-
ing sections, we will consider particular types of cause-conflict chains and see how they
are related to the presence of a consistent rewriting.

5 General co-NP-hardness result

In this section, we formulate a general condition which can be used to show co-NP-
hardness of consistent instance checking. We begin by giving a more elaborate reduc-
tion from UNSAT, and then we analyze what is needed to make the proof go through.

Example 3. Consider the following TBox 7:

{3Ro C A,3R, C A, 3Ry C A,3Ry C A, 3Ry C ~35,35~ C —By, By C ~3R;
HRl_ C-D,Di C =By, By C _\HR;,HRQ_ C—-Dy, D, C 3T ,3T° C _\HRE}
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Fig. 1: ABox and type-1 cause-conflict chain for Example 3.

We show via a reduction from UNSAT that deciding whether 7, A = A(a) is co-NP-
hard in data complexity. Given a propositional CNF ¢ = c; A... A ¢y, over vy, ..., Uk,
we define the ABox A as follows (see Figure 1(a) for a pictorial representation):

{Ro(a,¢]"), Rs(a,c;) |1 <i<m} U{Ri(a,v)), Ra(a,v;) |1 <j<k+m}U
{S(c",v5) vy € e} U{T(ci,05)|—wj € ei} U{S(e],vpp4) |1 <i <m}U
{T(c; vns) |1 < i <m} U{Bi(vj),Ba(vj),D1(v;), Da(v;) |1 < j < k+m}

We show that ¢ = L if and only if (7, A) =cons A(a). For the first direction, suppose
we have a satisfying valuation for ¢, and let V' be the set of variables which are affected
to true. We assume without loss of generality that if a variable v; appears only positively
(resp. negatively) in  then v; € V (resp. v; ¢ V). Define the subset B of A as follows:

{S(cv5) € Alv; € VY U{Di(v)), D2(v)) [v; € VU

{T(c;i vj) € Alv; V.1 <j <k} U{Bi(v)), Ba(vy) [v; €V, 1 <j < k}U
{T(C;,Uk+i),B1(Uk+i),BQ(Uk+i) € A|E|’Uj € V with v € CZ'}U
{S(cf"',vk+,-),Dl(vk+i),D2(vk+i) S A|ij eV Vj € Ci}

3

It is easy to check that B is consistent with 7 and that (7, B) = A(a). It can also be
verified that adding any additional assertions from A to B provokes a contradiction.
To understand why, note that either a clause ¢; has some positive variable v; € V,
in which case S(c;",v;),T(c; ,vr4s) € B, or it contains no such v;, in which case
S(ef,vk1i), T(c; ,v;) € B.In either case, both Ry(a, c;") and R3(a, c; ) conflict with
an assertion in 5. Thus, B is a repair of A w.r.t. 7 which does not entail A(a).

For the other direction, let B be a repair with (7', B) = A(a). It follows that none of
the role assertions in A involving Ry, Ry, Re, R3 appear in B. The absence of R;- and
Ry-assertions and the consistency of B with 7 together imply that for each v;, we have
either By and By or both D; and D,. This means each v; has either incoming S-edges
or incoming T-edges, but not both. We create a valuation in which v; is affected to true
if and only if v; has an incoming S-edge. Clearly if ¢; has a positive literal v; which is
affected to true, then it will be satisfied by this valuation. If instead all of the positive
literals in ¢; are affected to false, then the absence of Ry(a, c;r) can only be explained
by the presence in B of the assertion S(c;", vx;). But this implies in turn the absence



of T'(c; , vk+s) in B. As Rs(a, c;) ¢ B, there must be some assertion in 3 of the form
T(c; ,ve) (1 < ¢ < k). This means v, will be affected to false our valuation, and hence
the clause will be satisfied. Thus, the formula ¢ is satisfiable.

To understand how the preceding reduction can be generalized, it is helpful to con-
sider the cause-conflict chain pictured in Figure 1(b). This chain contains the essential
structure used in the reduction, with individuals b, ¢, and d playing the roles of cj,
vj;, and ¢, . We first notice that at the start and end of the chain, there is a switch of
individuals, which corresponds to moving from c;" to v; and then back to ¢, . Next
remark that in order to show consistency of the constructed B, we needed consistency
of the sets of “forward” assertions {S(b, ¢), D1(c), D2(c)} and “backward” assertions
{Bi1(¢), Ba(c), T(d,c)}. Also note that in order to use a repair to construct a satisfying
valuation, we had to prove that no v; had both incoming S- and T-edges. This involved
showing that the only way to simultaneously contradict all R; assertions while retaining
consistency was to choose all of the forward (D,) or all of the backward (B5;) assertions.
Key to this reasoning was the fact that for each R;(a, v;) assertion, we were forced to
choose either B;(v;) or D;(v;). If we could use some By(v;) or D,(v;) with £ # j, the
line of reasoning fails. Finally we note that none of the conflicts in the chain involves
the query individual a. This is important because if we used some assertion C'(a) to
contradict R;(a,v;), then we would also contradict R;(a,v,) when ¢ # j, making it
impossible to independently choose truth values for each variable.

The preceding analysis leads us to define the notion of a position (to be able to talk
about switching to a new individual) and the notion of type-1 cause-conflict chains.

Definition 7. Concepts of the forms A or AP (resp. AP~ ) are said to have position 1
(resp. 2). An inclusion T begins (resp. concludes) on position p, written bpos(¥) = p
(resp. cpos(T") = p), if p is the position associated with |hs(T") (resp. rhs(T")).

Definition 8. A cause-conflict chain for T and « defined by the sequence of assertions
LOPOALIT - + - Pndnt1int1 and sequence of inclusions Yo Lo X1 1711 ... Y1201 041
is said to be of type-1 if it satisfies the following conditions:

(C1) bpos(Y;) # bpos(I;) and bpos(Y;) # cpos({2;) for all i

(C2) cpos(I}) # bpos(Xy) (C4) {\1,..., A\ny1} is consistent with T

(C3) cpos(X41) # bpos(£2,41) (CS) if j > i, then we do not have [1; &— ),

Condition C1 of the definition states that the query individual is not used in the
conflicts, whereas C2 and C3 make sure there is a switch to a new individual at the start
and end of the chain. Condition C4 guarantees consistency of the “backward” conflict
assertions, and C5 ensures that when reading the chain from right to left all causes are
relevant (i.e. not already contradicted by one of the previous choices).

Example 4. 1If By C — By were added to the TBox from Example 3, then the chain from
Figure 1(b) would not be type-1, since B (c) and Bz(c) would conflict (violating C4).

The next result shows that the presence of a type-1 cause-conflict chain is sufficient
to show co-NP-hardness (and a fortiori, the inexistence of a consistent rewriting). The
proof generalizes the reduction from Example 3.

Theorem 1. If a type-1 cause-conflict chain for T and « exists, then the problem of
deciding whether (T, A) |=cons « is co-NP-hard in data complexity.
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Fig.2: ABox and Type-2 cause-conflict chain used in Example 5.

6 General first-order inexpessibility result

In this section, we show how to use Ehrenfeucht-Fraissé games rather than complexity
arguments, to prove inexistence of a consistent rewriting. As in the previous section, we
start with an illustrative example, before formulating the general condition.

Example 5. Consider the following D L-Lite.o. TBox 7:
7 = {3RC A 3R C—-3S,3R-C-B,3S" C-B,}

We show using Ehrenfeucht-Fraissé games that there is no consistent first-order rewrit-
ing of the query A(a) w.r.t. 7. Consider some k € N, and let m = 2¥ + 1. We construct
two ABoxes .A; and A5 as follows (A, is pictured in Figure 2(a)):

"41 = {R(a’ bi)aR(avci)aB(ci)aS(Ciaci-l-l) | 1<i< m}U
{B(bl)|2 Szgm} U {S(bl,bz+1), |1§2§m—1}

A2 = A\ {B(c1)} U{B(b1)}

We show that (7, A1) Fcons A(a) and (T, As) cons A(a). For the first point, sup-
pose for a contradiction that there is a repair B of A; w.r.t. 7 such that (7, B) = A(a).
Then there can be no assertions in 53 of the form R(a, b;), and hence each such asser-
tion must provoke a contradiction when added to . In order for B U {R(a, b;)} to be
inconsistent with 7, we must have S(by,b2) € B, as S(b1, be) is the only assertion
in A which conflicts with R(a, b;). But this means that B(bs) ¢ B, and hence that
S(ba,b3) € B, or else we could add R(a, by) to B without provoking a contradiction.
Continuing in this manner, we find that S(b,,—1,b,,) € B, and so B(b,,) ¢ B. But in
this case, BU {R(a, b,,,) } is consistent with 7, which contradicts the maximality of B.
For the second point, we remark that the set B = {B(b;), S(ci,¢i41) | 1 < i <m}is
arepair of A w.r.t. 7 such that (7, B) = A(a).

We now must show that duplicator has a k-round winning strategy in the Ehrenfeucht-
Fraissé game based on interpretations Z 4, and Z 4,. The basic idea is as follows (we
defer the full argument to [1]). Whenever spoiler selects a point which is “closer” to
the side of by, /¢m41 in Z 4, , duplicator responds with the identical point in Z_4,. When
spoiler plays “closer” to the by /¢y side, then duplicator plays the ¢; if b; was played,



and b; if ¢; was played. The important thing is to make sure there is sufficient distance
between the indices j where duplicator copies spoiler and those where he chooses dif-
ferently. This can be done by keeping track of the leftmost point where the choices
differ and the rightmost point where they coincide and ensuring that the distance be-
tween these points is always at least 2%, where 7 is the the current round of play.

Figure 2(b) presents a cause-conflict chain for the preceding example. Most of the
conditions we identified in the previous section continue to hold for this chain. The only
exception is that we do not have a switch of individuals at the end of the chain. Instead,
we can remark that the initial cause-type is repeated further down the chain and can be
contradicted in the same way, and this is what we use to create the long chain structure
required in the proof. This leads us to define a second class of cause-conflict chains, in
which we replace C3 with a new condition which captures this repetition.

Definition 9. A cause-conflict chain for T and o whose sequence of inclusions is VoI
2T . X120 41 41 called type-2 if it satisfies Cl, C2, C4, C5, and C6:

(C6) Yo =", and Iy =1,

The following theorem states that type-2 cause-conflict chains witness non-existence
of a consistent rewriting. The proof generalizes the argument outlined in Example 5.

Theorem 2. [f there exists a type-2 cause-conflict chain for T and «, then there is no
consistent first-order rewriting for o w.r.t. 7T.

We next establish the relationship between type-1 and type-2 chains.

Theorem 3. If there exists a type-1 cause-conflict chain for T and «, then there also
exists a type-2 cause-conflict chain. The converse does not hold (assuming P#NP).

Proof (Sketch). For the first point, the idea to take a second copy of the type-1 chain,
reverse it, and append it to the original. For the second point, we show that consistent
instance checking for the TBox and IQ from Example 5 can be done in polynomial time
by iteratively applying the following rule: if R(a,¢) € A and there is no S(c,d) € A,
then delete all incoming S-edges to ¢. We continue until either we find R(a,c) € A
such that neither B(c) nor any S(c, d) belongs to A (in which case A(a) is consistently
entailed), or the rule is no longer applicable (and A(a) is not consistently entailed).

7 Rewriting Procedure

In this section, we develop a procedure which is guaranteed to produce a consistent
rewriting whenever the TBox 7 and query o = A(a) satisfy the following two criteria:

Ordering There exists a total order < on CauseT(A) such that whenever a cause-
conflict chain begins with inclusion B; T A, ends with inclusion B, T A, and
satisfies conditions C1 and C3, we have By < Bj.

No loops Every cause-conflict chain for 7, v of length n+1 which satisfies cpos(X;) =
bpos((2;) forevery 1 <i <n+ lissuchthat?; # 1 foralli # j < n+ 1.



Algorithm 1 Rewrite
Input: TBox 7,1Q A(a) Output: a first-order query ¢
Initialize o to L and initialize G to the set of all tuples (C, D) which satisfy:
(a) C = {C € CauseT(A) | 3D € D with D € ConflT(C)}
(b) for all D € D, there exists C' € C such that D € ConflT(C)
(c) there do not exist D1, D2 € D with Dy € ConflT(Dy)
For every (C,D) € G // choose which cause-types to treat globally
LetD = {B1,..., Bx,3P1,..., 3P, 3P, |,..., 3P, } (B; € Nc, P; € NR)
S = {Bi(a)}_, U{Pi(a,w;)}i—y U{P;(wi,a)}"y, / realize concepts inD at a
// compute inequalities needed to ensure consistency (treating variables as individuals)
I={vi #v;|vi,v; € {a,w1,...,wm}and T,SU{v; =v,;} E L}
U = CauseT(A) \ C // cause-types not yet treated
e=¢V Jwi.wm Ages BAN, 17 N Ncey (Vo auxRevrite(7, A(a), C, z, S))
Output ¢

Our algorithm Rewrite creates a big disjunction, where each disjunct corresponds to a
choice of a set of cause-types to be conflicted globally, i.e. one single assertion involv-
ing the query individual is used to conflict all causes of that type. For each disjunct, we
first fix the assertions which realize these global conflicts, and then invoke subroutine
auxRewrite to build one conjunct per untreated cause-type whose purpose is to see
whether for each cause of that type there is an assertion which conflicts with it and
can safely be added to the repair under construction. These conjuncts have a tree-like
structure whose “paths” are cause-conflict chains which satisfy cpos(X;) = bpos(£2;)
for all 7. Property No Loops can thus be applied to show that the recursion depth of
auxRewrite is no more than |CauseT (A)|+ 1, ensuring termination. The difficult step
in the correctness proof is to show Z 4 (= Rewrite(7, q) implies (7, A) Fcons g The
basic idea is to use the way the negation of the formula is satisfied to direct our con-
struction of a repair which conflicts with every cause of ¢q. Ordering is used to decide
in which order we should treat the causes. We illustrate this idea on a concrete example:

Example 6. Let ¢ = A(a) and T be the following TBox:
{3RyC A,3R1 T A, 3R, T A, 3R, C —-35,3S™ C =By, By C —-3R7,
IRy C-Dy,D, C-37~,B, C -37~,37 C -3R; }

It can be verified that the negation of Rewrite (7, ¢) consists of a single disjunct:

Va Ro(a,z) — Jy(S(z,y) A (Ri(a,y) — D1(y)))
A Vz Ri(a,x) — (Bi(x) V Di(z))
A Vx Ry(a,r) — Jy(T(z,y) A —~Ri(a,y))

We show that if this formula is satisfied in Z 4, then we can construct a repair B of
A w.r.t. T which does not entail A(a). First we fix an order on CauseT (A) satisfying
the conditions in Ordering: 3Ry < 3R2 < JR;. This means we start by considering
causes via ARy. If Ryo(a,b) € ‘A, then the first conjunct allows us to find ¢ such that
S(b,c) € Aand Ry(a,c) € Aimplies D1(c) € A. We add S(b, ¢) to B, and also add
Dq(c) if Ry(a,c) € A. Next we move on to the next cause-type in the order, IRy. If



Algorithm 2 auxRewrite

Input: TBox 7, 1Q A(a), C' € CauseT(A), variable z, S set of atoms, © C CauseT (A)
Output: a first-order query x
If C € Nc, output =C/(a)
Set « = R(a,x), x = —a, and B = 3R~ where C = 3R // R basic role
For each D € ConflT(B) // Consider different ways to contradict o on
Set 8 = D(z)if D € N¢ and 8 = T'(z,y) [y fresh variable] if D = 3T
If 3 is necessarily inconsistent with S given 7, exit the for-loop
Else, let € be the inequalities needed to ensure {3} U S is consistent with 7°
/I Compute untreated causes which are affected by choice of 3
Initialize A to 0
For all 3V € CauseT(A) such that (7, S U {8} U{V(a,z)}) £ L and
ConflIT(3V ™) N ConfIT(D) #£ 0
Add (3V,z) to A // need to find conflict for cause V (a, )
If D = 3T, then for all 3V € CauseT(A) with (7,S U {8} U{V(a,y)}) K~ L
and ConfIT(IV ™) N ConfIT(IT™) £ 0
Add (3V,y) to A //need to find conflict for cause V (a,y)
X=XV () (BAEAN.)ecaauxRevrite(T, A(a), H,v, SU{B}))
Output x

we have Ra(a,b) € A, then we use the third conjunct to find ¢ such that T'(b,¢) € A
and Ry (a,c¢) ¢ A, and we add T'(b, ¢) to B. Finally we turn to the final cause-type 3R,
and let R;(a,b) € A. Possibly we have already added D;(b) when dealing with the
first conjunct, in which case we do nothing. Otherwise, because of the second conjunct,
we have either B1(b) € A or D1(b) € A, which we can add to B. The set B is still
consistent with 7™ after this step, since if T'(e, b) € B then we would have R (a,b) € A,
and if S(e,b) € B, then we would have already added a conflict for R (a, b). We have
thus found a set B which is consistent with 7 and contradicts every assertion which
could cause entailment of A(a). By Proposition 1, we have (7, A) Fcons A(a).

Theorem 4. If a TBox T and IQ q satisfy conditions Ordering and No Loops, then
Rewrite(7, q) terminates and outputs a consistent rewriting of q w.r.t. T.

8 Approximating Consistent Query Answering

In order to obtain a more generally applicable positive result, we consider a sound ap-
proximation of consistent query answering, which we term cautious query answering.

Definition 10. A query q is cautiously entailed by a knowledge base K = (T, A),
written K ':caut q, lf<Tv rjl3€Rep()C)B> ': q.

Note that assertions which belong to all repairs do not participate in any conflict, so we
can be quite confident in the answers we obtain from them. For this reason, cautious
query answering remains of interest even when consistent query answering is feasible.

In [7], cautious conjunctive query answering (there called Intersection ABox Repair
semantics) was shown to be tractable for D L-Liter KBs. The proposed algorithm first
deletes all assertions involved in some conflict, and then queries the resulting ABox. It
was left open whether query rewriting techniques could be used instead. We answer this
question in the affirmative and thus obtain an improved upper bound of ACj.



Theorem 5. Cautious conjunctive query answering is in ACy for DL-Lite ore.

Proof (Sketch). Given a D L-Lite .. TBox 7 a CQ ¢, we first compute (in the standard
manner) a UCQ ¢’ = ¢1 V ... V gy, such that for all ABoxes A, we have (7, A) | ¢ if
and only if Z4 = ¢'. Then to each disjunct we add the negation of each atomic query
which could contradict one of the atoms in the disjunct.

Example 7. If ¢ = 3y B(x) N R(z,y)and T = {AC BAC 3R,BC -D,3R™ C
—3S5 7}, standard rewriting yields A(z) V 3y B(z) A R(x,y). We then add —-3z5(z, y)
to the second disjunct and = D(x) to both to obtain the cautious rewriting.

Theorem 5 is easily extended to other D L-Lite logics enjoying FO-rewritability.

9 Conclusion and Future Work

In this paper, we took a closer look at the problem of consistent instance checking
in DL-Lite and identified some general conditions which can be used to prove the
absence or existence of a consistent rewriting. While our results were formulated for
DL-Lite.oe, We expect they can be easily lifted to more expressive D L-Lite dialects
like DL-Liter or DL-Liteg.

The main objective for future work is to strengthen our results so as to be able to
decide for every TBox and instance query whether a consistent rewriting exists. We
conjecture that the absence of a type-2 cause-conflict chain is both a necessary and
sufficient condition for existence of a consistent rewriting. Extending our investigation
to conjunctive queries would be interesting but quite challenging, as it would likely
involve confronting longstanding open problems from the database community, where
a full characterization of rewritable cases remains elusive [9].
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A Proof of Theorem 1

We will use the notation «/[p] to denote the p-th argument of an assertion «. The fol-
lowing straightforward lemma will be prove helpful.

Lemma 1. Let «, § be assertions, T be a positive inclusion, and bpos(T) = py and

cpos(Y) = pa. Then o AN B if and only if a[p1] = B[pz), @ and |hs(T") use the same
atomic concept / role, and (3 and rhs(Y") use the same atomic concept / role. Same holds

. . .. . T r
if T is a negative inclusion and we replace o — (3 by o &#—— [3.

Proof of Theorem 1. Assume a type-1 cause-conflict chain for 7 and & = A(a) ex-
ists. We first remark that we can assume without loss of generality that cpos(I;) =
bpos(X;+1) for all 1 < ¢ < n, since otherwise, we can simply start the chain at p;,
to obtain another (shorter) type-1 cause-conflict chain. Similar reasoning leads us to
assume w.l.0.g. that cpos(X;) = bpos(£2;) for 1 < i < n.

We can also assume without loss of generality that if j > ¢, then do not have
i &— p;, because otherwise we could connect y; directly to p;, and obtain a shorter
type-1 chain. Likewise, we can assume that if j < 4, we do not have p; &— \;, or else
we could connect \; to u; to get a shorter type-1 chain.

We know from Lemma 1 that p;[bpos(X;11)] = Aiy1[cpos(Xit1)], Ai[bpos(£2;)] =
wilcpos(£2;)], and p; [bpos(I7)] = pi[cpos(I;)]. Moreover, cpos(Y;) = bpos(£2;) from
above implies \;[cpos(X;)] = A;[bpos(X;)], while cpos(I;) = bpos(X;11) implies
pilcpos(I;)] = pi[bpos(Xi+1)] @ > 0. Additionally, because of condition C1, we
know that bpos(7;) # bpos(I;) and bpos(Y;) # cpos(£2;), hence pu;[cpos(£2;)] =
i [bpos(I;)]. Taken altogether, we find that:

po[bpos(X1)] = Aifcpos(L1)] = A1[bpos(L1)] = pi1[cpos(£21)] ()
— 1[bpos(T1)] = pr[cpos(11)] = ... = pulbpOS(Zoer)] = Ansa[cpos(Fs)]

We use this fact to show that (given our assumptions) 7; # 7 whenever 1 <i4,j < n.
To see why, suppose 1; = 1 for 1 < i < j < n, and let p = bpos(Y;) = bpos(T7;)
and ¢ = cpos(2;) = cpos(?;). Then by Lemma 1, p;[p] = agq] = p;[p] and p; and
p; involve the same role. Morever, from above, we have 1i;[cpos(§2;)] = pj[cpos(£2;)].
As we know bpos(p;) # cpos(§2;) and bpos(p;) # cpos(£2;) (by C1), it follows
that y1; = p;, which contradicts the fact that cause-conflict chains must not have two
occurrences of an assertion.

We next remark that condition C1 implies that every p; is a role assertion, and thus
for every i we can find a basic role R; such that 7; = 3R; C A. Conditions C1 and
C2 together imply that there is a basic role S such that [y = 3R~ = —3S. Then be-
cause of C2, we can find a basic concept By such that ; = 35~ C —Bj. At the end
of the chain, because of C1 and C3, there must be a basic role T and basic concept
D,, such that 2,11 = 3T & -3k, and X, 1 = D, E =37~ . We further note
that because of Lemma 1, cpos(X;) = bpos({2;), and cpos(I;) = bpos(X; 1) for all
1 <4 < n, we can find basic concepts B; 2 < i < n)and D; (1 < i < n-—-1)
such that X, = D; C -B;41 2 < i < n), % =B, C ﬁHR; 1 <1 < n),
and I; = 3R; C —-D; (1 < i < n). We also have 2, = B; T —-3R] and



SR

Fig. 3: ABox for SAT reduction in proof of Theorem 1.

I, =3R, C—D,.

Now that we have a better grasp on the types of inclusions in 7 (or rather cl(7)), we
are ready to give our SAT reduction. Consider a propositional CNF o =c; A ... A cp,
over variables vy, . .., vx. Our ABox will use the following individuals: a, v; (1 < j <
k+m), ¢l c; (1 <i<m),by(By & Nc),and d; (Dy & Nc). Individuals vy, . .., vy,
represent the variables of ¢, while vg41, ..., Vg4, are extra “dummy” variables, whose
purpose will be made clear later. We use individuals cj, c; for the positive and negative
parts of clause c;. The variables b, (resp. dy) will be used as witnesses for existential
concepts By (resp. Dy). The ABox A is defined as follows (see Figure 3 for a simplified

pictorial representation):

A = {Ro(a,¢f),Rus1(a,c;)|1<i<m}U
{Ri(a,v;)|1<i<n,1<j<k+m}uU
{S(cf,v;) | v; appears positively in ¢; } U
{T(c; ,vj)|v; appears negatively in ¢; } U
{S(cf vnpa), T(ei vpp) |1 <0 <m}u
{B¢(vj) | Bi € Nc,1 <j<k+m}uU
{De(vj)| De € N¢,1 <j<k+m}U
{Ue(vj,be) | Be=3U;, 1 < j<k+m}U
{Ui(vj,d¢) | Dg = 3Ug, 1 < j < k+m}

In what follows, we show that ¢ is satisfiable if and only if A(a) is not consistently en-
tailed from (7, .A). For the first direction, suppose that ¢ is satisfiable. Pick a satisfying
valuation for ¢, and let V' be the set of variables affected to true by this valuation. We
assume w.l.o.g. that if a variable appears only positively in ¢ then it is affected to true,
and if it appears only negatively then it is assigned false. Consider the subset 55 of A
defined as follows:

B = {S(¢.v)eAlveV}iu



{D@(Uj) S .A|Uj S V}U

{Ug(’l)j,dz) S .A|Uj S V}U

[T(c v5) € Alv; ¢ V,1 < j < k}U

{Bu(vj) € Alv; €V,1<j <k}U

{Ue(vj,be) € Alv; V.1 < j<k}U

{S(c},vp+i) € A| now; € V appear positively in ¢;} U

{D¢(vk4;) € A| now; € V appear positively in ¢; } U

{Ue(vi+i,de) € A| nowv; € V appear positively in ¢; } U

{T(c;,viti) € A| some v; € V appear positively in ¢; } U

{ B¢(vi+i) € A| some v; € V appear positively in ¢; } U

{Ue(vi+i, be) € A| some v; € V appear positively in ¢; }
Clearly A(a) cannot be entailed by (7,.A). We need to show that B is a repair of A
w.r.t. 7. We begin by proving that 13 is consistent with 7. By Proposition ??, if 3 were
inconsistent with 7', we could find an individual e and an inclusion G; C —~Gs € cl(7)
such that (7, B) = {G1(e), Ga(e)}. Thus, it is sufficient to show that there is no such
individual in B. For individuals of the form cgL (resp. c; ), the only concept satisfied
is 35 (resp. 3T, which is satisfiable w.r.t. 7 since py = IS(po[cpos(Iv)]) (resp.
Ant1 E IT(Any1]bpos(£2,,41)])). Similarly, individuals of the form b, or dy only
satisfy a single concept whose consistency w.r.t. 7 is witnessed by one of the assertions
pi or \;. The only interesting individuals are those of the form v;, for which there are

two cases. The first possibility is that v; satisfies 357, D1, ..., D,,. In this case, we use
(*) which tells us

pobpos(X1)] = pi[bpos(I1)] = ... = pn[bpos(Zyi1)]
and hence that {po,...,pn} E {35 (€),Di(e),...,Dy(e)} for e = pglbpos(X1)].
Since we know {po, ..., pn} is consistent with 7, it follows that the assertions con-

cerning v; do not provoke a contradiction. We can proceed in a similar manner for
the second possibility, which is that v; satisfies 37", By, ..., B,. The only difference
is that instead of the definition of cause-conflict chains, we use condition C4, which
guarantees satisfiability of {A1,..., A\p,41} with 7.

It remains to be shown that 53 is a maximal subset of .4 consistent with 7. Ac-
tually, it is sufficient to show that none of the assertions concerning a can be added
consistently to B, since the remaining assertions cannot cause A(a). We first note
that by construction, for each v; we have either (7,58) = {B1(v;),...,Bn(v;)} or
(T,B) = {Di(vj),...,Dyn(v;)}. It follows that we cannot add any assertion of the
form R;(a,v;) without introducing a contradiction (via one of the inclusions I’; or (2;
in cl(7)). Next consider some pair of assertions Ry(a,c;") and R, 11(a,c;). As V
defines a satisfying valuation for ¢, we know that either there is some v; € V which
appears positively in ¢; or some v; ¢ V' which appears negatively. In the former case,
the assertion S(c;",v;) will be present in B, so adding Ro(a, c;) will contradict Ig.
Moreover, by definition, T'(c; , vk+;) € B, so adding R,,+1(a, c; ) to B would violate
2, 41. Suppose then that there is no positive literal of ¢; which is satisfied, and let v;



be a negative literal with v; ¢ V. Then we must have both T'(c; ,v;) and S(c;", vg+i),
and so neither Ry(a, c;") nor R,,41(a,c; ) can be consistently added to B.

For the second direction, suppose that A(a) is not consistently entailed by (7, .A),
and let BB be a repair of A w.r.t. 7 with (7, B) i~ A(a). Then there must be no assertion
of the form Ry(a,v;), Ro(a,c}), or Ry11(a,c; ) in B. The absence of R, (a,v;) im-
plies that there is some assertion in 3 which conflicts with Ry (a, v;) given 7. Moreover,
we know that this assertion must involve v; but not a. We note that R,(a, v;) cannot
conflict with By,(v;) or Up(vj,bp) for p # £ since this would mean that B, T -3R,,
and hence A\, &— ), for p # {. This cannot be since condition (C4) of type-1 chains
tells us that A, «— ), does not hold for p > ¢, and the same was assumed above for
p < L. Likewise, Ry(a,v;) cannot conflict with D), (v;) or U,(v;,d,) for p # £, since
this would contradict either item (iii) of the definition of cause-conflict chains or our
earlier assumption. It thus follows that the conflict must result from an assertion in B
having one of the following forms: By (v;), Us(vj, bs), De(vj), or Ug(vy,de). In fact,
only one such assertion can belong to B, since A only contains two assertions from this
list, and they conflict with each other. Since we must have one conflicting assertion for
each Ry(a,v;) with 1 < ¢ < n, and we know that B is consistent with 7, and that
7 =D, C =By forall 1 < p < n, it follows that one of the following holds for
every 1 < j <k+m:

- for 1 < p < n: Bcontains B, (v;), if B, € N¢, or Uy (v}, b,), if B, = 3U,

- for 1 < p < n: Bcontains D, (v;), if D, € N¢, or U,(vj,bp), if D, = 3U,
In other words, for each v;, the set B must contain either all of the “I3,, assertions” or
all of the “D,, assertions”. Note that in the former case, B will contain all assertions
from A of the form S (cj', v;) (consistency is guaranteed by item (ii) of cause-conflict
chains), but it cannot contain any assertions of the form T'(c; ,v;) since they would
cause inconsistency. In the latter case, just the opposite is true: B will contain all asser-
tions from A of the form T'(c; ,v;) (here we use condition C4) and none of the form
S(c;,v;). We can thus define a valuation V' C {vy, ..., v} as follows: v; € V if and
only if B contains an assertion of the form S (c;r, vj). We aim to show that this valu-
ation satisfies ¢. Consider some clause c;. The absence of Ro(a,c;") in B tells us that
there is some assertion in B which conflicts with it. The only possibility is an assertion
of the form S(c;",v;). Likewise, the absence of R,,+1(a,c; ) implies the existence of
some T'(c; , v;) in B. Note however that we know that vy, ; can have either incoming S-
edges or incoming 7-edges, but not both. Thus, 5 must contain an assertion S (cj‘7 v;)
or T(c,i_7 vj) with 1 < j < k. In the former case, v; has an incoming S-edge, and hence
v; € V, s0 V satisfies c¢;. In the latter case, v; has an incoming T-edge, and hence no
incoming S-edge, which means that v; € V', and so V' satisfies c;. Thus, the valuation
V satifies all clauses in ¢, i.e. ¢ is satisfiable. a

B Proof of Theorem 2

Assume a type-2 cause-conflict chain for 7 and o = A(a) exists. We can assume
without loss of generality that

cpos(X;) = bpos(§2;) forall1 <i<n+1



since otherwise the sub-chain ending at y1; would be a type-1 cause-conflict chain, giv-
ing us co-NP-hardness (Theorem 1). Finally, for the same reasons as in the proof of
Theorem 1, we can assume that our type-2 cause-conflict chain has the following prop-
erties:

— if j > i, then we do not have j; &— p;
- if j < 4, then we do not have ji; e&— );

For type-1 chains, we could restrict our attention to chains satisfying cpos([l;) =
bpos(X;41) for all 1 < i < n, but we cannot make this assumption for type-2 chains.
It will thus be necessary for us to distinguish the positions where this property fails.
We will use hy < ... < hy to refer to the positions ¢ € {0,1,...,n} such that
cpos(I;) # bpos(X;i1). We denote by SP (for switch points) the set {ho, ..., hy}.
Note that because of earlier assumptions, we know that Ay = 0 and h, = n. Also
note that within each “segment”, all conflicts involve the same individual, and no in-
clusion 77 is repeated. To make this more formal, consider some 0 < p < y. Using
Lemma 1, our assumption that cpos(X;) = bpos(f2;) for all 1 < ¢ < n + 1, condition
C1 (which gives p;[cpos(§2;)] = p;[bpos(l;)] for all 1 < ¢ < n) and the fact that
cpos(I;) = bpos(X;4q1) forall hy, < i < hpt1, we obtain:

Ph, [bPOS(X, +1)] = An,41[cpos(Z, +1)] = An,+1[bpos(£2n,+1)]
= fth,+1[cpos($2n,+1)] = pin,+1[0P0S(Lh,+1)] = pr,+1[cpos(Ih,41)] (%)
= .= Hhpyy [CPOS(Q}LIJ+1 )] = Mhypia [prS(th+1)] = Phpi [cpos(th+l )]

Also note that for all by, < i < j < h,41, wehave 1; # 17, since otherwise (xx) would
imply that y; = p1;, contradicting one of the conditions of cause-conflict chains.

As we noted in the proof of Theorem 1, condition C1 implies that every p; is a role
assertion, and thus for every 7 we can find a basic role R; such that 1; = 9R; C A. Be-
cause of condition C6, we know that Ry = R,,. Conditions C1 and C2 together imply
that there is a basic role Tj such that Iy = I, = 3R, T —3Tj. C2 also tells us that we
can find a basic concept By suchthat Xy = X,y = 3T, T ~Byand 2, = 2,41 =
B; © —3R; . For each i € SP\ {0,n}, the fact that cpos(I;) # bpos(X;) means
that we can find a basic role T; and basic concept B; 1 such that I; = 3R, T —3T;,
Yiy1 =3T; E =Bjy1,and ;11 = B;y1 E ~3R; ;. Finally, for every i ¢ SP with
1 <4 < n—1, we can find basic concepts D; and B, such that: I; = 3R, € —-D;,
Yig1=D; E =Bjy1, ;41 = Biy1 E 3R, .

We show using Ehrenfeucht-Fraissé games that there is no consistent FOL rewriting
of the query A(a) w.r.t. 7. Consider some k € N, and let m = 2* + 2. Our objective
is to find ABoxes A; and A5 which give different answers to ¢ but cannot be distin-
guished by a k-round Ehrenfeucht-Fraissé game. The ABoxes we construct will use the
following individuals: a, v, bY (1 <i <m,0 <p<y),c’ 1 <i<m,0<p<y),
wP (By & Nc), and wP (D, ¢ N¢). Individuals b2, ... bi’*l (resp. ¢?, ... cffl) play
the same role as b; (resp. ¢;) in Example 5. The individuals wf (resp. w}’) are used
as witnesses for existential concepts By (resp. Dy), while the individual v is used as a
witness for 37.



Fig. 4: Visual aid for the ABox used in the proof of Theorem 2.

The ABoxes .A; and A, are based upon the following ABox .A:

A={Rj(a,t!),Rj(a,c!)|1<i<m—-1,1<p<y—1,hyp1 <j<hy}U

{R;(a,b9), R;j(a,cd)|2<i<mandj=0orh,_1 <j<h,}U

{ Ro(a, 1Y), Ro(a,c}) yU

(T, 0 ), Ty () 1 <0 <m—1,0 < p < y—2}U

{ T, (0], 0041), Ty (], yy) [ 1 <SP <m—Lp=y —1}U

{D;®Y),D;(c)|DjeNcand1 <i<m—-1,1<p<y—1hy, 1 <j<h,
or2<i<m,hy_1 <j<hy}tU

{57, wp), Sj(cf,wP) | D; =3Sjand 1 <i<m—1,1<p<y-—1,
hp—1 <j<hpor2<i<mandhy 1 <j<hy}U

{B;(t?),Bj(c!)|BjeNcand 1 <i<m—1,1<p<y—1h, 1 <j<h
or2<i<mandj=0o0rhy,_1<j<hy,}U

{Sj(bf,wf),Sj(cf,wf)|Bj:EISJ-7 and1<i<m-1,1<p<y-—1,
hpo1 <j<hpor2<i<mandh,_1<j<hy,}

The extension of A to A; and A5 depends on whether B,, is a concept name or exis-
tential concept. If B,, € N¢, then we have:

Al = AU{BA (), To(c),,0)} A2 = AU{BL(B]). To(5,,0)}
Otherwise, if B,, = 35,,, then we use a slightly different formulation:
Ar = AU{S, (3, w?), To (2, v)} Ay = AU{S, (19, wB), To(,,v)}
Figure 4 provides a pictorial representation of 4; and As.
We first show that the Duplicator has a k-round winning strategy in the Ehrenfeucht-

Fraissé game based on interpretations Z 4, and Z 4,. More specifically, we show that
Duplicator can play in such a way as to satisfy the following property after each round g.



Letd = (d_a,d_1,do,d1,da,...,d,) be the vector composed of a, c?, 2, fol-
lowed by the sequence of g points played so far in Z, .»417 andlete = (e_o2,e_1,
€0, €1, €2,...,€4) be the vector starting by a ,09,¢Y and finishing with the g
points played so far in 7 4,. Then we have the following:
cifde € {0, '}, thenep € {0F, '}
2 letting A\ = max({i | d¢ € {b?,c}, dg 75 ee}) and p = min({i | d; €
{68, P}, dp = es}), we have p — A > 2k~
3. (d, e) define a partial isomorphism between Z 4, and Z 4,

We will proceed by induction on g. The base case is when g = 0, i.e. the game has
not yet begun. In this case, d = (a,c?, %) and e = (a,b?,c,). The first and third
conditions clearly hold, and for the second, we remark that A = 1 and p = m, hence
p— X =m—1=2F 4 1. For the induction step, assume that Duplicator can play so as
to satisfy the property for the first g rounds, and consider what happens in round g + 1.
For simplicity, we will suppose that in round g + 1 spoiler selects a point dg; from
Z 4,, but the proof is analogous if spoiler picks a point e, 1 from Z 4,. There are four
cases:

— dg41 = dp for some —2 < ¢ < g. In this case, Duplicator responds with ey, and the
property trivally holds for round g + 1.

- dgp1 =vordgy = w ordgty = w . In any of these cases, Duplicator plays
€g+1 = dg+1. The first and second propertles are trivially satisfied. For the third
property, suppose first that dy11 = v. Then Tp(c%,, v) holds in both Z 4, and Z 4,,
this is the only assertion involving v, and ¢, appears in both d and e. Thus, adding
v to d and e preserves the partial isomorphism. Suppose next that dgH = wD
(the case where dgy1 = wB is similar). The only assertions that w may part101—
pate in are of the form S (c w; D). Moreover, we know that in both Za, and T, .Az’
S; (b}, wP) holds if and only 1f S;(cf,wP) does, and furthermore, S; (b7, w?)
holds in Z 4, if and only if it holds in Z 4,. Thus, using property 1 of the IH, we
know that S (d,, w; D) holds in Z 4, if and only if S; (e, w; D) holds in Z 4, .

- dgt1 = b and dg = ¢} for some —2 < ¢ < g. Then Duplicator plays b? if
dy = ey and otherwise plays c?. Clearly the first part of the property will hold.
For the second part, we note that Duplicator’s choice ensures that A and p have
the same values after rounds g and g + 1, and by the induction hypothesis, we
had p — A > 29 following round g. Hence, after round g + 1 we have p —
X > 2F=9 > 2k=(9+1) Now consider the third condition. We let f be such that
f(dy) = eg forevery —2 < ¢ < g + 1. We know from the IH that the restriction
of 7y, to d_a,...,d4 is isomorphic to the restriction of Z4, to e_g,..., €4, and
we aim to show this continues to hold when we add d441 and eg4y ;. Proving this
is straightforward but quite tedious as there are many cases to treat, so we give just
one case to illustrate the main ideas. Suppose that T (dy+1, dr) holds in Z 4, . Then
we need to show that T (f(dg+1), f(de)) holds in Z 4, . Given the definition of 7 4,
it must be the case that T;(dy1,d;) is of the form T}, (b7, b74") (if p < y — 1)
or Ty, (b7, b; +1) (if p = y — 1). We consider only the latter case, as the former
is even simpler. If Duplicator plays b”, then we know that p > ¢ after round g.
Since p > ), it follows that Duplicator played b .1 inresponse to dy = b9 1. Since



Ty, (V7,09 1) = Ty, (f(BY), f(bY, 1)) holds in Z4,, we are done. If instead plays
c in response to dy1 = bY, then i < A. Since p — A > 2879 > 1 after g rounds,
we must have p > ¢ + 2, and hence 7« + 1 < . It follows that Duplicator played
)., inresponse to dy = bY, ;. We have Tj, (', c), 1) = Ty, (f(bY), f(bY,,)) in
T 4, as desired. The proof that the pre-images of T-assertions in the restriction of
Za,t0€_2,...,€e541 also hold in the restriction of 74, to d_», ..., dg41 proceeds
analogously. For B-, D-, and S-assertions, the proofs are even simpler and quite
similar to those in the previous bullet.

- dgy1 = and d; = b for some —2 < ¢ < g. Then Duplicator plays c if d; = ¢,
and otherwise plays b?. Satisfaction of the three properties is shown analogously to
the previous case.

- dgy1 € {VV, P} and dy & {b], ¢!} forall =2 < ¢ < gand 0 < ¢ < n. We only con-
sider the case where dg11 = b? (the case where dy11 = ¢} proceeds analogously).
We start with the second condition, since the first condition will be obviously satis-
fied by the choices of Duplicator. We let A and p be the values computed following
round g. If ¢ < A, then Duplicator plays c]; , and if ¢ > p, Duplicator plays b?.
Note that in this case the A and p values will not change after round ¢ + 1, and so
condition 2 will be satisfied. The remaining case is when A < ¢ < p. If we have
i — A < p — i, then Duplicator chooses c§’ ,and if p — i < ¢ — A, Duplicator picks
bf . In the former case, i — A < p — i together with p — X\ > 2¥~9 from the IH yield

p—1i > 2F7971 This is exactly what we need since after round g + 1 the value of p
remains unchanged but \ changes to 7, and so we get the desired p — X\ > 2F—(9+1),
In the second case, p—4 < i —Aand p— X > 279 yields i — A > 2791, As after
round ¢ + 1, A remains as before but p is replaced by i, we get p — A > 2k—(9+1)
as required. Thus, condition 2 is satisfied. Now let us consider the final condition.
As before, we will not detail the entire proof as it involves a great many cases. In-
stead, we illustrate the main ideas by considering what happens with T'-assertions
when A < ¢ < p (the other cases are simpler). Suppose that T (dg, dg+1) holds
in 7 4, (the case with T;(dp, dg+1) or when we start in 7 4, proceed similarly). As
A <1 < p, we know that d, must not have index ¢ (otherwise either ¢ < A or p < 1,
contradicting our earlier assumption). The only possibility is thus that d, = bf:ll
and dg41 = bY and A = i — 1. It follows that j = y — 1 and Duplicator plays
er = cfjll.Moreover,i—)\ =landp— X > 2" > 2500 -\ < p—1,
hence e, 1 = 2. This yields the desired assertion Tj(eg, e,41) = Ty_1 (¢!, ?)
in I.Ag .

To complete the proof, we must show that .4; and A5 disagree on g. More specifi-
cally we prove that (7, A1) Econs A(a) and (T, A2) Fcons A(a). For the first point,
suppose for a contradiction that there is a repair B of A; w.r.t. 7 such that (7, B) [~
A(a). Then there can be no assertions in B of the forms R;(a,b?) or R;(a,c}), since
any such assertion would imply ¢ because 7 |= 3R, C A. Since B is a maximal subset
of A consistent with 7', we know that adding any assertion R, (a, b?) from A, to B will
cause a contradiction. Let us first consider the assertion Rg(a,b?). We know that the
assertion Tp (b9, b1) (or Tp(89,69), if y = 1) contradicts Ry(a, b}), and moreover, it is
the only such assertion since there are no other assertions in .4 involving the constant b9
and all assertions in A involving a are of the form R;(a,b?) or R;(a,b?), and we know



these do not appear in B. First consider the case where y = 1 and Ty (9, b9) € B. Then
BB cannot contain the assertion By (b3) (or S1(b3, w?),if By = 3S4), since 3T, = B,
(and By = By, = By,). Thus, in order for BU{R(a, b3)} to be inconsistent with 7, B
must possess the assertion Ty (b3, ). Continuing this line of reasoning, we are forced to

infer that B contains all the assertions Tp(b9,63), To(69,89), . . ., To (6%, _1,b%)). How-
ever, including Tp(b%,_,b% ) means excluding By (b2,) / S1(b2,, wP). As the latter is

the only assertion in .4 which contradicts Ry (a, b2, ), maximality of B means B contains

Ro(a,1?,), and so (7, B) = A(a), contradicting our earlier assumption.

We now consider the case where y > 1. We associate to each tuple (i,j) €
[1,...,m — 1] x [0,...,n — 1] the unique assertion in .A of the form Tj(b?, bP*")
(with j = hy and p < y — 1), Tj(bF,b2,1) (with j = hy, and p = y — 1), D;(b?)
(with hy, < j < hpt1), or Sj(bf,wjp) (with h, < j < hp41). Then we show by in-
duction on (4,5) € [1,...,m — 1] x [0,...,n — 1] (using the lexicographic ordering
to compare tuples) that the assertion associated with (7, j) must belong to /5. The base
case, when (i, 7) = (1,0), was already treated above. For the induction step, suppose
that we have treated all tuples up to but not including (, j), and let p be such that either
hy < j < hpt1 orj = 0and p = 0. We know that R;(a, b') does not appear in 5, and
so there must be some assertion in B with which it conflicts. The assertion associated
with (7, j) does conflict with R;(a,b?), so all that is needed is to show that there are no
other ways of obtaining a conflict. First we note that because of the IH, we know that the
assertion associated with the preceding tuple belongs to 5. It is easily verified that this
assertion conflicts with B;(b?), and thus B;(b?) (which does conflict with R, (a, b))
cannot appear in 3. Let us now consider the other assertions in .4 which involve the
individual b?. First remark that any assertion By (bY) with £ < j cannot conflict with
R;(a,b), since then T = HRJ-_ C —By, and we would violate our earlier assump-
tion that the cause-conflict chain cannot be shortened. Assertions of the form By (b?)
with ¢ > j also cannot conflict with R;(a,b), since otherwise we would violate the
backwards relevance condition of type-2 chains (C6). Now suppose we have an asser-
tion Dy(b?) (or Se(bY, wl)) with ¢ < j. In this case, we cannot have a conflict with
Rj(a,b), orelse T = HRJ-_ C —Dy, and we would violate the forward relevance con-
dition of cause-conflict chains. If instead we have the same type of assertion but £ > j,
then a conflict with R;(a, b}') would imply that since then 7 |= 3R, C —~Dy, which vi-
olates the assumption of no shorter type-2 cause-conflict chain. Next consider an asser-
tion Ty, _, (b7). If it conflicts with R;(a, b7 ), then we musthave 7 |= 37;, T ~3R;,
which violates forward minimality condition. The last type of assertion which can in-
volve b7 is Ty, (b7, 62Fh) (or Ty, (07,49, if p = y — 1). If such an assertion were to
conflict with R;(a, b?), this would mean that 7 = 3T, C —3R;, which would imply
the existence of a shorter type-2 chain, contrary to our earlier assumption. Thus, we
have shown that all assertions from .A which involve b?, other than the assertion associ-
ated with (i, j), either do not belong to B8 or do not conflict with R;(a, b?). From this,
we can conclude that the assertion associated with (¢, j) belongs to B (and that B; (b?)
does not). In particular, Bj(bf ) does not belong to B. As a result, we find that there
are no assertions in B which conflict with Ro(a, b9, ), contradicting the assumption that

(T,B) I~ A(a).



To see why (7, As) ~cons A(a), consider the set B C A defined as follows:

B = (T (d,d*)[1<i<m—-1,0<p<y—2}U
{Th,(F, )| 1<i<m—1,p=y—-1}U

{Dj(f)|DjeNcand1 <i<m—1,1<p<y—1h,_1<j<h,
or2<i<m,hy_1<j<hy}U
{S;(c,wP)[D;=3S;and1 <i<m-11<p<y-—1,
hp—1 <j<hpor2<i<mandhy, 1 <j<hy}
{B;(®")|BjeNcand1 <i<m—-1,1<p<y—1hy1<j<hyU
or2<i<mandj=0orh,_1 <j<hy}U
{50, wP)|Bj =35, and1<i<m-11<p<y-—1,
hp—1 <j<hpor2<i<mandhy,_1<j<hy,}U
{To(cgn_lav)}u(AQH{Bn(b?)7Sn(b(l)vwf)})

We claim that B is a repair of A w.r.t. 7 such that (7, B) = A(a). It is straightfor-
wardly verified that BB is consistent with 7', using the forward consistency and backward
consistency properties of the cause-conflict chain. The absence of any R; assertions to-
gether with consistency yields (7, B) & A(a). All that remains to be shown is the
maximality of B. First consider some assertion R;(a,b!) € Ay. Then we know that
B = B;(b;), and since 7 = IR; T —By, it is impossible to add R;(a,b}) with-
out introducing a contradiction. For assertions in Aj of the form R;(a, c!) (j & SP),
the argument is similar: B |= D;(c}), and since 7 = 3R; C —Dj;, we cannot con-
sistently add R;(a,c?) to B. For Rj(a,c}) with j € SP, we use B |= 3T}(c!) and
T = 3R; T —3T). We next must justify the absence of B; (or S;) assertions for the
c-individuals and the absence of D; (or S;) and T assertions for b-individuals. For an
assertion B;(c?) (or S;(c?, ij)), we simply use the fact that either T}, _, (cffl, )
(and j = hy_141) or Dj_1(c}) or S;_1(cf,wP) appears in . In the former case, we
use EIT,;_1 € —Bj, and in the latter cases, we use the inclusion D;_; E —B;. The
argumenpt for the missing D; / S; / T assertions for b-individuals is similar. Thus, no
assertion from A5 \ B can be consistently added to 5.

C Proof of Theorem 3

We prove the two statements of the theorem in separate lemmas:

Lemma 2. If there exists a type-1 cause-conflict chain for T and «, then there also
exists a type-2 cause-conflict chain.

Proof. Suppose we have a type-2 cause-conflict chain of length n + 1. To turn it into
a type-1 cause-conflict chain, we perform the following steps. First, we create a second
chain by truncating the chain at p,,, reversing it, and replacing each individual b which
does not appear in p,, by a new individual b’. Then we take the original chain up to .,
and add to it the second chain (identifying ., and its image at the start of the second



chain). We claim that the result is a type-1 cause-conflict chain. We start by showing
that it is a valid cause-conflict chain. For forward consistency, we use the fact that
the original chain satisfies forward and backward consistency (so both “halves” of the
chain are forward consistent), plus the fact that the second half of the chain uses new
individual names and so cannot conflict with the first half of the chain. For forward
minimality, the reasoning is similar: forward and backward minimality of the original
chain guarantee forward minimality for each half, and then we leverage the fact that
the two halves cannot interact because of their lack of shared individuals. Condition C1
and C2 are obtained by using C1 and C2 of the original chain. Backward consistency
and minimality (C4 and C5) can be shown in the same way as forward consistency and
minimality.

Lemma 3. Assuming P#NP, there exists T, a for which a type-2 cause-conflict chain
exists but no type-1 cause-conflict chain exists.

Proof. Let
7 = {3RC A 3R C-35,3IR C-B,3IS" C-B,}

be the TBox used in Example 5. We show that deciding whether (7, A) = ons A(a)
can be decided in polynomial time in |.A|. The procedure is as follows. We first check
whether the following condition holds:

(%) there exists ¢ such that R(a, ¢) € A and neither B(c) nor any S(c, d) belongs to A

If this condition holds, then there is no assertion in .A which conflicts with R(a, c), so
R(a, ¢) must belong to all repairs of (7, .A). If does not hold, we check to see whether
the next condition holds:

(*%) for every R(a,c) € A, there is some assertion of the form S(c, d) in A

If (%) holds, then we can construct a set 3 which is consistent with 7" and inconsistent
with every cause of A(a) by selecting for every R(a, ¢) of A(a) an assertion of the form
S(c,d). Thus, by Proposition 1, we have shown that A(a) is not consistently entailed,
and so can return no. If neither (x) nor (*x) holds, then there is some R(a,c) € A such
that B(c) € A but no S(c, d) belongs to A. Clearly any repair which contradicts all
causes of A(a) must include B(c), and hence cannot include any assertion of the form
S(e, ¢). We can thus delete all incoming S-edges to ¢ without affecting the existence
of a repair which does not entail A(a). We now repeat this procedure until we either
satisfy (%) and return a positive answer, or we satisfy (%) and return a negative answer.
As the size of A decreases with each iteration, we can be sure that eventually one of
these criteria will be satisfied, and the procedure will return the correct result. It is easy
to see that the procedure runs in polynomial time in |.A].

D Proof of Theorem 4

Termination: first we note that there are only finitely many pairs (C, D) in G, and hence
only finitely many iterations of the for-loop. Thus, the algorithm terminates if each of



the calls to auxRewrite terminates. To see why this is the case, notice that each branch
in the recursion tree for auxRewrite constructs a cause-conflict chain (assuming we
treat variables as individuals). This is because we always choose a new cause (the as-
sertion ) which is not already contradicted by one of the assertions selected so far.
Moreover, we know that the current cause has a conflict which contradicts the selected
conflict of the previous cause. Finally, we always make sure to choose a conflict which
is consistent with the set of assertions selected so far. Also note that by construction, the
cause-conflict chain we construct will be such that cpos(X;) = bpos({2;) forall ¢ > 1.
Thus, by condition No Loops, we cannot have 7; = 1 where ¢ < j except in the
case where 17 is the final inclusion in the chain. This means the recursion depth for
auxRewrite cannot exceed |CauseT (A4)| + 1.

Correctness: suppose that 7, A(a) satisfy conditions Ordering and No Loops, and
let —¢ be the output of Rewrite on input 7, A(a). We aim to show that for all ABoxes
A, we have (T, A) Fcons A(a) if and only if Z 4 |= ¢. For the first direction, suppose
(T, A) Fcons A(a), and let B be a repair of A w.r.t. 7 such that (7,B) ¥~ A(a).
Define the sets C and D as follows:

C ={C € CauseT(4) | Iy € Awith {7} = C(a) and 3D € ConflT(C) such that

36 € Bwith {8} = D(a)}
D ={D|3C € Csuchthat D € ConflT(C) and 38 € B with {8} = D(a)}

We remark that the pair (C, D) satisfies conditions (a), (b), and (c), and so there will be
a disjunct v of ¢ which is associated with this pair. We intend to show that the disjunct
1) is satisfied by Z 4. We know that 1 has the form

Jwy .. wp, /\ B A /\ v A /\ (Vz auxRewrite(7, A(a),C, z, S))

pes ~yel CceU

where

D={Bi,...,B,3P,...,3P,3P ..., 3P}

S ={Bi(a)}j—y U{Pi(a,wi)Yimy U{Pi(wi, a)}ipy,
I={v; #vj|v,v; € {a,w1,...,wptand T,SU{v;, =v;} = L}
U = CauseT(A) \ C

Because of the way we constructed (C, D), we know that each of the assertions B;(a)
belongs to B. We further know that we can find individuals ¢; such that P;(a,c;) € B
for every 1 < i < ¢ and P;(¢c;,a) € B forevery £ + 1 < ¢ < m. Define a valu-
ation o by o(w;) = ¢;. For convenience, we will apply valuations not only to vari-
ables but also to formulas, with the obvious meaning. We aim to show that the formula
c(Npes BN N,e17 N Noey (Ve auxRewrite(7, A(a),C,z,5))) holds in Z4. We
have already shown that o(3) € B C Aforevery 8 € S, and hence Za |= 0(/\ges )
We also know that all of the inequalities in I must be satisfied by the valuation o since
otherwise this would imply that B is not consistent with 7". Thus, all that remains to
be shown is that each formula o (Vz auxRewrite(7, A(a), C, x, S)) is satisfied by Z 4.
In other words, we must show that for every ¢’ which extends o to z, the formula



o(Vx auxRewrite(7, A(a),C, x,5)) is satisfied by Z 4. We will prove this by induc-
tion on subformulas. Specifically, we will show the following statement holds

if o is a valuation of Vars(G) U {v} satisfying o(G) C B, then
o(auxRewrite(7, A(a),C,v,G)) holds in Z 4.

for all subformulas auxRewrite(7, A(a),C,v,G) of ¥. The base case is when a sub-
formula auxRewrite(7, A(a), C, v, G) does not have any proper auxRewrite subfor-
mulas, i.e. there are no subcalls to auxRewrite. If o(«) does not appear in A, then the
first disjunct of the formula is satisfied by Z 4. Otherwise, o(a) and C' € CauseT(A)
implies that o(«) ¢ B. Using the maximality of B, we can find an assertion v € B
which conflicts with o(«). Note that if v = D(a) where D € ConflT(C), then
we would have C' € C and D € D, and so C' would never appear as an argument
to auxRewrite. Hence, it must be the case that C = JR for some basic role R,
o(a) = o(R(a,z)) = R(a,b) for some b, and there is D € ConflIT(3R™) such
that v = D(b). If D € N, then o(auxRewrite(7, A(a), C,v,G)) contains a dis-
junct o(D(x) A €). We know that the first part of this disjunct will be satisfied by
T 4 because o(D(z)) = D(b) = v € B C A. For the second part (c(e), we note
that o(T' U {8}) C B, and so consistency of B ensures all inequalities in ¢ must be
satisfied by o. Next consider the case where D = JT'. In this case, there is a dis-
junct o(yT(x,y) A €) in auxRewrite(7, A(a),C, v, G). To see why it is satisfied,
let d be such that v = T'(b,d), and define o’ as the extension of o to the new vari-
able y which assigns o’(y) = d. It is then easy to see that o’ (T'(z,y) A €) is satisfied
in Z 4 because of the presence of v in 5 C A and because of the consistency of B
(which guarantees that the inequalities € hold). Thus, we have shown that there is al-
ways some disjunct of auxRewrite(7, A(a),C,v,G) which is satisfied in Z 4, and
hence auxRewrite(7, A(a),C,v,G) holds in Z 4.

For the induction step, suppose that the statement holds for subformulas having at
most k nested auxRewrite subformulas. Let auxRewrite(7, A(a), C, v, G) be a sub-
formula of ¢ having k + 1 nested auxRewrite subformulas. In the simplest case, o («)
does not appear in A, and so the first disjunct of the formula is satisfied by Z 4. Let
us then consider the more interesting case where o(«) € A. Then there must be some
assertion v € B which conflicts with o(«). Using the same reasoning as in the base
case, we deduce that there is a basic role R, an individual b, and a concept D such
that C = 3R, o(a) = o(R(a,x)) = R(a,b), D € ConflIT(3R™), and v = D(b).
We have already seen above that there is a valuation ¢’ over Vars(G) U {v} such that
o'(GU{B}) C Band o'(8 A ¢) holds in Z 4. We then notice that each formula sub-
formula auxRewrite(7, A(a), H,u, G U {B}) with (H,u) € A has at most k nested
auxRewrite subformulas, and so we can apply the induction hypothesis to these for-
mulas using the valuation ¢’. This allows us to infer o’ (auxRewrite(7, A(a), H, u, GU
{#})) holds in Z4 for every (H,u) € A. This concludes our proof that the formula
auxRewrite(7, A(a),C,v,G) is satisfied in 7 4.

For the second direction, suppose Z 4 = ¢. We aim to construct a set B C .4 which
is consistent with 7 and satisfies (7, B) = A(a). As T4 = ¢, there must be some
disjunct 1) of ¢ such that T4 = ¢. Let (C, D) be the pair of sets which were used to



produce ¥. We know that 1) has the following form:

P = Jwy..wp, /\ B A /\ v A /\ (Vz auxRewrite(7, A(a),C, z, 5))
BeS vel Ceu

We can thus find a valuation 0y mapping variables w1, . . . , w,, toindividuals ¢y, . . ., ¢,
such that

oo /\ B A /\ v A /\ (Vz auxRewrite(7, A(a),C, x, S))
BeS ~erl CceU

holds in Z 4. We define By as the set {o(3) | § € S}. Note that we can be sure that By
is consistent with 7 because D is consistent with 7" and o satisfies the inequalities in .
Also note that every cause C(a) € A of A(a) with C' € N¢ must conflict with some
assertion in By, since otherwise C' ¢ C would imply that there is a conjunct ~C'(a) in
1), and such a conjunct could not be satisfied by Z 4. At this point, however, there may
be many role assertions which cause A(a) which do not conflict with 5y. We thus need
to add assertions to 3 to obtain a larger set I3 which conflicts with every cause in .A. In
order to do so, we will construct an ordered labelled tree which will make explicit how
the auxRewrite conjuncts are satisfied in Z 4 (i.e. how are variables instantiated and
which disjuncts are made true), and then we will show how a traversal of this tree allows
us to consistently extend 53 so as to contradict all causes in .A. The nodes of the tree will
correspond to pairs (auxRewrite(7, A(a),3T,x,S), o) of auxRewrite subformulas
coupled with a valuation such that o(auxRewrite(7, A(a),3T,x,S)) holds in Z 4.
Each such node is naturally associated with a cause for A(a), namely o(T'(a, x)). Each
node in the tree, excepting the root, will be labelled with an assertion which conflicts
with the node’s associated cause. Formally, the tree is defined as follows:

— the children of the root are the pairs (auxRewrite(7, A(a), 3T, x, S), o) such that:
— Vx auxRewrite(7, A(a), 3T, x,S) is a conjunct of ¢
— o extends o to variable x
- o(T(a,x)) € A
— the children of the root are ordered in such a way that a node (auxRewrite(7, A(a),
Ch,z,5),0) appears to the left of a node (auxRewrite(7,A(a),Cs,x,S),0’)
whenever C; < Oy
— for every non-root node n = (auxRewrite(7, A(a), 3T, z,5),0), let

d=(Fy)(BAeN /\ auxRewrite(7, A(a), H,v,S U{5}))
(Hw)eA

be a disjunct of auxRewrite(7, A(a),3T, x, S) such that o(d) holds in Z4. If 4 is
preceded by a quantifier Jy, then let ¢ be a constant which can be substituted for y
to make o (d) hold, and define ¢’ as the extension of o to y with o’(y) = c. If the
quantifier was omitted, set o’ = o. Then:
— we label node n with the assertion o’(3)
— the children of n are all pairs (auxRewrite(7, A(a), IR, v, SU{B}),c’) such
that (3R, v) € A and o' (R(a,v)) € A



The finiteness of the formula v ensures the finiteness of the constructed tree. A simple
inductive argument shows that for every node (k, o), the formula x(c’) holds in Z 4 and
the cause associated with (k, o) is present in .A. Finally, we note that because of the way
0 is selected, we can be sure that the label o’(3) of a node conflicts with its associated
cause.

It is now straightforward to use the tree to construct the desired B. We start with B =
By, and then we perform a depth-first left-to-right traversal of the tree. Whenever we
are at a node whose associated cause is not yet contradicted by 3, we add its label to B
and continue our depth-first traversal. If we reach a cause which is already contradicted
by B, we simply skip the subtree under the current cause and pursue the traversal as
if we had visited the subtree. When we return to the root, we continue on to the next
unexamined child node. We aim to show that at the end of our traversal the set B is
consistent with 7 and (7, BU {a}) = L for every cause « € A of the IQ A(a). For
the latter property, take some cause o € A. If o corresponds to a cause-type C' € C,
then our construction ensures that the original B contains a conflict for it. Otherwise, «
must correspond to a cause-type C' € U, which means there is child of the root whose
associated cause is «. It follows that at least once during the depth-first traversal we will
visit a node with associated cause «, and so at the first such occurrence, a conflict for o
will be added to B.

Now we turn to consistency of B with 7. Suppose for a contradiction that B is
inconsistent, and let 1,72 € B be such that (7,{v1,72} | L. We know that the
original BB, before tree traversal, must be consistent, so at least one of ~; and 72 must
have been added during the tree traversal. Suppose then that y; was added to B be-
fore 5. We suppose without loss of generality that there is no «{ which was added
before v, which conflicts with ~». First suppose that v; belongs to the original 3 and 2
was added when visiting node (auxRewrite(7, A(a), 3T, z,S), o). Then by construc-
tion, y; = o(f1) for some 31 € S and v2 = ¢'(fB2) where (35 is the first conjunct of
auxRewrite(7,A(a),3T,z,S). The conjunct e of auxRewrite(7,
A(a), 3T, z, S) will contain all inequalities that are needed to ensure that S U {32} is
consistent with 7. As ¢’ was chosen so as to make auxRewrite(7, A(a), 3T, x, S)
hold, ¢’ must verify €, and so y; and > must be consistent, contradicting our as-
sumption to the contrary. Exactly the same argument applies when o was added at
a node which is a successor of the node where ~; was added, since we still have that
~v1 = o(B1) for some 31 € S.

Let us now consider the more interesting case where ; was added at node

ny = (auxRewrite(7, A(a), 311, 21, 51),01),
72 was added at node
ny = (auxRewrite(7, A(a), ITs, x2,52), 02),

and ng is not a successor of ny. For i € {1, 2}, we let D; be the concept in ConflT(3T;)
which was selected at node n;; J; be the disjunct of auxRewrite(7, A(a), 315, z;, S;)
which is associated with D;; (3; be the first conjunct of §;; and o the extension of o; to
any new variable in ;. We know that o.(8;) = ;.



i . D1E-Ds
First consider the case where v; &————— 5. Then we must have o (1) =

o2(x2) and Dy € ConflT(3T; ) N ConflT(D;). We must also have (7,51 U {61} U
{T»(a,x1)}) = L since otherwise o2(T5(a, z2)) = o1(T2(a,z1)) would already be
contradicted by some assertion 3 by the time we visit ng, in which case v2 would
not have been added. It follows that the pair (375, 2;1) will be added to A, and so
ny will have a child (auxRewrite(7, A(a), IT%, 1,51 U {B1}),0}). This is a con-
tradiction since this would again imply that B contains a conflict for v, before the

node no is visited. A similar argument applies in the case where D; = 3X and

-3X-
T P, SN 72, except this time we will have (375, 22) € A4, yielding a child

node (auxRewrite(7, A(a), 3T, z2, 51 U {B1}),0}).

.. . . D,C-3Y ™
The remaining case is when we have Dy = 3Y and either /; &——— ~5 or

3X-C-3y - .
v, &—— 2 (where D1 = 3X). In this case, we show that we can construct

a cause-conflict chain which satisfies conditions C1 and C3. To build the chain, first
let po . .. pi, be the sequence of nodes on the path from the root to n1, excluding the
root. L.e. pr = ny and py is the unique child of the root which is an ancestor of n;. For
each 1 <1 < k, we let R; be the cause-type associated with the node p;, and let v; be
the variable associated with it (i.e. R; and v; are the third and fourth arguments of the
auxRewrite expression of p;). We can then set u; = R;(a,v;) and 7; = IR; C A.
Let x; be the selected disjunct of node p;’s associated formula. We set p; equal to
the first conjunct of x;, and we use the inclusion I; = IR; T —D;, where D; is
the concept associated with disjunct ;. For the assertion \;, we choose any assertion

. D,CE IV, CE )
A; such that either p;_y &—— \; (or pj—y &—— \; if D; = 3V;) and

EC-3R; . .
;i #————— u; for some concept E. We know such an assertion must exists because

of the way children of nodes are defined. Finally, for the end of the chain, we set A\ =
B2, g1 = o1(Te(a,x1)), Y41 is either Dy C —=3FY~ or 3IX~ C —-3Y~ (where
D; = 3X), and (2,11 =. Now we can instantiate the variables with individuals in any
way we like as long as we map distinct variables to distinct individuals and we ensure
pr = -1 is mapped to (3. It can be verified that we obtain in this manner a proper
cause-conflict chain. The conditions defining the children of a node ensure that p; are
always chosen so as to not contradict p; selected earlier on the path from the root (giving
forward consistency) and that we only allow as child nodes causes which are not already
contradicted by some previous p; (ensuring forward minimality). Conditions C1 and
C3 are satisfied by construction. We have thus shown that there is a cause-conflict chain
satisfying C1 and C3 which starts with 3Ry = A and ends with 375 T A. Because of
the property Ordering, we must have 375 < 3R,. But this is a contradiction since it
implies that we would have already visited a node with associated cause o2 (7% (a, x2))
and added a conflict for it to B before beginning the path to 71, and a fortiori before
visiting the node ns.

E Proof of Theorem 5

Given a TBox 7 and a CQ ¢, we first compute (in the standard manner) a UCQ ¢ =
g1V ... V gy such that for all ABoxes A, we have (7, A) = qifandonlyif Z4 = ¢'.



Then to each disjunct g; we add the conjunction of the negations of all atomic queries
which could contradict one of the atoms in the disjunct (e.g. if a disjunct contains A(x),
and the TBox entails A C —B, we will add —B(x) to the disjunct). This yields a new
first-order query ¢”/. We claim that ¢’ is satisfied by an ABox A if and only if the
original CQ ¢ is cautiously entailed from 7, A. For the first direction, suppose that ¢
is cautiously entailed from 7', A, and let A" C A denote the intersection of the repairs
of Aw.r.t. 7. Then since (7, A") = ¢, we must also have Z 4~ = ¢'. There must thus
be a disjunct § of ¢ which is satisfied by A", and so we can find a match 7 for ¢ in
Z 4-. Now let 6* be the disjunct of ¢"” which was obtained from §. We claim that 7 is a
match for 6* in Z 4, and hence that 74 = ¢”. First note that each conjunct of §* which
also appears in 4 is a positive atom a(v) for which we know a(7(v)) holds in Z 4-. As
A" C A, the assertion «(7(v)) must also hold in Z 4. Consider next a new conjunct of
0*, which must be of one of the following forms: = A(x), =3y S(x,y), or =3y S(y, z).
Suppose for a contradiction that a conjunct -3y S(z,y) is not satisfied. Then there
must exist an individual ¢ such that S(m(x), c) appears in Z 4. But we know from the
construction of ¢” that the assertion S(r(z),c) conflicts with assertion «(w(v)) for
some atom «(v) € ¢. It follows that (7 (v)) does not appear in Z 4-, contradicting our
earlier assumption to the contrary. The argument is analogous for the two other types of
new conjuncts.

For the second direction, suppose that Z4 = ¢”, and let 7 be a match which makes
some disjunct §* of ¢’ hold true. Consider some atom a(v) which is a conjunct of
0* and the corresponding disjunct ¢ in ¢’. We know that «(7(v)) holds in Z 4, and
we wish to show that a(m(v)) holds also in Z 4. Suppose this is not the case. Then
the maximality of A" implies that there must be some assertion in .4 which conflicts
with a(m(v)) given 7. By construction, such an assertion must conflict with one of the
negative conjuncts of §*, but this contradicts the fact that 7 is a match which makes §*
hold in Z 4. Thus, it must be the case that 7 makes all conjuncts of § hold in Z 4-, and
so (T, A") = ¢, hence (T, A) Ecqut -



