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REASONING WITH LIGHTWEIGHT DLS



LIGHTWEIGHT ONTOLOGY LANGUAGES

Some applications require
Scalability concerns led to proposal of DLs with lower complexity

EL family of DLs (basis for OWL 2 EL)
- designed to allow efficient reasoning with large ontologies

- key technique: saturation (~ forward chaining)
DL-Lite family of DLs (basis for OWL 2 QL)
- designed for ontology-mediated query answering

- key technique: query rewriting (~ backward chaining)
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REASONING IN EL




THE EL FAMILY: SIMPLER LOGICS FOR SCALABLE REASONING

The and its extensions are designed for applications
requiring

This family of DLs is well suited for biomedical applications.

Examples of large biomedical ontologies:

- GO (Gene Ontology), around 20,000 concepts

- NCI (cancer ontology), around 30,000 concepts

- SNOMED (medical ontology), over 350,000 concepts (!)

Pericarditis C Inflammation M Jloc.Pericardium

Pericardium C Tissue M JpartOf.Heart  Inflammation C Disease
Disease M Jloc.dpartOf.Heart C HeartDisease
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SYNTAX OF EL

In £L, complex concepts are built as follows:
C=T|A|GNG|3rC

Only concept inclusions C; C G, in the TBox
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SYNTAX OF EL

In £L, complex concepts are built as follows:
C=T|A|GNG|3rC

Only concept inclusions C; C G, in the TBox

Some possible extensions:
- 1 (to express disjoint classes)
- domain restrictions dom(r) C C
- range restrictions range(r) C C
rio..or C o rorr)

OWL 2 EL profile includes all these extensions

We will focus on plain ££ (without these extensions)
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NORMAL FORM FOR EL TBOXES

T is in normal form if it contains only inclusions of the forms:
ACB ANMAACB ACdrB drACB

where A, A1, Ay, B are concept names (or T).

Use term basic axioms for such inclusions, and basic assertions to
refer to non-complex assertions
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NORMAL FORM FOR EL TBOXES

T is in normal form if it contains only inclusions of the forms:
ACB ANMAACB ACdrB drACB
where A, A1, Ay, B are concept names (or T).

Use term basic axioms for such inclusions, and basic assertions to
refer to non-complex assertions

Theorem: for every ££ TBox T, we can construct in PTIME a TBox 7
in normal form (possibly using new concept names) such that:

- for every inclusion C C D which uses only concept names from T,
wehave T =CCDIff T"=CCD

- for every ABox A and assertion « that only uses concept names
from (7,.A), we have
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NORMALIZATION PROCEDURE

Exhaustively apply the following normalization rules to 7= (any order)

BEE > DEAnew AnewEE

Cl_l/D\EB A E)EAnew CMApew EB
Dnccs e DC Anew AnewMCLCB
HFEEB ~ DEAnew Ar.Anew E B
BLC 3!’.5 ~ BT 3ArAnew Anew C D
BCDME ~ BCD BLCE

where:

- C,D, E are arbitrary ££ concepts,

. are '

- Bis a concept name,

isa
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EXAMPLE: NORMALIZATION

Applying the fourth rule to 3r.(3s. AMH) C BMD
IS AMHLCE dJrECBMD
Use third rule to transform 3s.ATH C E into
IS ACF FMHCE
Last rule used to replace by
dr.ECB drrECD
End result:

3SACF FOHCE drECB dJrECD
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SATURATION RULES FOR EL

Rules for deriving ontology axioms

AEB BLD .,

01 02

ACA ACT ACD
ACB, ACB, BiMBED AC3rB BiCB 3rBCD
ACD ACD

Rules for deriving assertions

ACB Ac) o MMALCSH Ai(c) Ax(o) ,, JAEB r(c,d) A(d) 0

B(c) B(c) B(c) ’

Premises = axioms / assertions above the line

= axiom / assertion below the line
10/21



SATURATION PROCEDURE

Assume w.l.o.g. that start from KB whose TBox is in normal form &
whose
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- obtained from one of the ‘abstract’ saturation rules by replacing
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SATURATION PROCEDURE

Assume w.l.o.g. that start from KB whose TBox is in normal form &
whose

Instantiated rule:

- obtained from one of the ‘abstract’ saturation rules by replacing
A, B,D by £L-concepts and r by some role name

- must only contain basic axioms & assertions (important!)
Instantiated rule with premises ay, ..., oy and conclusion 3 is
applicable in € if {a1,...,ap} CKand 8 ¢ K

- in this case, can apply the rule by adding 3 to K

Saturation procedure: exhaustively apply instantiated rules until no
rule is applicable
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EXAMPLE: SATURATION RULES

TBox 7 contains axioms:
(1) 3hasingred.SpicyCSpicy (2) Spicy M DishCSpicyDish
(3) ArrabSauceC3hasIngred.Chili (4) ChiliCSpicy

ABox A contains:

(5) Dish(p) (6) hasingred(p,s) (7) ArrabSauce(s)
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EXAMPLE: SATURATION RULES

TBox 7T contains axioms:

(1) 3haslingred.SpicyCSpicy

(3) ArrabSauceC3hasingred.Chili

ABox A contains:

(5) Dish(p)

(6) hasingred(p,s)

(2) Spicy M DishCSpicyDish
(4) ChiliCSpicy

(7) ArrabSauce(s)

Saturation procedure adds the following axioms and assertions:

(8) ArrabSauce C Spicy
(9) Spicy(s)

(10) Spicy(p)

(11) SpicyDish(p)

using (1), 3), (4) and rule T5
(7), (8), and rule A1
(1), (6), (9), and rule A3
(2), (5)

10), and rule A2

using
using (1), (6),

using (2), (5),
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EXAMPLE: SATURATION RULES

TBox 7T contains axioms:

(1) 3haslingred.SpicyCSpicy

(3) ArrabSauceC3hasingred.Chili

ABox A contains:

(5) Dish(p)

(6) hasingred(p,s)

(2) Spicy M DishCSpicyDish
(4) ChiliCSpicy

(7) ArrabSauce(s)

Saturation procedure adds the following axioms and assertions:

(8) ArrabSauce C Spicy
(9) Spicy(s)

(10) Spicy(p)

(11) SpicyDish(p)

Examining the result,

using (1), (3), (4) and rule T5
7), (8), and rule A1
1), (6), (9), and rule A3
using (2), (5), (10), and rule A2

(

using (
using (
(
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USING SATURATED KB FOR REASONING

Denote by or (resp. ) result of exhaustively
applying saturation rules to KB (resp. TBox 7)
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USING SATURATED KB FOR REASONING

(resp. ) result of exhaustively

Denote by or
(resp. TBox 7)

applying saturation rules to KB

To find all instances of concept name A w.rt. K = (7, .A):
1. Normalize T, yielding 7", then construct sat(77,.A)
2. Return all individuals c such that A(c) € sat(77,.A).
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2. Return all individuals c such that A(c) € sat(77,.A).

To test whether 7 = A C B (A, B concept names):
1. Normalize T, yielding 7", then construct sat(7")
(can alternatively construct sat(7”,.A) if have an ABox A)
2. Check if sat(7") contains A C B, return yes if so, else no.

13/21



USING SATURATED KB FOR REASONING

Denote by or (resp. ) result of exhaustively
applying saturation rules to KB (resp. TBox 7)

To find all instances of concept name A w.rt. K = (7, .A):
1. Normalize T, yielding 7", then construct sat(77,.A)
2. Return all individuals c such that A(c) € sat(77,.A).

To test whether 7 = A C B (A, B concept names):
1. Normalize T, yielding 7", then construct sat(7")
(can alternatively construct sat(7”,.A) if have an ABox A)
2. Check if sat(7") contains A C B, return yes if so, else no.

What about assertions / inclusions involving complex concepts?
- Use new concept names to represent complex concepts, e.g. if Cis
a complex concept, add Xc C Cand CC Xc to T (with X¢ fresh).

- Proceed as above but use X¢ in place of C.
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PROPERTIES OF SATURATION PROCEDURE

Theorem. All exhaustive sequences of rule applications lead to a

Theorem. The saturated KB sat(K) can be constructed in polynomial
time in |K|
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Theorem. All exhaustive sequences of rule applications lead to a

Theorem. The saturated KB sat(K) can be constructed in polynomial
time in |K|

Theorem. The saturation procedure is correct and complete for
axiom entailment and instance checking involving concept names.
Specifically:

- for every concept inclusion A C B (with A, B concept names):
TEALCBIffAC Besat(K)iffAC B esat(T)
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PROPERTIES OF SATURATION PROCEDURE

Theorem. All exhaustive sequences of rule applications lead to a

Theorem. The saturated KB sat(K) can be constructed in polynomial
time in |K|

Theorem. The saturation procedure is correct and complete for
axiom entailment and instance checking involving concept names.
Specifically:
- for every concept inclusion A C B (with A, B concept names):
TEALCBIffAC Besat(K)iffAC B esat(T)
- for every ABox assertion a = A(b) with A a concept name:
K = A(b) iff A(b) € sat(K)

Next slides: sketch proofs for correctness and completeness
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CORRECTNESS OF SATURATION

Aim to show that:
- ifACBesat(K), thenT =EACB
- ITA(b) € sat(K), then K = A(b)
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CORRECTNESS OF SATURATION

Aim to show that:
- ifACBesat(K), thenT =EACB
- if A(b) € sat(K), then K = A(b)

As sat(K) is the result of a sequence of rule applications, it suffices
to show the following lemma:

Lemma. If a saturation rule application produces g from the
premises ar,...,ap, and K = a; (1 < i< n), then K |= 5.

15/21



CORRECTNESS OF SATURATION

Aim to show that:
- ifACBesat(K), thenT =EACB
- if A(b) € sat(K), then K = A(b)

As sat(K) is the result of a sequence of rule applications, it suffices
to show the following lemma:

Lemma. If a saturation rule application produces g from the
premises ar,...,ap, and K = a; (1 < i< n), then K |= 5.

Proof sketch:

(produced axioms hold in any model)
- easy arguments for other rules, e.g. for T3:
- suppose K =AC Band K =B C D, take any model Z of K and e € AT,

must have e € BY due to A C B, hence e € DF due to B C D, yielding
Z E=ALC Dasrequired
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COMPLETENESS OF SATURATION

We prove the contrapositive, namely:
- ifAC B¢sat(K), then T FACB
- ifA(b) ¢ sat(K), then K = A(b)
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COMPLETENESS OF SATURATION

We prove the contrapositive, namely:
- ifAC B¢sat(K), then T FACB
- ifA(b) ¢ sat(K), then K = A(b)

Proof strategy:
- build an interpretation Cx. from sat(K)

- show that Cx is a model of K
- show that Cx £ A C Bwhen A C B ¢ sat(K)
- show that
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COMPLETENESS OF SATURATION

Define Cx, as follows:

- A% = Ind(A) U {w, | A concept name appearing in K} U {wr}

- r’c = {(a,b) | r(a,b) € K} U {(wa,ws) | AC 3r.B € sat(K)}
U{(a,wg) | AC 3r.B € sat(K),A(a) € sat(K) for some A}
- ac = aforall a € Ind(A)

where Ind(A) is set of individual names in A
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COMPLETENESS OF SATURATION

Define Cx, as follows:

- A% = Ind(A) U {w, | A concept name appearing in K} U {wr}

- r’c = {(a,b) | r(a,b) € K} U {(wa,ws) | AC 3r.B € sat(K)}
U{(a,wg) | AC 3r.B € sat(K),A(a) € sat(K) for some A}
- ac = aforall a € Ind(A)

where Ind(A) is set of individual names in A

Observe that by construction, we have:

- Cx \75 AC BwhenALCB g Sat(}() wy € ASK but wy & BCx
- Cx = A(b) when A(b) & sat(K)

for all concept names A, B and individuals b occurring in K
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COMPLETENESS OF SATURATION

By definition, Cx is a model of A
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COMPLETENESS OF SATURATION

By definition, Cx is a model of A

To show it is a model of 7, consider different kinds of axioms:

- Case : AL Be T and e € A<

- If e € Ind(A), then A(e) € sat(K). Due to A1, B(e) € sat(K), so e € B°~<.
- If e = wp, then DC A € sat(T). Due to T3, D C B € sat(T), so e € B°K.
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By definition, Cx is a model of A

To show it is a model of 7, consider different kinds of axioms:

- Case l: AC Be T and e € A°c

- If e € Ind(A), then A(e) € sat(K). Due to A1, B(e) € sat(K), so e € B°~<.
- If e = wp, then D C A € sat(T). Due to T3, D C B € sat(T), so e € B°~.

- Case 2: A\MA, CBc T andec (A TA)x
- similar argument using A2 and T4

- Case3: AC IrBe T ande € A<
- argument uses T3

- Case 4 IrALC B, e’ € A%, and (e, e’) € rex
- argument uses A3 and T5
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COMPLETENESS OF SATURATION

By definition, Cx is a model of A

To show it is a model of 7, consider different kinds of axioms:

- Case l: AC Be T and e € A°c

- If e € Ind(A), then A(e) € sat(K). Due to A1, B(e) € sat(K), so e € B°~<.
- If e = wp, then D C A € sat(T). Due to T3, D C B € sat(T), so e € B°~.

- Case 2: A\MA, CBc T andec (A TA)x
- similar argument using A2 and T4

- Case3: AC IrBe T ande € A<
- argument uses T3

- Case 4 IrALC B, e’ € A%, and (e, e’) € rex
- argument uses A3 and T5

Call Cx the (compact)
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COMPLEXITY OF REASONING IN EL

Theorem. Axiom entailment and instance checking over ££ KBs are
PTIME-complete

- upper bound: saturation procedure from previous slides

- lower bound: entailment from propositional Horn theories
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COMPLEXITY OF REASONING IN EL

Theorem. Axiom entailment and instance checking over ££ KBs are
PTIME-complete

- upper bound: saturation procedure from previous slides

- lower bound: entailment from propositional Horn theories

Note: with , same problems are

Further advantage of saturation approach: ‘single-pass’ reasoning

- compute saturation once, then read off all entailed assertions
and inclusions involving concept names

In practice:

- huge ontologies like SNOMED can be classified in a few seconds
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EXTENSIONS OF EL

We can add all of the following without losing tractability:
o AL
- dom(r)E C range(r) C C

“ ro..of, C ryy (complex role inclusions)
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EXTENSIONS OF EL

We can add all of the following without losing tractability:
o AL
- dom(r)E C range(r) C C

“ ro..of, C ryy (complex role inclusions)

But adding any of the following makes reasoning EXPTIME-hard:

- negation —

- disjunction U

- at-least or at-most restrictions: > 2r, < 1r
- functional roles (functr)

- inverse roles r—
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GLIMPSE AT ELI

The DL is obtained by

Reasoning in ££Z is much more difficult (EXPTIME-complete)

However, ££Z retains some nice properties:

- admits a canonical model, hence no ‘case-based’ reasoning

Can extend saturation procedure to ££Z
- still deterministic

- may be exponential since need to consider sets of concept names
- deduce AMDC Ir.(BME)fromAC3IrBand3Ir .DCE

In practice: ££7 and other ‘Horn DLs' easier to handle than ALC
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