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REASONING WITH LIGHTWEIGHT DLS



LIGHTWEIGHT ONTOLOGY LANGUAGES

Some applications require very large ontologies and/or data

Scalability concerns led to proposal of DLs with lower complexity

EL family of DLs (basis for OWL 2 EL)
∙ designed to allow efficient reasoning with large ontologies
∙ key technique: saturation (∼ forward chaining)

DL-Lite family of DLs (basis for OWL 2 QL)
∙ designed for ontology-mediated query answering
∙ key technique: query rewriting (∼ backward chaining)
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REASONING IN EL



THE EL FAMILY: SIMPLER LOGICS FOR SCALABLE REASONING

The logic EL and its extensions are designed for applications
requiring very large ontologies.

This family of DLs is well suited for biomedical applications.

Examples of large biomedical ontologies:
∙ GO (Gene Ontology), around 20,000 concepts
∙ NCI (cancer ontology), around 30,000 concepts
∙ SNOMED (medical ontology), over 350,000 concepts (!)

Pericarditis � Inflammation � ∃loc.Pericardium
Pericardium � Tissue � ∃partOf.Heart Inflammation � Disease

Disease � ∃loc.∃partOf.Heart � HeartDisease
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SYNTAX OF EL

In EL, complex concepts are built as follows:

C := ⊤ | A | C1 ⊓ C2 | ∃r.C

Only concept inclusions C1 ⊑ C2 in the TBox

Some possible extensions:
∙ ⊥ (to express disjoint classes)
∙ domain restrictions dom(r) ⊑ C
∙ range restrictions range(r) ⊑ C
∙ complex role inclusions r1 ◦ ... ◦ rn ⊑ rn+1 (transitivity:r ◦ r ⊑ r)

OWL 2 EL profile includes all these extensions

We will focus on plain EL (without these extensions)
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NORMAL FORM FOR EL TBOXES

T is in normal form if it contains only inclusions of the forms:

A ⊑ B A1 ⊓ A2 ⊑ B A ⊑ ∃r.B ∃r.A ⊑ B

where A,A1,A2,B are concept names (or ⊤).

Use term basic axioms for such inclusions, and basic assertions to
refer to non-complex assertions

Theorem: for every EL TBox T , we can construct in PTIME a TBox T ′

in normal form (possibly using new concept names) such that:
∙ for every inclusion C ⊑ D which uses only concept names from T ,
we have T |= C ⊑ D iff T ′ |= C ⊑ D

∙ for every ABox A and assertion α that only uses concept names
from (T ,A), we have T ,A |= α iff T ′,A |= α

More specifically: T ′ is a conservative extension of T (see exercises)
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NORMALIZATION PROCEDURE

Exhaustively apply the following normalization rules to T : (any order)

D̂ ⊑ Ê ⇝ D̂ ⊑ Anew Anew ⊑ Ê
C ⊓ D̂ ⊑ B ⇝ D̂ ⊑ Anew C ⊓ Anew ⊑ B
D̂ ⊓ C ⊑ B ⇝ D̂ ⊑ Anew Anew ⊓ C ⊑ B
∃r.D̂ ⊑ B ⇝ D̂ ⊑ Anew ∃r.Anew ⊑ B
B ⊑ ∃r.D̂ ⇝ B ⊑ ∃r.Anew Anew ⊑ D̂
B ⊑ D ⊓ E ⇝ B ⊑ D B ⊑ E

where:
∙ C,D, E are arbitrary EL concepts,
∙ D̂, Ê are neither concept names nor ⊤,
∙ B is a concept name,
∙ Anew is a fresh (new) concept name
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EXAMPLE: NORMALIZATION

Applying the fourth rule to ∃r.(∃s.A ⊓ H) ⊑ B ⊓ D

∃s.A ⊓ H ⊑ E ∃r.E ⊑ B ⊓ D

Use third rule to transform ∃s.A ⊓ H ⊑ E into

∃s.A ⊑ F F ⊓ H ⊑ E

Last rule used to replace ∃r.E ⊑ B ⊓ D by

∃r.E ⊑ B ∃r.E ⊑ D

End result:

∃s.A ⊑ F F ⊓ H ⊑ E ∃r.E ⊑ B ∃r.E ⊑ D
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SATURATION RULES FOR EL

Rules for deriving ontology axioms

A⊑ A
T1

A⊑⊤
T2 A⊑ B B⊑ D

A⊑ D
T3

A⊑ B1 A⊑ B2 B1 ⊓ B2 ⊑ D
A⊑ D

T4 A⊑ ∃r.B1 B1 ⊑ B2 ∃r.B2 ⊑ D
A⊑ D

T5

Rules for deriving assertions

A⊑ B A(c)
B(c)

A1
A1 ⊓ A2 ⊑ B A1(c) A2(c)

B(c)
A2

∃r.A⊑ B r(c,d) A(d)
B(c)

A3

Premises = axioms / assertions above the line
Conclusion = axiom / assertion below the line
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SATURATION PROCEDURE

Assume w.l.o.g. that start from KB whose TBox is in normal form &
whose ABox contains ⊤(a) for each of its individuals a

Instantiated rule:
∙ obtained from one of the ‘abstract’ saturation rules by replacing
A,B,D by EL-concepts and r by some role name

∙ must only contain basic axioms & assertions (important!)

Instantiated rule with premises α1, . . . , αn and conclusion β is
applicable in K if {α1, . . . , αn} ⊆ K and β ̸∈ K
∙ in this case, can apply the rule by adding β to K

Saturation procedure: exhaustively apply instantiated rules until no
rule is applicable
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EXAMPLE: SATURATION RULES

TBox T contains axioms:

(1) ∃hasIngred.Spicy⊑Spicy (2) Spicy ⊓ Dish⊑SpicyDish
(3) ArrabSauce⊑∃hasIngred.Chili (4) Chili⊑Spicy

ABox A contains:

(5) Dish(p) (6) hasIngred(p, s) (7) ArrabSauce(s)

Saturation procedure adds the following axioms and assertions:

(8) ArrabSauce⊑ Spicy using (1), (3), (4) and rule T5
(9) Spicy(s) using (7), (8), and rule A1
(10) Spicy(p) using (1), (6), (9), and rule A3
(11) SpicyDish(p) using (2), (5), (10), and rule A2

Examining the result, return p as answer to instance query
q(x) = SpicyDish(x)
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USING SATURATED KB FOR REASONING

Denote by sat(K) or sat(T ,A) (resp. sat(T )) result of exhaustively
applying saturation rules to KB K = (T ,A) (resp. TBox T )

To find all instances of concept name A w.r.t. K = (T ,A):
1. Normalize T , yielding T ′, then construct sat(T ′,A)

2. Return all individuals c such that A(c) ∈ sat(T ′,A).

To test whether T |= A ⊑ B (A,B concept names):
1. Normalize T , yielding T ′, then construct sat(T ′)

(can alternatively construct sat(T ′,A) if have an ABox A)
2. Check if sat(T ′) contains A ⊑ B, return yes if so, else no.

What about assertions / inclusions involving complex concepts?
∙ Use new concept names to represent complex concepts, e.g. if C is
a complex concept, add XC ⊑ C and C ⊑ XC to T (with XC fresh).

∙ Proceed as above but use XC in place of C.
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PROPERTIES OF SATURATION PROCEDURE

Theorem. All exhaustive sequences of rule applications lead to a
unique saturated KB.

Theorem. The saturated KB sat(K) can be constructed in polynomial
time in |K|

Theorem. The saturation procedure is correct and complete for
axiom entailment and instance checking involving concept names.
Specifically:
∙ for every concept inclusion A ⊑ B (with A,B concept names):
T |= A ⊑ B iff A ⊑ B ∈ sat(K) iff A ⊑ B ∈ sat(T )

∙ for every ABox assertion α = A(b) with A a concept name:
K |= A(b) iff A(b) ∈ sat(K)

Next slides: sketch proofs for correctness and completeness
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CORRECTNESS OF SATURATION

Aim to show that:
∙ if A ⊑ B ∈ sat(K), then T |= A ⊑ B
∙ if A(b) ∈ sat(K), then K |= A(b)

As sat(K) is the result of a sequence of rule applications, it suffices
to show the following lemma:

Lemma. If a saturation rule application produces β from the
premises α1, . . . , αn, and K |= αi (1 ≤ i ≤ n), then K |= β.
Proof sketch:
∙ trivial for rules T1 and T2 (produced axioms hold in any model)
∙ easy arguments for other rules, e.g. for T3:

∙ suppose K |= A ⊑ B and K |= B ⊑ D, take any model I of K and e ∈ AI ,
must have e ∈ BI due to A ⊑ B, hence e ∈ DI due to B ⊑ D, yielding
I |= A ⊑ D as required
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COMPLETENESS OF SATURATION 1/3

We prove the contrapositive, namely:
∙ if A ⊑ B ̸∈ sat(K), then T ̸|= A ⊑ B
∙ if A(b) ̸∈ sat(K), then K ̸|= A(b)

Proof strategy:
∙ build an interpretation CK from sat(K)

∙ show that CK is a model of K
∙ show that CK ̸|= A ⊑ B when A ⊑ B ̸∈ sat(K)

∙ show that CK ̸|= A(b) when A(b) ̸∈ sat(K)
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COMPLETENESS OF SATURATION 2/3

Define CK, as follows:
∙ ∆CK = Ind(A) ∪ {wA | A concept name appearing in K} ∪ {w⊤}

∙ ACK = {b | A(b) ∈ sat(K)} ∪ {wB | B ⊑ A ∈ sat(K)}

∙ rCK = {(a,b) | r(a,b) ∈ K} ∪ {(wA,wB) | A ⊑ ∃r.B ∈ sat(K)}
∪ {(a,wB) | A ⊑ ∃r.B ∈ sat(K),A(a) ∈ sat(K) for some A}

∙ aCK = a for all a ∈ Ind(A)

where Ind(A) is set of individual names in A

Observe that by construction, we have:
∙ CK ̸|= A ⊑ B when A ⊑ B ̸∈ sat(K) wA ∈ ACK but wA ̸∈ BCK

∙ CK ̸|= A(b) when A(b) ̸∈ sat(K)

for all concept names A,B and individuals b occurring in K
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COMPLETENESS OF SATURATION 3/3

By definition, CK is a model of A

To show it is a model of T , consider different kinds of axioms:
∙ Case 1: A ⊑ B ∈ T and e ∈ ACK

∙ If e ∈ Ind(A), then A(e) ∈ sat(K). Due to A1, B(e) ∈ sat(K), so e ∈ BCK .
∙ If e = wD, then D ⊑ A ∈ sat(T ). Due to T3, D ⊑ B ∈ sat(T ), so e ∈ BCK .

∙ Case 2: A1 ⊓ A2 ⊑ B ∈ T and e ∈ (A1 ⊓ A2)CK

∙ similar argument using A2 and T4
∙ Case 3: A ⊑ ∃r.B ∈ T and e ∈ ACK

∙ argument uses T3
∙ Case 4: ∃r.A ⊑ B, e′ ∈ ACK , and (e, e′) ∈ rCK

∙ argument uses A3 and T5

Call CK the (compact) canonical model for K
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∙ If e ∈ Ind(A), then A(e) ∈ sat(K). Due to A1, B(e) ∈ sat(K), so e ∈ BCK .
∙ If e = wD, then D ⊑ A ∈ sat(T ). Due to T3, D ⊑ B ∈ sat(T ), so e ∈ BCK .

∙ Case 2: A1 ⊓ A2 ⊑ B ∈ T and e ∈ (A1 ⊓ A2)CK

∙ similar argument using A2 and T4
∙ Case 3: A ⊑ ∃r.B ∈ T and e ∈ ACK

∙ argument uses T3
∙ Case 4: ∃r.A ⊑ B, e′ ∈ ACK , and (e, e′) ∈ rCK

∙ argument uses A3 and T5

Call CK the (compact) canonical model for K

15



COMPLEXITY OF REASONING IN EL

Theorem. Axiom entailment and instance checking over EL KBs are
PTIME-complete
∙ upper bound: saturation procedure from previous slides

∙ lower bound: entailment from propositional Horn theories

Note: with only ⊓ and ∀r.C, same problems are EXPTIME-complete!

Further advantage of saturation approach: ‘single-pass’ reasoning
∙ compute saturation once, then read off all entailed assertions and
inclusions involving concept names

In practice:
∙ huge ontologies like SNOMED can be classified in a few seconds

16



COMPLEXITY OF REASONING IN EL

Theorem. Axiom entailment and instance checking over EL KBs are
PTIME-complete
∙ upper bound: saturation procedure from previous slides

∙ lower bound: entailment from propositional Horn theories

Note: with only ⊓ and ∀r.C, same problems are EXPTIME-complete!

Further advantage of saturation approach: ‘single-pass’ reasoning
∙ compute saturation once, then read off all entailed assertions and
inclusions involving concept names

In practice:
∙ huge ontologies like SNOMED can be classified in a few seconds

16



COMPLEXITY OF REASONING IN EL

Theorem. Axiom entailment and instance checking over EL KBs are
PTIME-complete
∙ upper bound: saturation procedure from previous slides

∙ lower bound: entailment from propositional Horn theories

Note: with only ⊓ and ∀r.C, same problems are EXPTIME-complete!

Further advantage of saturation approach: ‘single-pass’ reasoning
∙ compute saturation once, then read off all entailed assertions and
inclusions involving concept names

In practice:
∙ huge ontologies like SNOMED can be classified in a few seconds

16



COMPLEXITY OF REASONING IN EL

Theorem. Axiom entailment and instance checking over EL KBs are
PTIME-complete
∙ upper bound: saturation procedure from previous slides

∙ lower bound: entailment from propositional Horn theories

Note: with only ⊓ and ∀r.C, same problems are EXPTIME-complete!

Further advantage of saturation approach: ‘single-pass’ reasoning
∙ compute saturation once, then read off all entailed assertions and
inclusions involving concept names

In practice:
∙ huge ontologies like SNOMED can be classified in a few seconds

16



EXTENSIONS OF EL

We can add all of the following without losing tractability:
∙ ⊥

∙ dom(r) ⊑ C, range(r) ⊑ C

∙ r1 ◦ ... ◦ rn ⊑ rn+1 (complex role inclusions)

But adding any of the following makes reasoning EXPTIME-hard:
∙ negation ¬

∙ disjunction ⊔

∙ at-least or at-most restrictions: ≥ 2r, ≤ 1r

∙ functional roles (funct r)

∙ inverse roles r−
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GLIMPSE AT ELI

The DL ELI is obtained by adding inverse roles to EL

Reasoning in ELI is much more difficult (EXPTIME-complete)
However, ELI retains some nice properties:
∙ admits a canonical model, hence no ‘case-based’ reasoning

Can extend saturation procedure to ELI
∙ still deterministic
∙ may be exponential since need to consider sets of concept names

∙ deduce A ⊓ D ⊑ ∃r.(B ⊓ D) from A ⊑ ∃r.B and ∃r−.D ⊑ E

In practice: ELI and other ‘Horn DLs’ easier to handle than ALC

18



REASONING IN DL-LITE



USING ONTOLOGIES TO ACCESS DATA

Aim: enrich databases (DBs) with ontologies
∙ convenient vocabulary for users to specify queries

∙ link multiple datasets with different schemas
∙ knowledge in ontology can yield additional answers to queries

Desiderata:
∙ efficiency is crucial – must scale up to huge datasets
∙ instance queries too simple – want expressive queries like in DBs

∙ conjunctive queries ∼ select-project-join queries in SQL

DL-Lite family: designed for efficient conjunctive query answering
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DL-LITE

We consider the dialect DL-LiteR (basis for OWL 2 QL profile
∙ sometimes abbreviate to just ‘DL-Lite’

DL-LiteR axioms:
∙ concept inclusions B1 ⊑ B2, B1 ⊑ ¬B2

∙ role inclusions S1 ⊑ S2, S1 ⊑ ¬S2
where B := A | ∃S S := r | r−

Example axioms:
∙ Every professor teaches something: Prof ⊑ ∃teaches
∙ Everything that is taught is a course: ∃teaches− ⊑ Course
∙ Director of dept implies member of dept: directorOf ⊑ memberOf

Note: only basic ABox assertions (A(c), r(c, d), s.t. A, r concept & role names)
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CONJUNCTIVE QUERIES

An atom takes the form A(t1) or r(t1, t2) or t1 = t2 where:
∙ A is a concept name, r a role name
∙ each term ti is either a variable or individual name

A conjunctive query (CQ) has the form

q(x1, . . . , xk) = ∃y1, . . . , ym α1 ∧ . . . ∧ αn

where each αi is an atom with variables drawn from
x1, . . . , xk, y1, . . . , ym.

∙ y1, . . . , ym are called quantified / existential variables
∙ x1, . . . , xk are called answer variables

Note: where convenient, may treat CQs as sets of atoms, e.g. notation
α ∈ q means α is a conjunct of q
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SEMANTICS OF CONJUNCTIVE QUERIES 1/2

Boolean CQ = CQ that has no answer variables

Satisfaction of a Boolean CQ in an interpretation:
Interpretation I satisfies a Boolean CQ q if there exists a function π
mapping each term of q to an element of ∆I such that:

∙ for every individual a in q: π(a) = aI

∙ for every atom A(t) ∈ q: π(t) ∈ AI

∙ for every atom r(t1, t2) ∈ q: (π(t1), π(t2)) ∈ rI

∙ for every atom t1 = t2 ∈ q: π(t1) = π(t2)

22



EXAMPLE: SATISFACTION IN AN INTERPRETATION

Reconsider the example interpretation I :
�I = PersonI

MaleI FemaleI

TeacherI

ParentI

mariaI

peterI
e1<latexit sha1_base64="qUh62nzvvDUALrNRLk/Sh6lyFaA=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAbBU9iNgh4DevAY0TwgWcLspDcZMju7zMwKIeQTvHhQxKv4F/6BJ2/+jZPHQRMLGoqqbrq7gkRwbVz328msrK6tb2Q3c1vbO7t7+f1CXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDy4nfuEeleSzvzDBBP6I9yUPOqLHSLXa8Tr7oltwpyDLx5qRYyX5+FK7ej6qd/Fe7G7M0QmmYoFq3PDcx/ogqw5nAca6dakwoG9AetiyVNELtj6anjsmxVbokjJUtachU/T0xopHWwyiwnRE1fb3oTcT/vFZqwgt/xGWSGpRstihMBTExmfxNulwhM2JoCWWK21sJ61NFmbHp5GwI3uLLy6ReLnmnpfKNTeMMZsjCIRzBCXhwDhW4hirUgEEPHuAJnh3hPDovzuusNePMZw7gD5y3H91ikG4=</latexit>

e2<latexit sha1_base64="XZLlptW02Ly7VvnC44pveP108VY=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAbBU9iNgh4DevAY0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKv4F/6BJ2/+jZPHQRMLGoqqbrq7glhwbVz328msrK6tb2Q3c1vbO7t7+f1CXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDy4nfuEeleSTvzChGP6R9yXucUWOlW+yUO/miW3KnIMvEm5NiJfv5Ubh6P6p28l/tbsSSEKVhgmrd8tzY+ClVhjOB41w70RhTNqR9bFkqaYjaT6enjsmxVbqkFylb0pCp+nsipaHWozCwnSE1A73oTcT/vFZiehd+ymWcGJRstqiXCGIiMvmbdLlCZsTIEsoUt7cSNqCKMmPTydkQvMWXl0m9XPJOS+Ubm8YZzJCFQziCE/DgHCpwDVWoAYM+PMATPDvCeXRenNdZa8aZzxzAHzhvP97mkG8=</latexit>

e3
<latexit sha1_base64="aV1dvuS6H2G3EizRcqxn/gN39rA=">AAAB6nicbVDJSgNBEK2JW4xbjEcvTYLgKcwkgh4DevAY0SyQDKGnU5M06Vno7hHCkE/w4kERr+Jf+AeevPk3dpaDJj4oeLxXRVU9LxZcadv+tjJr6xubW9nt3M7u3v5B/rDQVFEiGTZYJCLZ9qhCwUNsaK4FtmOJNPAEtrzR5dRv3aNUPArv9DhGN6CDkPucUW2kW+xVe/mSXbZnIKvEWZBSLfv5Ubh6L9Z7+a9uP2JJgKFmgirVcexYuymVmjOBk1w3URhTNqID7Bga0gCVm85OnZATo/SJH0lToSYz9fdESgOlxoFnOgOqh2rZm4r/eZ1E+xduysM40Riy+SI/EURHZPo36XOJTIuxIZRJbm4lbEglZdqkkzMhOMsvr5JmpexUy5Ubk8YZzJGFYyjCKThwDjW4hjo0gMEAHuAJni1hPVov1uu8NWMtZo7gD6y3H+BqkHA=</latexit>

e4<latexit sha1_base64="IloledBPiGk0KtE3aa6zq9rimRI=">AAAB6nicbVDLSgNBEOyNrxhfMR69LAmCp7AbA3oM6MFjRPOAZAmzk95kyOzsMjMrhCWf4MWDIl7Fv/APPHnzb5w8DppY0FBUddPd5cecKe0431ZmbX1jcyu7ndvZ3ds/yB8WmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sfXU791j1KxSJxp8cxeiEZCBYwSrSRbrFX7eVLTtmZwV4l7oKUatnPj8LVe7Hey391+xFNQhSacqJUx3Vi7aVEakY5TnLdRGFM6IgMsGOoICEqL52dOrFPjNK3g0iaEtqeqb8nUhIqNQ590xkSPVTL3lT8z+skOrjwUibiRKOg80VBwm0d2dO/7T6TSDUfG0KoZOZWmw6JJFSbdHImBHf55VXSrJTds3LlxqRRhTmycAxFOAUXzqEG11CHBlAYwAM8wbPFrUfrxXqdt2asxcwR/IH19gPh7pBx</latexit>

e5
<latexit sha1_base64="cC5GhoS/bSTdCk9w7xn2I3ctWMM=">AAAB6nicbVDLSgNBEOyNrxhfMR69LAmCp7AbFT0G9OAxonlAsoTZSW8yZHZ2mZkVwpJP8OJBEa/iX/gHnrz5N04eB00saCiquunu8mPOlHacbyuzsrq2vpHdzG1t7+zu5fcLDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPLyd+8x6lYpG406MYvZD0BQsYJdpIt9g96+ZLTtmZwl4m7pyUqtnPj8LVe7HWzX91ehFNQhSacqJU23Vi7aVEakY5jnOdRGFM6JD0sW2oICEqL52eOraPjNKzg0iaEtqeqr8nUhIqNQp90xkSPVCL3kT8z2snOrjwUibiRKOgs0VBwm0d2ZO/7R6TSDUfGUKoZOZWmw6IJFSbdHImBHfx5WXSqJTdk3LlxqRxCjNk4RCKcAwunEMVrqEGdaDQhwd4gmeLW4/Wi/U6a81Y85kD+APr7QfjcpBy</latexit>

e6
<latexit sha1_base64="GljVjQlGOTze3Ig8w32EqxLHd5E=">AAAB6nicbVDLSgNBEOyNrxhfMR69LAmCp7AbRT0G9OAxonlAsoTZSW8yZHZ2mZkVwpJP8OJBEa/iX/gHnrz5N04eB00saCiquunu8mPOlHacbyuzsrq2vpHdzG1t7+zu5fcLDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPLyd+8x6lYpG406MYvZD0BQsYJdpIt9g96+ZLTtmZwl4m7pyUqtnPj8LVe7HWzX91ehFNQhSacqJU23Vi7aVEakY5jnOdRGFM6JD0sW2oICEqL52eOraPjNKzg0iaEtqeqr8nUhIqNQp90xkSPVCL3kT8z2snOrjwUibiRKOgs0VBwm0d2ZO/7R6TSDUfGUKoZOZWmw6IJFSbdHImBHfx5WXSqJTdk3LlxqRxCjNk4RCKcAwunEMVrqEGdaDQhwd4gmeLW4/Wi/U6a81Y85kD+APr7Qfk9pBz</latexit>

e7
<latexit sha1_base64="OFQ8Ylb1DFi6nVpbOwotgNc4gok=">AAAB6nicbVDLSgNBEOyNrxhfMR69LAmCp7AbhXgM6MFjRPOAZAmzk95kyOzsMjMrhCWf4MWDIl7Fv/APPHnzb5w8DppY0FBUddPd5cecKe0431ZmbX1jcyu7ndvZ3ds/yB8WmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sfXU791j1KxSJxp8cxeiEZCBYwSrSRbrFX7eVLTtmZwV4l7oKUatnPj8LVe7Hey391+xFNQhSacqJUx3Vi7aVEakY5TnLdRGFM6IgMsGOoICEqL52dOrFPjNK3g0iaEtqeqb8nUhIqNQ590xkSPVTL3lT8z+skOrjwUibiRKOg80VBwm0d2dO/7T6TSDUfG0KoZOZWmw6JJFSbdHImBHf55VXSrJTds3LlxqRxDnNk4RiKcAouVKEG11CHBlAYwAM8wbPFrUfrxXqdt2asxcwR/IH19gPmepB0</latexit>

e8
<latexit sha1_base64="DMxuN6uMJSFb66QwPCLuVQ2cUTk=">AAAB6nicbVDLSgNBEOyNrxhfMR69LAmCp7AbBXMM6MFjRPOAZAmzk95kyOzsMjMrhCWf4MWDIl7Fv/APPHnzb5w8DppY0FBUddPd5cecKe0431ZmbX1jcyu7ndvZ3ds/yB8WmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sfXU791j1KxSJxp8cxeiEZCBYwSrSRbrFX7eVLTtmZwV4l7oKUatnPj8LVe7Hey391+xFNQhSacqJUx3Vi7aVEakY5TnLdRGFM6IgMsGOoICEqL52dOrFPjNK3g0iaEtqeqb8nUhIqNQ590xkSPVTL3lT8z+skOqh6KRNxolHQ+aIg4baO7Onfdp9JpJqPDSFUMnOrTYdEEqpNOjkTgrv88ippVsruWblyY9I4hzmycAxFOAUXLqAG11CHBlAYwAM8wbPFrUfrxXqdt2asxcwR/IH19gPn/pB1</latexit>

e9
<latexit sha1_base64="TQOzFe9UiWnQiUECiIghkPtDPOQ=">AAAB6nicbVDLSgNBEOyNrxhfMR69LAmCp7AbBfUW0IPHiOYByRJmJ73JkNnZZWZWCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7y485U9pxvq3Myura+kZ2M7e1vbO7l98vNFSUSIp1GvFItnyikDOBdc00x1YskYQ+x6Y/vJz4zXuUikXiTo9i9ELSFyxglGgj3WL3opsvOWVnCnuZuHNSqmY/PwpX78VaN//V6UU0CVFoyolSbdeJtZcSqRnlOM51EoUxoUPSx7ahgoSovHR66tg+MkrPDiJpSmh7qv6eSEmo1Cj0TWdI9EAtehPxP6+d6ODcS5mIE42CzhYFCbd1ZE/+tntMItV8ZAihkplbbTogklBt0smZENzFl5dJo1J2T8qVG5PGKcyQhUMowjG4cAZVuIYa1IFCHx7gCZ4tbj1aL9brrDVjzWcO4A+stx/pgpB2</latexit>

e10
<latexit sha1_base64="cYPNH1G5yFGTIwttB8TenoRAI6M=">AAAB7XicbVDLSgNBEOz1GeMrxqOXJUHwFHajoMeAHjxGMA9IQpid9CZjZmeWmVkhLPkHLx4U8ahf4R948ubfOHkcNLGgoajqprsriDnTxvO+nZXVtfWNzcxWdntnd28/d5Cva5koijUquVTNgGjkTGDNMMOxGSskUcCxEQwvJ37jHpVmUtyaUYydiPQFCxklxkp17Ka+N+7mil7Jm8JdJv6cFCuZz4/81Vuh2s19tXuSJhEKQznRuuV7semkRBlGOY6z7URjTOiQ9LFlqSAR6k46vXbsHlul54ZS2RLGnaq/J1ISaT2KAtsZETPQi95E/M9rJSa86KRMxIlBQWeLwoS7RrqT190eU0gNH1lCqGL2VpcOiCLU2ICyNgR/8eVlUi+X/NNS+camcQYzZOAICnACPpxDBa6hCjWgcAcP8ATPjnQenRfndda64sxnDuEPnPcfETyRtA==</latexit>

e11<latexit sha1_base64="FjDtsTai95YwouXfa4BX+rtx3J0=">AAAB7XicbVDLSgNBEOz1GeMrxqOXJUHwFHajoMeAHjxGMA9IQpid9CZjZmeWmVkhLPkHLx4U8ahf4R948ubfOHkcNLGgoajqprsriDnTxvO+nZXVtfWNzcxWdntnd28/d5Cva5koijUquVTNgGjkTGDNMMOxGSskUcCxEQwvJ37jHpVmUtyaUYydiPQFCxklxkp17Ka+P+7mil7Jm8JdJv6cFCuZz4/81Vuh2s19tXuSJhEKQznRuuV7semkRBlGOY6z7URjTOiQ9LFlqSAR6k46vXbsHlul54ZS2RLGnaq/J1ISaT2KAtsZETPQi95E/M9rJSa86KRMxIlBQWeLwoS7RrqT190eU0gNH1lCqGL2VpcOiCLU2ICyNgR/8eVlUi+X/NNS+camcQYzZOAICnACPpxDBa6hCjWgcAcP8ATPjnQenRfndda64sxnDuEPnPcfEsGRtQ==</latexit>

e12<latexit sha1_base64="22d5/xbtc54AJKKQ2Lfxe1v4lmM=">AAAB7XicbVDLSgNBEOz1GeMrxqOXJUHwFHajoMeAHjxGMA9IQpid9CZjZmeWmVkhLPkHLx4U8ahf4R948ubfOHkcNLGgoajqprsriDnTxvO+nZXVtfWNzcxWdntnd28/d5Cva5koijUquVTNgGjkTGDNMMOxGSskUcCxEQwvJ37jHpVmUtyaUYydiPQFCxklxkp17KZ+edzNFb2SN4W7TPw5KVYynx/5q7dCtZv7avckTSIUhnKidcv3YtNJiTKMchxn24nGmNAh6WPLUkEi1J10eu3YPbZKzw2lsiWMO1V/T6Qk0noUBbYzImagF72J+J/XSkx40UmZiBODgs4WhQl3jXQnr7s9ppAaPrKEUMXsrS4dEEWosQFlbQj+4svLpF4u+ael8o1N4wxmyMARFOAEfDiHClxDFWpA4Q4e4AmeHek8Oi/O66x1xZnPHMIfOO8/FEaRtg==</latexit>

e13
<latexit sha1_base64="uoOOMedzdjeG23fGSYoT7aj8VqQ=">AAAB7XicbVDLSgNBEOyNrxhfMR69DAmCp7CbCHoM6MFjBPOAZAmzk9lkzOzMMjMrhCX/4MWDIh71K/wDT978GyePgyYWNBRV3XR3BTFn2rjut5NZW9/Y3Mpu53Z29/YP8oeFppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupz6rXuqNJPi1oxj6kd4IFjICDZWatJe6lUnvXzJLbszoFXiLUiplv38KFy9Feu9/Fe3L0kSUWEIx1p3PDc2foqVYYTTSa6baBpjMsID2rFU4IhqP51dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73sTcX/vE5iwgs/ZSJODBVkvihMODISTV9HfaYoMXxsCSaK2VsRGWKFibEB5WwI3vLLq6RZKXvVcuXGpnEGc2ThGIpwCh6cQw2uoQ4NIHAHD/AEz450Hp0X53XemnEWM0fwB877DxXLkbc=</latexit>

e14<latexit sha1_base64="3MZqK67bGNvihXf6prdR107Q+So=">AAAB7XicbVDLSgNBEJyNrxhfMR69DAmCp7AbA3oM6MFjBPOAZAmzk95kzOzMMjMrhCX/4MWDIh71K/wDT978GyePgyYWNBRV3XR3BTFn2rjut5NZW9/Y3Mpu53Z29/YP8oeFppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHocuq37kFpJsWtGcfgR2QgWMgoMVZqQi/1qpNevuSW3RnwKvEWpFTLfn4Urt6K9V7+q9uXNIlAGMqJ1h3PjY2fEmUY5TDJdRMNMaEjMoCOpYJEoP10du0En1ilj0OpbAmDZ+rviZREWo+jwHZGxAz1sjcV//M6iQkv/JSJODEg6HxRmHBsJJ6+jvtMATV8bAmhitlbMR0SRaixAeVsCN7yy6ukWSl7Z+XKjU2jiubIomNURKfIQ+eohq5RHTUQRXfoAT2hZ0c6j86L8zpvzTiLmSP0B877DxdQkbg=</latexit>

e15
<latexit sha1_base64="dHq4Sh6K4Edw54sHrbVWxXCtmmc=">AAAB7XicbVDLSgNBEOyNrxhfMR69DAmCp7AbFT0G9OAxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEY/6Ff6BJ2/+jZPHQRMLGoqqbrq7gpgzbVz328msrK6tb2Q3c1vbO7t7+f1CQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMYXk785j1Vmklxa0Yx9SPcFyxkBBsrNWg39c7G3XzJLbtToGXizUmpmv38KFy9FWvd/FenJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rZU4IhqP51eO0ZHVumhUCpbwqCp+nsixZHWoyiwnRE2A73oTcT/vHZiwgs/ZSJODBVktihMODISTV5HPaYoMXxkCSaK2VsRGWCFibEB5WwI3uLLy6RRKXsn5cqNTeMUZsjCIRThGDw4hypcQw3qQOAOHuAJnh3pPDovzuusNePMZw7gD5z3HxjVkbk=</latexit>

�I
<latexit sha1_base64="8lbdnIWZH702dvD9mJ2fkSc5MNc=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyWpC92IRV3oroJ9QBPLZDpph04mYWYilBDwV0RwoYhb/8C9G/FvnLRdaOuBgcM593LPHD9mVCrb/jYKc/MLi0vFZXNldW19w9rcasgoEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH5znfvOOCEkjfqOGMfFC1OM0oBgpLXWsHfeCMIVuUzdEqo8RS6+yDHaskl22R4CzxJmQ0umHeRI/fpm1jvXpdiOchIQrzJCUbceOlZcioShmJDPdRJIY4QHqkbamHIVEeukofgb3tdKFQST04wqO1N8bKQqlHIa+nsxDymkvF//z2okKjr2U8jhRhOPxoSBhUEUw7wJ2qSBYsaEmCAuqs0LcRwJhpRszdQnO9JdnSaNSdg7LlWu7VD0DYxTBLtgDB8ABR6AKLkEN1AEGKXgAz+DFuDeejFfjbTxaMCY72+APjPcfrWuY8Q==</latexit>

ProfessorI
<latexit sha1_base64="oX8TkZGisFU0CoheUIhsD6MHbf0=">AAACAHicbVC7SgNBFJ31GeNr1cJCkcEgWIXdWGgZtNEuAfOAZA2zk9lkyOzMMjMrhGUbwS+xsVDELvgZdn6DP+FskkITD1w4nHMv997jR4wq7Thf1sLi0vLKam4tv76xubVt7+zWlYglJjUsmJBNHynCKCc1TTUjzUgSFPqMNPzBVeY37olUVPBbPYyIF6IepwHFSBupY+9XpAiIUkLeJe0Q6T5GLLlJ045dcIrOGHCeuFNSKB+Oqt+PR6NKx/5sdwWOQ8I1ZkiplutE2kuQ1BQzkubbsSIRwgPUIy1DOQqJ8pLxAyk8MUoXBkKa4hqO1d8TCQqVGoa+6cxuVLNeJv7ntWIdXHgJ5VGsCceTRUHMoBYwSwN2qSRYs6EhCEtqboW4jyTC2mSWNyG4sy/Pk3qp6J4VS1WTxiWYIAcOwDE4BS44B2VwDSqgBjBIwRN4Aa/Wg/VsvVnvk9YFazqzB/7A+vgBrDGazA==</latexit>

ProfessorI
<latexit sha1_base64="IsCesicTRRSYecb3fe4F4+sDJN8=">AAACCXicbVDLSgMxFM34rPU16lKRYBFclZm60GXRje5asA9oa8mkd9rQzGRIMmIZZqkbf8WNC6W49Q/c+Q3+hOljoa0HAodz7iH3Hi/iTGnH+bIWFpeWV1Yza9n1jc2tbXtnt6pELClUqOBC1j2igLMQKpppDvVIAgk8DjWvfznya3cgFRPhjR5E0ApIN2Q+o0QbqW3jpoZ7k0tKUviglJDpbdIMiO5RwpPrNG3bOSfvjIHniTslueLBsPz9cDgste3PZkfQOIBQU06UarhOpFsJkZpRDmm2GSuICO2TLjQMDUkAqpWML0nxsVE62BfSvFDjsfo7kZBAqUHgmcnRjmrWG4n/eY1Y++ethIVRrCGkk4/8mGMt8KgW3GESqOYDQwiVzOyKaY9IQrUpL2tKcGdPnifVQt49zRfKpo0LNEEG7aMjdIJcdIaK6AqVUAVR9Iie0St6s56sF2tovU9GF6xpZg/9gfXxA2YYnxw=</latexit>

StudentI
<latexit sha1_base64="OuJKMyV78vN+sO9kGmggjdt1zJs=">AAACB3icbVC7SgNBFJ2Nr7i+Vi0FGQyCVdiNhTZi0Ea7iOYBSQyzk0kyZPbBzF0xLNvZ+B12NhaK2FrZ24h/42ySQhMPDBzOvefOvccNBVdg299GZmZ2bn4hu2guLa+srlnrGxUVRJKyMg1EIGsuUUxwn5WBg2C1UDLiuYJV3f5pWq/eMKl44F/BIGRNj3R93uGUgJZa1nYD2K32xZcQtZkPyXXc8Aj0KBHxeZK0rJydt4fA08QZk9zxh3kUPnyZpZb12WgHNPL0KCqIUnXHDqEZEwmcCpaYjUixkNA+6bK6pj7xmGrGwzsSvKuVNu4EUj8f8FD97YiJp9TAc3VnuqOarKXif7V6BJ3DZsz9MALm09FHnUhgCHAaCm5zySiIgSaESq53xbRHJKGgozN1CM7kydOkUsg7+/nChZ0rnqARsmgL7aA95KADVERnqITKiKI79Iie0YtxbzwZr8bbqDVjjD2b6A+M9x8mxZ3C</latexit>

MusicianI
<latexit sha1_base64="OnnGiXEjqTnLiwd/CGuVyP5Zd2A=">AAACCHicbVA7T8MwGHTKq4RXgJEBiwqJqUrKAAuiggUGpCLRh9SGynGd1qrjRLaDqKKMLPwNRhYGEGJlYWdB/BuctgO0nGTpdPed/H3nRYxKZdvfRm5mdm5+Ib9oLi2vrK5Z6xs1GcYCkyoOWSgaHpKEUU6qiipGGpEgKPAYqXv908yv3xAhaciv1CAiboC6nPoUI6WltrXdUuRW55KLWFJMEU+vk1aAVA8jlpynadsq2EV7CDhNnDEpHH+YR9HDl1lpW5+tTojjgHCFGZKy6diRchMkFMWMpGYrliRCuI+6pKkpRwGRbjI8JIW7WulAPxT6cQWH6u9EggIpB4GnJ7Md5aSXif95zVj5h25CeRQrwvHoIz9mUIUwawV2qCBYsYEmCAuqd4W4hwTCSndn6hKcyZOnSa1UdPaLpUu7UD4BI+TBFtgBe8ABB6AMzkAFVAEGd+ARPIMX4954Ml6Nt9FozhhnNsEfGO8/0zueHg==</latexit>

AthleteI
<latexit sha1_base64="tWaT7oB4/3r3Q7m2TkhZmVsohNI=">AAACB3icbVC7SgNBFJ2Nr7i+opaCLAbBKuzGQhsxaqNdBPOAJIbZyU0yZPbBzF0xLNvZ+B12NhaK2FrZ24h/4+RRaOKBgcM59zD3HjcUXKFtfxupmdm5+YX0orm0vLK6llnfKKsgkgxKLBCBrLpUgeA+lJCjgGoogXqugIrbOxv4lRuQigf+FfZDaHi04/M2ZxS11Mxs1xFudS4+wa4AhOQ6rnsUu4yK+CJJmpmsnbOHsKaJMybZ4w/zKHz4MovNzGe9FbDIAx+ZoErVHDvERkwlciYgMeuRgpCyHu1ATVOfeqAa8fCOxNrVSstqB1I/H62h+jsRU0+pvufqycGOatIbiP95tQjbh42Y+2GE4LPRR+1IWBhYg1KsFpfAUPQ1oUxyvavFulRShro6U5fgTJ48Tcr5nLOfy1/a2cIpGSFNtsgO2SMOOSAFck6KpEQYuSOP5Jm8GPfGk/FqvI1GU8Y4s0n+wHj/AfPUnaI=</latexit>

represents supervises
<latexit sha1_base64="fvfMDxBeh7sL9dekpGi8NHlV+0E=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUrKAGMFC2OR6ENqo8pxb1qrdmLZTqUq6sLCr7AwgBAr/8DG3+C2GaDlSJaOzjnX9j2h5Ewbz/t2CmvrG5tbxe3Szu7e/oF7eNTUSaooNGjCE9UOiQbOYmgYZji0pQIiQg6tcHQ781tjUJol8YOZSAgEGcQsYpQYK/XcUwU2ryE2GndByGGmUwlqzDToac8texVvDrxK/JyUUY56z/3q9hOaCnsd5UTrju9JE2REGUY5TEvdVIMkdEQG0LE0JgJ0kM23mOJzq/RxlCh7YoPn6u+JjAitJyK0SUHMUC97M/E/r5Oa6DrIWCxTAzFdPBSlHJsEzyrBfaaAGj6xhFDF7F8xHRJFqLHFlWwJ/vLKq6RZrfiXlep9tVy7yesoohN0hi6Qj65QDd2hOmogih7RM3pFb86T8+K8Ox+LaMHJZ47RHzifPwCWmYc=</latexit>

Which of the following Boolean CQs are satisfied in I?

(1) supervises(maria, peter)
(2) ∃x supervises(x, peter) ∧ Student(x)
(3) ∃x, yMusician(x) ∧ supervises(x, y) ∧ Athlete(y)
(4) ∃x, y, z supervises(x, y) ∧ supervises(y, z)
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SEMANTICS OF CONJUNCTIVE QUERIES 2/2

Entailment of a Boolean CQ:

Boolean CQ q is entailed from K (written K |= q )
if and only if every model of K satisfies q.

Certain answers to a CQ:
A tuple a⃗ = (a1, . . . , ak) of individuals from A is a certain answer to
q(x1, . . . , xk) w.r.t. K if and only if

K |= q(a⃗)

where q(a⃗) is the Boolean CQ q with every xi replaced by ai.

We denote by cert(q,K) the certain answers to q w.r.t. K
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EXAMPLE: CERTAIN ANSWERS

DL-Lite ontology:

Prof⊑ Faculty Researcher⊑ Faculty Faculty⊑ ¬Course
Prof⊑ ∃teaches ∃teaches− ⊑ Course

ABox:
A = {Prof(anna),Researcher(tom), teaches(tom, cs101)}

Conjunctive query: q(x) = ∃y.Faculty(x) ∧ teaches(x, y)

Get the following certain answers:
∙ anna Prof(anna) + Prof ⊑ Faculty + Prof ⊑ ∃teaches

∙ tom Researcher(tom) + Researcher ⊑ Faculty + teaches(tom, cs101)
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QUERY REWRITING

Idea: reduce to standard database (DB) query evaluation
∙ rewriting step: TBox T + query q⇝ first-order (SQL) query q′

∙ evaluation step: evaluate query q′ using relational DB system

Advantage: harness efficiency of relational database systems

Key notion: first-order (FO) rewriting
∙ FO query q′(⃗x) is an FO-rewriting of a CQ q(⃗x) w.r.t. T iff for every
ABox A such that (T ,A) is satisfiable, we have:

a⃗ ∈ cert(q, (T ,A)) ⇔ IA |= q′(a⃗)

where IA is the interpretation based upon A, defined by setting
∆I = Ind(A), AI = {c | A(c) ∈ A}, rI = {(c,d) | r(c,d) ∈ A}.

In words: evaluating q′ over A (viewed as DB) yields certain answers
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EXAMPLE: QUERY REWRITING IN DL-LITE

Reconsider the DL-Lite ontology T :

Prof⊑ Faculty Researcher⊑ Faculty Faculty⊑ ¬Course
Prof⊑ ∃teaches ∃teaches− ⊑ Course

and the query q(x) = ∃y.Faculty(x) ∧ teaches(x, y)

The following query is an FO-rewriting of q(x) w.r.t. T :

q′(x) = ∃y.Faculty(x) ∧ teaches(x, y) ∨ Prof(x)
∨ ∃y.Researcher(x) ∧ teaches(x, y)

Evaluating the rewritten query over the earlier dataset

{Prof(anna),Researcher(tom), teaches(tom, cs101)}

produces the two certain answers: anna and tom
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REWRITING ALGORITHM: APPLICABLE AXIOMS

Now we consider how to compute rewritings.

Idea: apply positive inclusions (PIs) in TBox from right to left

A PI I is applicable to an atom A(x) if it has A in its right-hand side.

A PI I is applicable to an atom r(x1, x2) if:
∙ x2 = _ and the right-hand side of I is ∃r, or
∙ x1 = _ and the right-hand side of I is ∃r−, or
∙ I is a role inclusion and its right-hand side is either r or r−.

Note: _ is special symbol, represents non-shared existential variable,
i.e. which doesn’t occur in any other position of the query
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REWRITING ALGORITHM: ATOMS

Let I be an inclusion that is applicable to atom α.

The rewriting ra(α, I) of atom α using inclusion I is as follows:
∙ if α = A(x) and I = B ⊑ A, then ra(α, I) = B(x)
∙ if α = A(x) and I = ∃r ⊑ A, then ra(α, I) = r(x, _)
∙ if α = A(x) and I = ∃r− ⊑ A, then ra(α, I) = r(_, x)

∙ if α = r(x, _) and I = A ⊑ ∃r, then ra(α, I) = A(x)
∙ if α = r(x, _) and I = ∃s ⊑ ∃r, then ra(α, I) = s(x, _)
∙ if α = r(x, _) and I = ∃s− ⊑ ∃r, then ra(α, I) = s(_, x)
∙ if α = r(_, x) and I = A ⊑ ∃r−, then ra(α, I) = A(x)
∙ if α = r(_, x) and I = ∃s ⊑ ∃r−, then ra(α, I) = s(x, _)
∙ if α = r(_, x) and I = ∃s− ⊑ ∃r−, then ra(α, I) = s(_, x)
∙ if α = r(x, y) and I = s ⊑ r or I = s− ⊑ r−, then ra(α, I) = s(x, y)
∙ if α = r(x, y) and I = s ⊑ r− or I = s− ⊑ r, then ra(α, I) = s(y, x)

Note: x and y can be variables, individuals, or the special symbol _
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REWRITING ALGORITHM PERFECTREF 1/2

Input: TBox T , conjunctive query q0

Output: finite set of CQs (possibly with =-atoms and using special symbol ‘_’)

PR := {τ(q0)}
repeat until PR′ = PR

PR′ := PR
for each q ∈ PR′ that has not yet been considered do

for each α ∈ q and I ∈ T do
if ra(α, I) is defined

PR := PR ∪ {q[α/ra(α, I)]}
for each α, β ∈ q do

if α and β unify
PR := PR ∪ {τ(merge(q, α, β))}

return PR

Functions τ and merge described on next slide
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REWRITING ALGORITHM PERFECTREF 2/2

Function τ :
∙ takes as input a query q
∙ returns the query obtained from q by replacing each existential
variable that occurs only once in q by ‘_’

Atoms α and β unify: exists a substitution ν mapping variables to
terms such that ν(α) = ν(β)

Function merge:
∙ input: query q and pair of unifiable atoms α, β ∈ q
∙ returns the query q′ obtained from q by:

∙ applying the most general unifier of α and β to q
∙ adding atom x = t if answer variable x was replaced by term t

Note: merge decreases number of concept and role atoms and
doesn’t add any new terms
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EXAMPLE: PERFECTREF ALGORITHM 1/3

Let T = {r ⊑ s,A ⊑ ∃s−,B ⊑ A} and q0(y) = ∃x s(x, y)

Initially, PR = {τ(q0)} = {s(_, y)}.
PerfectRef first adds the following queries:

q1(y)= r(_, y) apply r ⊑ s to only atom of τ(q0)

q2(y)= A(y) apply A ⊑ ∃s− to only atom of τ(q0)

No queries are produced from q1, but we get a further query from q2:

q3(y)= B(y) apply B ⊑ A to only atom of q2

Algorithm returns the set of queries {τ(q0),q1,q2,q3}.

This gives following rewriting: ∃x s(x, y) ∨ ∃x r(x, y) ∨ A(y) ∨ B(y)
(replacing _ in τ(q0) and q1 by ∃-var x)
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EXAMPLE: PERFECTREF ALGORITHM 2/3

Let T = {A ⊑ ∃r} and q0(x, z) = ∃y r(x, y) ∧ r(z, y) ∧ B(z)

Initially, PR = {τ(q0)} = {q0}.

First iteration of PerfectRef adds the following query:

q1= r(x, _) ∧ B(x) ∧ z = x merge operation followed by τ

In second iteration, we consider q1 and add

q2= A(x) ∧ B(x) ∧ z = x apply A ⊑ ∃r to r-atom of q1

Output is {q0,q1,q2}.

This gives the following rewriting: (replacing _ in q1 by ∃-var y)

(∃y r(x, y) ∧ r(z, y) ∧ B(z)) ∨ (∃y r(x, y) ∧ B(x) ∧ z = x) ∨ (A(x) ∧ B(x) ∧ z = x)

Equality atoms ensure answer vars (x, z) occur in every disjunct
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EXAMPLE: PERFECTREF ALGORITHM 3/3

Consider T = { ∃LectOf ⊑ Prof LectOf ⊑ InvWith 100S ⊑ IntroC}
and q0(x, y) = Prof(x) ∧ InvWith(x, y) ∧ IntroC(y) (note: τ(q0) = q0)

First iteration of PerfectRef adds the following queries:
q1(x, y) = LectOf(x, _) ∧ InvWith(x, y) ∧ IntroC(y)
q2(x, y) = Prof(x) ∧ LectOf(x, y) ∧ IntroC(y)
q3(x, y) = Prof(x) ∧ InvWith(x, y) ∧ 100S(y)

From preceding queries, we get:
q4(x, y) = LectOf(x, _) ∧ LectOf(x, y) ∧ IntroC(y)
q5(x, y) = LectOf(x, _) ∧ InvWith(x, y) ∧ 100S(y)
q6(x, y) = Prof(x) ∧ LectOf(x, y) ∧ 100S(y)

Further queries obtained when considering q4:
q7(x, y) = LectOf(x, _) ∧ LectOf(x, y) ∧ 100S(y)
q8(x, y) = LectOf(x, y) ∧ IntroC(y) (unifying atoms in q4)

Final iteration yields:
q9(x, y) = LectOf(x, y) ∧ 100S(y) (unifying atoms in q7)
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PROPERTIES OF REWRITING ALGORITHM

Lemma The algorithm PerfectRef always terminates.
Proof idea: Can bound number of queries produced, as generated
queries have at most as many concept and role atoms as input query
and only use symbols from query or TBox (or special symbol ‘_’).

Let rewrite(q, T ) be the disjunction of all queries in PerfectRef(q, T ),
with each _ symbol replaced by a fresh existential variable.

The following result shows the correctness of PerfectRef:

Theorem. Let q(⃗x) be a CQ (without ∃-vars in equality atoms),
(T ,A) be a satisfiable DL-LiteR KB, a⃗ be a tuple of individuals from
A with |⃗x| = |⃗a|, and qr = rewrite(q, T ). Then

a⃗ ∈ cert(q, (T ,A)) ⇔ IA |= qr(a⃗)
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SATISFIABILITY VIA QUERY REWRITING

Our query rewriting approach only works if the input KB is satisfiable.
∙ thus: also need a way to test KB satisfiability

Satisfiability in DL-LiteR can also be reduced to database querying.

Given a negative inclusion B ⊑ ¬C, we denote by unsat(B ⊑ ¬C) the
CQ that describes when B ⊑ ¬C is not satisfied. For example:
∙ unsat(A ⊑ ¬D) = ∃x A(x) ∧ D(x)
∙ unsat(∃r ⊑ ¬∃s−) = ∃x, y, z r(x, y) ∧ s(z, x)

Evaluate the following disjunction of Boolean CQs in IA:∨
B⊑¬C∈T

rewrite(unsat(B ⊑ ¬C), T )

Evaluation returns yes ⇔ (T ,A) is unsatisfiable
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COMPLEXITY OF REASONING IN DL-LITE

Satisfiability and instance checking are tractable:

Theorem. For DL-LiteR, satisfiability and instance checking are
NLOGSPACE-complete.

NLOGSPACE ⊆ PTIME

What about ontology-mediated query answering?
Conjunctive query answering is NP-complete already for databases
(no TBox). The same is true in DL-Lite:

Theorem. For DL-LiteR, CQ answering is NP-complete.
(note: widely believed NP ̸⊆ PTIME)
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DATA COMPLEXITY OF QUERYING IN DL-LITE

NP usually means intractable, yet database queries run fine..

Distinguish two ways of measuring complexity:
∙ combined complexity: in terms of the size of KB and query
∙ data complexity: only in terms of the size of the ABox

∙ appropriate when |A| much bigger than |T |, |q| (often the case)

Results stated so far: combined complexity measure

For the data complexity measure, querying in DL-Lite is tractable:
Theorem. For DL-LiteR, CQ answering is in AC0 for data complexity.

Note: AC0 ⊊ LOGSPACE ⊆ NLOGSPACE ⊆ PTIME

Follows from AC0 data complexity of FO-query evaluation
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CLOSER LOOK AT QUERY REWRITING
& CQ ANSWERING



SIZE OF REWRITINGS

Many of the proposed rewriting algorithms produce unions of
conjunctive queries (UCQs = ∨ of CQs)

Not hard to see smallest UCQ-rewriting may be exponentially large:
∙ Query: A0

1(x) ∧ . . . ∧ A0
n(x)

∙ Ontology: A1
1(x) → A0

1(x) A1
2(x) → A0

2(x) . . . A1
n(x) → A0

n(x)
∙ Rewriting:

∨
(i1,...,in)∈{0,1} Ai1

1 (x) ∧ Ai1
1 (x) ∧ . . . ∧ Ai1

1 (x)
But: simple polysize FO-rewriting does exist!

∧n
i=1(A0

i (x) ∨ A1
i (x))

To get positive results, need to go beyond UCQs

39



SIZE OF REWRITINGS

Many of the proposed rewriting algorithms produce unions of
conjunctive queries (UCQs = ∨ of CQs)

Not hard to see smallest UCQ-rewriting may be exponentially large:

∙ Query: A0
1(x) ∧ . . . ∧ A0

n(x)
∙ Ontology: A1

1(x) → A0
1(x) A1

2(x) → A0
2(x) . . . A1

n(x) → A0
n(x)

∙ Rewriting:
∨

(i1,...,in)∈{0,1} Ai1
1 (x) ∧ Ai1

1 (x) ∧ . . . ∧ Ai1
1 (x)

But: simple polysize FO-rewriting does exist!
∧n

i=1(A0
i (x) ∨ A1

i (x))

To get positive results, need to go beyond UCQs

39



SIZE OF REWRITINGS

Many of the proposed rewriting algorithms produce unions of
conjunctive queries (UCQs = ∨ of CQs)

Not hard to see smallest UCQ-rewriting may be exponentially large:
∙ Query: A0

1(x) ∧ . . . ∧ A0
n(x)

∙ Ontology: A1
1(x) → A0

1(x) A1
2(x) → A0

2(x) . . . A1
n(x) → A0

n(x)
∙ Rewriting:

∨
(i1,...,in)∈{0,1} Ai1

1 (x) ∧ Ai1
1 (x) ∧ . . . ∧ Ai1

1 (x)

But: simple polysize FO-rewriting does exist!
∧n

i=1(A0
i (x) ∨ A1

i (x))

To get positive results, need to go beyond UCQs

39



SIZE OF REWRITINGS

Many of the proposed rewriting algorithms produce unions of
conjunctive queries (UCQs = ∨ of CQs)

Not hard to see smallest UCQ-rewriting may be exponentially large:
∙ Query: A0

1(x) ∧ . . . ∧ A0
n(x)

∙ Ontology: A1
1(x) → A0

1(x) A1
2(x) → A0

2(x) . . . A1
n(x) → A0

n(x)
∙ Rewriting:

∨
(i1,...,in)∈{0,1} Ai1

1 (x) ∧ Ai1
1 (x) ∧ . . . ∧ Ai1

1 (x)
But: simple polysize FO-rewriting does exist!

∧n
i=1(A0

i (x) ∨ A1
i (x))

To get positive results, need to go beyond UCQs

39



SIZE OF REWRITINGS

Many of the proposed rewriting algorithms produce unions of
conjunctive queries (UCQs = ∨ of CQs)

Not hard to see smallest UCQ-rewriting may be exponentially large:
∙ Query: A0

1(x) ∧ . . . ∧ A0
n(x)

∙ Ontology: A1
1(x) → A0

1(x) A1
2(x) → A0

2(x) . . . A1
n(x) → A0

n(x)
∙ Rewriting:

∨
(i1,...,in)∈{0,1} Ai1

1 (x) ∧ Ai1
1 (x) ∧ . . . ∧ Ai1

1 (x)
But: simple polysize FO-rewriting does exist!

∧n
i=1(A0

i (x) ∨ A1
i (x))

To get positive results, need to go beyond UCQs

39



DIFFERENT FORMS OF REWRITINGS

PE-rewritings: positive existential queries (only ∃, ∧, ∨)

(r(x, y)∨ s(y, x))∧ (A(x)∨ (B(x)∧∃z p(x, z)))∧ (A(y)∨ (B(y)∧∃z p(y, z)))

NDL-rewritings: non-recursive Datalog queries

q1(x, y),q2(x),q2(y) → goal(x, y)
r(x, y) → q1(x, y) A(x) → q2(x)
s(y, x) → q1(x, y) B(x),p(x, z) → q2(x)

FO-rewritings: first-order queries (can also use ∀, ¬)

What if we replace UCQs by PE / NDL / FO?
Do we get polysize rewritings?
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q1(x, y),q2(x),q2(y) → goal(x, y)
r(x, y) → q1(x, y) A(x) → q2(x)
s(y, x) → q1(x, y) B(x),p(x, z) → q2(x)

FO-rewritings: first-order queries (can also use ∀, ¬)

What if we replace UCQs by PE / NDL / FO?
Do we get polysize rewritings?
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GLIMPSE AT SUCCINCTNESS LANDSCAPE

∙ cannot guarantee polysize rewritings in general case
∙ but polysize NDL-rewritings do exist in relevant settings
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PRACTICAL QUERYING ALGORITHMS

Adopt NDL-rewritings to avoid combinatorial explosion

Optimizations to further reduce rewriting size
∙ exploit structure of data (e.g. satisfied constraints) which make
some parts of rewriting superfluous

Pre-computation when possible
∙ add all inferred ABox assertions
∙ combined approach: store compact canonical model, then filter
answers to remove false positives

Example system: Ontop (ontop-vkg.org)
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EXTENDING THE REACH OF FO-REWRITING

For many ontology languages, FO-rewritings not guaranteed to exist
∙ consider query A(x) and EL-TBox {∃r.A ⊑ A}

But this is worst-case result, sometimes FO-rewriting is possible!

To extend the applicability of FO-query rewriting beyond DL-Lite:
∙ devise methods of identifying ‘good cases’ (static analysis task)

∙ given O and q, does q have an FO-rewriting w.r.t. O?
∙ construct rewritings when they exist

Good news: FO-rewritability decidable for many DLs
∙ between EXPTIME and 2NEXPTIME-complete, depending on the DL

Moreover: practical algorithm for EL
∙ FO-rewritings often exist and can be efficiently computed
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