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Abstract
Graphs are used to model many objects in computer science such as VLSI circuits,
networks, and software designs. Using graphs to represent complex structures and
relations often improves the presentation of these structures. It is not surprising
that there has been a recent demand for algorithms that display graphs on a twodimensional surface so that the resulting drawing is easy to comprehend. Currently
most work in the eld of automatic graph drawing addresses the problem of drawing
a graph given its combinatorial description. Recently, e ort has been directed toward
designing algorithms that modify existing layouts. Graphs with an existing layout
include graphs of networks in which the nodes have geographic locations and graphs
whose existing layouts have been updated by adding and deleting nodes or by moving
nodes. These types of layout algorithms are called layout adjustment algorithms. The
challenge of layout adjustment is to design algorithms that produce layouts that do
not destroy the user's mental picture of the existing layout.
We present a new approach to layout adjustment called cluster busting in anchored
graph drawing and present two algorithms that are based on this approach. Informally,
the goals of cluster busting in anchored graph drawing are to distribute more evenly
the nodes in the drawing window while keeping the drawing similar to the original
drawing. The algorithms we present are iterative and at each iteration a heuristic
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is used to decide how to move the nodes. It is a di cult problem to do theoretical
analysis on these algorithms therefore, we provide quantitative measurements of
layouts to justify our methods. Two measures of distribution and ve measures of
similarity are presented that are used to evaluate the algorithms. They are also
used to determine stopping conditions for the iterative algorithms. In some cases, we
prove how the algorithms behave on certain types of input. In other cases, we provide
evidence that the algorithms satisfy the goals of cluster busting in anchored graph
drawing on general inputs. The results open several areas for further research.
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Chapter 1
Introduction
Graphs are used to model many objects in computer science such as VLSI circuits,
networks, and large software designs. Using graphs to represent complex structures
and relations often simplies the presentation of these structures. It is not surprising
that there has been a recent demand for algorithms that display a graph on a twodimensional surface so that the resulting drawing is easy to read and understand. As
a consequence, several automatic graph drawing algorithms and systems have recently
emerged. The eld of graph drawing is also called automatic graph layout and the
terms \drawing" and \layout" are used interchangeably. We distinguish between
algorithms whose goal it is to produce readable drawings of graphs and those whose
goal it is to design physical structures such as in VLSI design. Even though the two
types of algorithms can sometimes have similar goals, we limit the following discussion
to the issue of drawing graphs for the purposes of visualizing objects.
A graph G = (V E ) is a set of n nodes V = fv0  v1 : : :  vn;1g and a set of edges
E = feij = fvi vj g j there is an edge between vi 2 V and vj 2 V g. The edges can be
directed in which case eij 6= eji or undirected in which case eij = eji . Currently most
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work in the eld of automatic graph drawing addresses the problem of producing a
drawing of a graph given its combinatorial description 14]. The problem of drawing
a graph given its combinatorial description is termed layout creation in 21]. This
problem is di cult because a precise denition of what constitutes a good drawing is
subjective and depends on the user and the application. There are, however, certain
generally accepted objective criteria considered to be important in a good drawing.
These include minimizing the number of edge crossings, keeping edge lengths uniform,
and displaying symmetries in the graph. Given the combinatorial description of a
graph G, layout creation algorithms try to position the nodes and edges of G such
that some or all of these optimization criteria are satised.
Recently, e ort has been directed toward designing algorithms that redraw graphs
with an existing layout. Graphs with an existing layout include graphs of networks
in which the nodes have geographic locations and graphs whose existing layouts have
been updated by adding and deleting nodes or by moving nodes. In either case,
the layouts can have clusters of nodes that are close together making the labels
of the nodes and the interactions between the nodes hard to read and understand.
Drawing graphs with an existing layout has applications in visualizing distributed
systems. Programming distributed systems with a vast number of processors and
communications links requires a method for visualizing the network as well as the
systems running on the network 29]. The networks and systems are represented as
graphs and, as part of the visualization system, these graphs must be laid out or
drawn automatically on the screen. In particular, there is a requirement to draw
graphs of networks in which the nodes represent geographic locations such as cities in
a country or buildings on a campus. The geographic locations of the nodes provide
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meaning to a user who is looking at the layout therefore, it is important to retain
this location information when drawing the graph.
Other types of graphs that must be displayed by a visualization system are those
that have been created by a user using a graph editor 2]. In this case, the user has
put nodes in positions that either have meaning initially or gain importance after the
user has been viewing the graph. After using and editing the graph, the graph can
become hard to read and understand. Algorithms that redraw a graph as it undergoes
changes are called dynamic graph drawing algorithms 5, 9, 59]. In 21], algorithms
that redraw graphs with an existing layout are called layout adjustment algorithms.
To distinguish between these types of algorithms and layout creation algorithms, the
latter are called static graph drawing algorithms. In 5], layouts that do not change
drastically when updates are made to the underlying graph are called stable layouts.
The reapplication of a static graph drawing algorithm is not useful in a dynamic
setting nor for layout adjustment because a new layout that is drastically di erent
from the existing layout destroys the user's mental picture of the layout 5, 20, 21].
Given a combinatorial description of a graph G along with an existing drawing D of
G, the goal of layout adjustment algorithms is to produce a new drawing D0 of G
such that the layout can be easily read and such that the user's mental picture of D
is not destroyed.
In 19, 20, 21], an approach to layout adjustment called preserving the mental map
is presented. The idea is to preserve some measure of similarity between the nodes
in the original drawing and the nodes in the new drawing while trying to separate
overlapping nodes. In 19], algorithms are presented that preserve the orthogonal
ordering of the nodes that is, for each pair of node positions pi and pj in the original
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Figure 1.1: A layout in which nodes cannot move very much if their orthogonal
ordering is preserved.
drawing with corresponding positions p0i and p0j , respectively, in the new drawing:

 x0i < x0j if and only if xi < xj , and
 yi0 < yj0 if and only if yi < yj
where pi = (xi yi). Preserving the orthogonal ordering of the nodes while keeping
the nodes inside the original sized display window may not allow enough movement
to distribute the nodes so that it can be determined if there are edges between them.
Nodes that are close together in the x-direction might be far apart in the y-direction.
Figure 1.1 shows a drawing of a graph in which the nodes cannot move very much
if their orthogonal ordering is preserved. The nodes in the leftmost cluster cannot
move up nor right past the nodes in the middle cluster, and cannot move down past
the nodes in the rightmost cluster.
In 21], preserving proximity relations between node positions is also suggested
as a method for maintaining similarity between two layouts. A proximity graph is
dened on a set of node positions such that there is an edge between node positions
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pi and pj if pi and pj are \close" according to some denition of close. Several kinds of
proximity graphs have been dened 82, 84, 85, 86, 87] including the Euclidean minimum spanning tree, the Delaunay triangulation, and the sphere of in uence graph.
These proximity graphs are described in Chapter 4. No nontrivial transformation
which preserves any of these proximity graphs is currently known 21].
In this dissertation, we present a di erent approach to the problem of layout adjustment. We weaken the requirement that properties such as orthogonal ordering
and proximity relations be preserved. Instead, we try to improve the distribution
of the nodes in the new layout according to some measures of distribution (a process we call cluster busting) while simultaneously trying to minimize the di erence
between the two layouts according to some measures of di erence (a process we call
anchored graph drawing). We call this approach to layout adjustment cluster busting
in anchored graph drawing and present two heuristic algorithms for layout adjustment that are based on this approach. Cluster busting in anchored graph drawing
was introduced in 52].
The goals of layout creation and layout adjustment algorithms are specied by
identifying objective criteria that layouts produced by the algorithms should satisfy.
Various methods are used to show that the layouts meet the given criteria. In many
cases it can be proved that the layouts satisfy the criteria. Sometimes this is only
true for certain classes of graph. Since producing drawings that satisfy many of
the optimization criteria is NP-hard, the most successful algorithms in practise are
heuristic in nature. Often very little can be proved about the resulting layouts. In
this case, example layouts are presented along with an explanation of experiences to
illustrate that the criteria are satised most of the time. In some cases, quantitative
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measures are used to evaluate layouts produced by algorithms and to compare the
layouts with those produced by other algorithms 58, 60, 88].
In this dissertation we dene objective criteria for cluster busting in anchored
graph drawing. As in 58, 60, 88], we use quantitative measures of the resulting layouts
to evaluate our graph drawing algorithms. We show that our algorithms provide
reasonable solutions to the problem of cluster busting in anchored graph drawing and
that quantitative measurements are helpful for evaluating heuristic layout algorithms.
The rest of this dissertation is organized as follows. In Chapter 2, we review the
eld of automatic graph drawing and show how cluster busting in anchored graph
drawing relates to other work being done. In Chapter 3, we present denitions and
terminology used throughout the dissertation. In Chapter 4, we present quantitative
measures of distribution and di erence. We justify our choice of measures and describe
the algorithms used to compute them. In Chapter 5, we present two cluster busting
in anchored graph drawing algorithms and discuss issues of time complexity and the
heuristics used. In Chapter 6, we evaluate and compare the algorithms using the
measures of distribution and di erence presented in Chapter 4. In some cases, we
prove how the algorithms behave on certain types of input. In other cases, we provide
evidence that the algorithms satisfy the goals of cluster busting in anchored graph
drawing on general inputs. Finally, in Chapter 7, we summarize the signicance of
our results and describe areas for further research.
The contributions of this thesis build on the work of 21, 19, 20] by designing
algorithms that solve the problem of drawing graphs with an existing layout. There
are several applications of this problem and, in particular, our results have been
applied to a project at the Centre for Advanced Studies at the IBM Software Solutions
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Toronto Laboratory 29, 31]. We have taken a di erent approach to layout adjustment
than in previous work and have designed two algorithms based on this approach.
We prove some theoretical results regarding the behaviour of the algorithms under
restricted classes of input. We identify quantitative measures of distribution and
di erence and use these to evaluate layouts produced by the algorithms. As a result,
several interesting questions regarding point sets are uncovered. We demonstrate the
behaviour of the algorithms on general input by executing these measurements on
layouts produced by implementations of the algorithms. We illustrate the benet of
using heuristic algorithms and evaluation measures for drawing graphs.
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Chapter 2
Literature Review
Graph drawing algorithms can be classied according to several criteria: The class of
graph the algorithm draws, the graphic standard used (for example, straight-line edges
versus edges with bends), the aesthetics, or optimization criteria being considered,
the constraints imposed on the drawing, and the computational complexity of the
algorithm 79]. We also classify algorithms according to the method by which the
resulting layouts are evaluated.
In this chapter we present examples of previous work in automatic graph drawing.
A comprehensive survey of graph drawing algorithms is presented in 14]. We describe
the goals of layout algorithms with respect to readability issues. We present existing
methods of evaluating whether layouts produced by a layout algorithm satisfy the
goals of the algorithm. We then describe cluster busting in anchored graph drawing
and show how our results relate to previous work.
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2.1 Automatic Graph Drawing
In a drawing, nodes can be represented as circles or boxes and edges as straightline segments, polygonal chains, or curved segments between nodes 14, 79]. The
representation of nodes and edges in the drawing is called the graphic standard of
the drawing. Grid drawings are ones in which nodes and bends in edges are placed
at the vertices of a rectangular grid. In orthogonal grid drawings, nodes are placed
at vertices of a grid and edges follow the vertical and horizontal lines of the grid.
Straight-line drawings are ones in which edges are drawn as straight line segments
between nodes.
The goals of a layout algorithm can depend on the class of graphs being drawn.
Directed and undirected graphs were dened in Chapter 1. A directed graph is
also called a digraph. The source node of a directed edge is the node from which
the edge emanates and the target node of a directed edge is the node at which the
edge terminates. Digraphs without any cycles are called directed acyclic graphs, or
DAGs. Free trees are connected undirected acyclic graphs. When one node of a tree is
designated as the root, the tree are called rooted. DAGs are often drawn such that the
edges all point in the same direction to illustrate ow that is, such that for each edge
the target node is above the source node. These types of drawings are called upward.
In hierarchical drawings of digraphs or hierarchies the node set is partitioned into
subsets such that each subset belongs to a level. Planar drawings of planar graphs
are ones in which no edges in the drawing cross. Other conventions for drawing
graphs have recently emerged 14]. Drawings of rooted trees with horizontal and
vertical edges are called h-v drawings or tip-over drawings 10, 22], and tree drawings
in which children are drawn as boxes inside parent boxes are called inclusion drawings

2.1 Automatic Graph Drawing
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22]. In compound graphs, edges are drawn as both polygonal line segments between
nodes and inclusion relations 14].

2.1.1 Readability Issues
In applications where a drawing or layout of a graph G is created to be viewed and
understood by a user, a main goal of the layout algorithm is to draw G so it conveys
meaning to the user and is \readable". A poorly drawn graph can be misleading
and cause confusion to a user. Several algorithms have been developed that produce
drawings of graphs that are to be viewed and understood 14]. These algorithms
attempt to produce drawings that satisfy certain readability criteria.
A di culty in producing readable and aesthetically pleasing drawings of graphs is
being able to dene what properties make a graph readable and easy to understand.
In 58], Messinger et. al. conclude that more research is needed in understanding
human interpretations of graph layouts and what properties are identied by humans
as aesthetically pleasing in graph layouts. The existing work in automatic graph
layout is based upon a set of generally accepted objective criteria:

A1 avoid edge crossings 3, 15, 14, 25, 50]
A2 avoid bends in the edges 3, 15, 14, 80]
A3 keep the total length of the edges small 3, 7, 50]
A4 keep the maximum edge length small 7, 80]
A5 keep the area occupied by the drawing small 3, 7, 10, 15, 80, 50]
A6 display symmetries in the drawing 15, 51]
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A7 distribute the nodes evenly 14, 25, 88]
A8 keep edge lengths uniform 14]
For the specic problem of upward drawings of rooted trees, the following properties
are also considered important:

A9 nodes on the same level in the tree should be placed along horizontal lines 70, 91]
A10 there should be a minimum separation between two nodes on the same level
14]

A11 parent nodes should be centred above their children 70, 91]
A12 the width of the drawing should be as small as possible 90]
Displaying the notion of ow in directed graphs is important. In this case, another
criterion for pleasing drawings of digraphs is:

A13 target nodes should be above source nodes 24, 25]
and in the case of hierarchical drawings

A14 nodes should be placed on horizontal lines in layers 24, 58, 71, 77]
When drawing a directed graph with cycles, a typical strategy is to identify a minimum set of edges that must be reversed so that the graph is acyclic and then use
drawing algorithms for DAGs. Finding this set called the minimum feedback arc set
is NP-hard 38] however, heuristics can be used and algorithms for drawing DAGs
can be incorporated for drawing directed graphs with cycles 24]. If illustrating ow
is not important, algorithms for drawing general undirected graphs are used to draw
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directed graphs with cycles 14]. Less study has been done on the problem of drawing
general undirected graphs that do not have easily identiable properties 14].
Achieving layouts that satisfy many of the criteria listed above is computationally
intractable:

 minimizing the number of edge crossings in a drawing of a graph is NP-hard
23]

 minimizing the total length of the edges in planar orthogonal grid drawings is
NP-hard 76]

 minimizing the maximum edge length in planar orthogonal grid drawings is
NP-hard 4]

 minimizing the area occupied by a planar orthogonal grid drawing is NP-hard
76]

 drawing a graph so that all edge lengths are the same is NP-hard 48].
Because of the intractability of satisfying many of the optimization criteria, a natural
approach to achieving readable layouts is to employ heuristics.

2.2 Measuring Heuristic Algorithms
When heuristics are used to draw graphs, there is often no guarantee that the given
criteria are achieved in the resulting layouts. In some cases, it can be proved that the
layouts cannot achieve worse than a certain value times the optimum. For example,
it can be shown that, for certain values of n, the algorithm in 70] produces drawings
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of rooted trees that are (n) times wider than the best possible 78]. Upward planar
straight-line grid drawings of DAGs can occupy an area that is exponential in the
number of nodes in the graph 16] however, an algorithm that allows bends in the
edges produces layouts with no more than 2n ; 5 total bends that occupy O(n2) area.
An algorithm for drawing general undirected graphs is presented in 51]. A metric
for symmetry is dened and it is proven that the algorithm draws graphs such that
symmetries are displayed. A few layouts of small example graphs are included to
illustrate that the algorithm works well.
The merit of some heuristic algorithms can be observed by the number of times
it, and modications of it, have been used in practical graph drawing applications.
Sugiyama et. al., use a heuristic approach to reduce edge crossings in hierarchical
layouts of DAGs 77]. Nodes are placed on horizontal levels and a heuristic method
called the barycentric method is used to reduce the number of edge crossings between
levels. The order of nodes on each level is modied in turn starting with the top level
and working down (the DOWN-UP procedure) or starting with the bottom level and
working up (the UP-DOWN procedure) and the process is iterated for a xed number
of iterations or until the order does not change. The barycentric method is used to
permute the nodes on each level. A measure of the average position of a node's
neighbours on the next level is called the barycenter. The nodes on each level are
ordered by their barycenter and the process is iterated. The success of the heuristics
used can be seen by the number of variations on this method that have been used in
drawing systems for applications 3, 8, 37, 58, 60, 64, 67, 71].
Other heuristic algorithms are evaluated by mere statements that the layouts
seem to achieve the specied criteria in practise 36]. These statements are often

2.2 Measuring Heuristic Algorithms

15

accompanied by examples of a few layouts produced by the algorithm 12, 26, 35, 49].
The algorithm presented by Eades in 26] uses a heuristic to display symmetries
in general undirected graphs and keep edge lengths fairly uniform. It uses springembedding which is also known as force-directed placement. The graph is represented
as a physical model of springs. The nodes are modeled as rings and edges represent
springs between pairs of rings. Given an initial layout of the nodes, the forces of the
springs on the rings cause the nodes to move until they reach a minimal energy state.
The success of this method is seen by its popularity in the literature 12, 35, 43, 49].
In all of these cases, pictures of layouts are provided and statements are made but
no proofs are given that the algorithms produce layouts that satisfy the specied
aesthetic criteria and no quantitative measurements are made on the layouts. In 49],
Kamada and Kawai state that providing proof that their force-directed algorithm
produces layouts that satisfy the criteria is a challenging problem. A more detailed
discussion of some of the force-directed placement algorithms listed here is presented
in Chapter 5.
Quantitative measures have been used for evaluating layouts produced by heuristic
algorithms 58, 60, 68, 88]. In 68], a force-directed placement algorithm is presented
for placing components on a circuit board such that the sum of the wire lengths is
small. The sum of the lengths of the edges in a minimum spanning tree of the graph
components is used as the quantitative measure of the layouts and layouts produced
by their system are compared against known optimal layouts. The layouts are also
compared with layouts produced by other published methods.
An algorithm for producing hierarchical drawings of directed graphs by recursively
drawing subgraphs then joining the drawings of the subgraphs together is presented
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in 58]. The authors compare layouts using four di erent measures: execution time,
number of crossings, total edge length, and the number of levels drawn. They compare
their results with those of another algorithm presented in 71] on fourteen specic
input graphs according to the di erent measures.
A graph layout algorithm for producing grid drawings of DAGs is presented in
60]. The DAGs are data ow graphs of programs from a parallel processing research
project. The authors state that the quality of a drawing is di cult to measure in
quantitative units however, they measure the sum of the edge lengths in the layouts
to compare each phase of their algorithm on four di erent data ow graphs.
A heuristic algorithm that tries to produce drawings with uniform edge lengths,
evenly distributed nodes, and minimal edge crossings is presented in 88]. The algorithm nds an initial placement of each node by minimizing a cost function made up
of three components representing each of the three criteria. A quantitative measure is
dened for each of the criteria and layouts produced by the algorithm are compared
with layouts produced by the algorithms in 11] and 35] based on these measures.

2.2.1 Dynamic Graph Drawing and Layout Adjustment
Compared to the number of static graph drawing algorithms available, little work
has been done in designing dynamic graph drawing algorithms and layout adjustment
algorithms 14]. An early result in dynamic graph drawing is an algorithm for drawing
trees that change 61]. More recently, algorithms that update drawings of trees, special
types of digraphs, and general planar graphs in polylogarithmic time are presented
in 9]. The authors prove that the algorithms produce drawings that satisfy certain
properties. In 5], user specied constraints (in the form of linear equations of two
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variables) are added to an existing layout algorithm to keep drawings stable. Pictures
of updated layouts redrawn with the specied constraints are presented and the author
states that in practise the constraints provide good layouts. An incremental graph
layout algorithm that constructs a layout by adding nodes and edges one at a time is
presented in 59]. The algorithm is heuristic and the authors state that it does well
in practise. Pictures are provided of layouts produced by the algorithm.
In 19], two algorithms are presented that preserve the orthogonal ordering of the
nodes in the graph. Nodes are pushed apart if the boxes modeling the nodes overlap.
It is shown that there is no overlap of the nodes in the resulting layout and that the
orthogonal ordering of the nodes is preserved.

2.3 Cluster Busting in Anchored Graph Drawing
The goal of cluster busting in anchored graph drawing is to produce a new drawing
D0 of an existing drawing D such that the following criteria are satised:

CB1 The drawing D0 should be in the same size drawing window as D,
CB2 The nodes in D0 should be more evenly distributed inside the window than the
nodes in D,

CB3 The general shape of D0 should be the same as D.
These criteria are the same as those presented in 19]. Note that criteria CB1 and
CB2 do not take the edges of the graph into consideration. In is unclear from the
description of criterion CB3 whether or not the shape of the drawing includes the
edges of the graph. In Chapter 4, we dene measures of the shape that do not
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include the edges. Furthermore, our algorithms ignore the edges of the graph when
determining the new node positions. The denition of shape presented in 19] also
excludes the edges of the graph. In 21] a topology measure of the user's mental map
is dened that takes the edges of the graph into consideration however, no layout
adjustment algorithms are presented that preserve this measure. Further discussion
on this matter is presented in Chapter 7.
As with several other methods for drawing general undirected graphs, our algorithms are heuristic. We cannot prove that the algorithms satisfy the criteria of
cluster busting in anchored graph drawing all of the time however, we present quantitative measures of the layouts which provide evidence that the algorithms satisfy
the criteria in practise.

Chapter 3
Preliminaries
In this chapter, we present denitions and terminology that will be used throughout
the dissertation. Denitions that are necessary for the understanding of concepts in
a particular section of the dissertation are dened where they are used. The Glossary
contains a list of the symbols along with their meaning. The Index contains a list of
terms used and the page number on which they are dened. We give a brief outline
of the results in this dissertation to help put the concepts and denitions presented
in this chapter into context.
In this dissertation, we present two algorithms for cluster busting in anchored
graph drawing. We also describe seven measurements that are made on layouts
produced by the algorithms. The layout algorithms and the algorithms that do the
measurements have been implemented. In order to evaluate the layout algorithms,
we execute the implementations on sample input layouts and perform each of the
measurements on the resulting layouts. To do this on a large number of input layouts,
we generate random layouts. In this chapter, we dene the format of the input and
output for the layout algorithms. Several geometric tools are presented that are used
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in the layout algorithms and the algorithms that do the measurements. Finally, we
describe how the random layouts are generated.

3.1 Layout Algorithm Input and Output
A drawing D = (G S W ) is a graph G = (V E ) along with a set of points S =
fp0 p1 : : :  pn;1g and a window W . There is a one-to-one mapping from the set of
nodes V onto the set of points S such that the node vi is at the point pi = (xi yi) in
the drawing D. The window is an isothetic rectangle in the plane that is, the sides
of W are parallel to the coordinate axes. The set S is contained in W that is, each
point of S is in the interior of W .
Nodes in a drawing can be displayed using a variety of shapes including rectangles,
squares, and circles with or without text inside them. In our layout algorithms, the
nodes are represented as points. These points can be considered as reference points
such as the centres of circles or the bottom left hand corners of rectangles. Further
discussion on this matter is presented in Chapter 7.
A drawing D0 = (G S 0 W 0) is a transformation of D where S 0 = fp00 p01  : : :  p0n;1g
is a set of points p0i = (x0i yi0 ) in the plane such that there is a one-to-one mapping
from V onto the set S 0, and W 0 contains S 0. The set S 0 is possibly di erent from
the set S and W 0 is possibly di erent from W . When we talk about the nodes in a
drawing D, we are referring to the mapping from V onto S . When we refer to the
nodes in a graph G, we mean the set V .
The layout algorithms presented in Chapter 5 take as input a drawing D =
(G S W ) of a graph G with n  3 nodes such that no two nodes occupy the same position in the plane, and produce a new drawing D0 = (G S 0 W 0) such that W 0 = W .
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Figure 3.1: The layout system.
The window W has four sides which can be determined by two points: The bottom
left corner and the top right corner. Let the bottom left corner be bl = (xbl  ybl ) and
let the top right corner be tr = (xtr  ytr ).
We distinguish between world and screen coordinates. Using terminology from
computer graphics, we say the input coordinates of the points and corners of W are
given in world coordinates 33]. Prior to executing any layout algorithm, the world
coordinates are transformed to the screen coordinates of our system. The screen
coordinates of our system are between (0 0) and (1 1). After execution of a layout
algorithm the drawing and window are transformed back to the world coordinates.
Figure 3.1 illustrates the layout system described above. For the rest of the discussion
we assume the set S and the corners of W are in screen coordinates.

3.2 Model of Computation
The analysis of all algorithms described in this dissertation assumes the real RAM
model of computation. In the real RAM model each storage location is capable
of holding a single real number, operations are executed one at a time, primitive
operations are available at unit cost, and analytic functions such as trigonometric
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and logarithm functions are executed in unit time 66].

3.3 Geometric Tools Used
Several geometric structures are used by our layout algorithms and the algorithms
that do the measurements. In this section we describe these structures and present
the worst-case running time of algorithms that compute them.

3.3.1 The Voronoi Diagram (VD)
Given a set S = fp0  p1 : : :  pn;1g of n points, the Voronoi Diagram (VD) of S ,

VD (S ), is a partition of the plane into n convex regions such that the region associated
with the point pi is the set of points that are closer to pi than to any other point
in S . The distance between two points is the Euclidean distance1 . More formally,
dene H (pi pj ) as the half-plane containing pi and bounded by the perpendicular
bisector of pi and pj . The intersection of n ; 1 half-planes gives the Voronoi polygon,
or Voronoi region of pi: Vor (pi) = \i6=j H (pi pj ). Each polygon Vor (pi) is convex
and not necessarily bounded with at most n ; 1 sides. The partition dened by these
polygons is VD (S ). The vertices of the Voronoi polygons are called Voronoi vertices,
and the edges of the polygons are called Voronoi edges 66, 89]. There are at most
3n ; 6 Voronoi edges and at most 2n ; 5 Voronoi vertices in a Voronoi diagram of
n points 66]. Let the set of Voronoi vertices of S be VV (S ) and the set of Voronoi
edges of S be VE (S ) jVV (S )j = (n) and jVE (S )j = (n).
The Voronoi diagram of n points can be computed in O(n log n) time2 and the

p(1The
;

Euclidean distance between two points
and
)2 + ( ; )2 .
2 All logarithms are to the base 2 unless otherwise stated.
xi

pi

xj

yi

yj

pj

is given by

dist (pi  pj )

=
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lower bound for computing the Voronoi diagram of n points is !(n log n) 66]. An algorithm by Fortune computes the Voronoi diagram of S using the sweepline technique
34]. A geometric transformation of the Voronoi diagram is computed by sweeping
a horizontal line upwards. When the line intersects a point pi , it encounters the
transformed Voronoi region of pi for the rst time. As the line is swept upwards, the
transformed Voronoi regions that it intersects are maintained. An implementation by
Kenny Wong of this algorithm is used by the implementations of our algorithms 94].

3.3.2 The Clipped Voronoi Diagram (CVD)
The Clipped Voronoi diagram (CVD) of a set S of n points, CVD (S ), is VD (S )
clipped within W . Denote the boundary of W by bd (W ), and let the set of four
corners of W be C (W ). The set of vertices of CVD (S ) is dened as:
CVV (S ) = (VV (S ) \ W )  C (W )  (VE (S ) \ bd (W )):

The set of edges of CVD (S ), CVE (S ), is the set of edges in VE (S ) \ W plus the
segments of bd (W ) between the points dened by VE (S )\bd (W ) and C (W ). Observe
that jCVV (S )j = (n) and jCVE (S )j = (n) and the sets CVV (S ) and CVE (S )
can be computed in O(n) time therefore, the Clipped Voronoi Diagram of n points
can be computed in O(n log n) time.

3.3.3 The Delaunay Triangulation (DT)
The Voronoi diagram of the set S is a subdivision of the plane into n regions. The
straight line dual of VD (S ) is the graph whose node set is S and whose edge set
is found by adding a straight line segment between every pair of points in S whose
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Voronoi polygons share an edge. The straight line dual of the Voronoi diagram
is a triangulation of S called the Delaunay triangulation (DT) 66]. The Delaunay
triangulation of S , DT (S ), can be computed in O(n log n) time. If VD (S ) is available,
DT (S ) can be computed in O(n) time. The lower bound for computing the Delaunay
triangulation of n points is !(n log n) 66].

3.3.4 The Convex Hull (CH)
The convex hull (CH) of a set S of n points, CH (S ), is the smallest convex polygon P
such that every point in S is on the boundary of P or in its interior. The convex hull
of n points can be computed in O(n log n) time and the lower bound for computing
the convex hull of n points is !(n log n) 66].

3.3.5 The Euclidean Minimum Spanning Tree (EMST)
A Euclidean minimum spanning tree (EMST) of a set S of n points EMST (S ) is a
tree of minimum total edge length whose nodes are the points in S 66]. An EMST of
a set S of n points can be computed in O(n) time given the Delaunay triangulation
of S . Since EMST (S ) is a tree, it has n ; 1 edges. The lower bound for computing
an EMST of n points is !(n log n). Note that EMST (S ) DT (S ) 66].

3.3.6 The Closest Pair of Points
Given a set S of n points, a closest pair of points in S is a pair of points pi and pj ,
i 6= j , such that dist (pi pj ) is minimized. A closest pair of points in S is joined by an
edge in EMST (S ) therefore, a closest pair of points in S can be found by computing
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EMST (S ) in O(n log n) time and nding a minimum length edge in the (n) edges
in EMST (S ).

3.4 Generating Random Node Placements
In order to evaluate and compare the layout algorithms presented in this dissertation,
we generate random layouts and execute the layout algorithms on these random
layouts. We let W be the unit square and generate a set S of n random points inside
W . The screen and world coordinates of the random layouts are the same.
We evaluate and compare the layout algorithms on a variety of possible inputs
by generating layouts with K clusters of k points each inside W such that n = Kk.
The region W can be evenly divided into K square regions with area K1 . We want
to evaluate our layout algorithms on layouts with clusters of nodes such that the
interactions between the nodes are hard to read that is, we want each region that
contains a cluster of nodes to be small. Therefore, we let each cluster occupy a square
region with O( K12 ) area. We rst compute K cluster centres by generating K random
points inside W : fc0 c1 : : :  cK;1g. Let si be the square with centre ci and area KC2
where C is a constant. The squares are clipped within W and k random points are
generated uniformly inside each clipped si. The result is a set of K clusters in the
unit square. When K = n, we let pi = ci , i = 0 1 : : : K ; 1.
We evaluate our layout algorithms on layouts of size n = 25, n = 50, and n = 100.
For n = 25, we use layouts with K = 1, K = 5, and K = 25 clusters, for n = 50, we
use layouts with K = 1, K = 2, K = 5, K = 10, K = 25, and K = 50 clusters, and
for n = 100, we use layouts with K = 1, K = 2, K = 4, K = 10, K = 25, K = 50, and
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K = 100 clusters.

Figure 3.2 shows example random layouts3 for n = 50 and each

sized cluster.
In some cases, two random layouts are required for comparison. The number of
nodes must be the same but the type of clustering should be randomly chosen. To
generate a random layout of n nodes with a random number of clusters, a random
number K is generated between 1 and n and K + 1 clusters are produced as described
above such that b Kn c nodes are in K of the clusters and n mod K nodes are in the
(K + 1)st cluster.

3

The layouts displayed in this dissertation were produced using GLAD 69].

3.4 Generating Random Node Placements

Figure 3.2: Random layouts for n = 50 and K = 1 2 5 10 25 50.
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Chapter 4
Measuring Similarity and
Distribution
Informally, the goal of cluster busting in anchored graph drawing algorithms is to
distribute more evenly the nodes while keeping the layout similar to the original layout
and inside the same size drawing window. In Chapter 2, we dened the following
criteria that an adjusted drawing D0 of G should satisfy:

CB1 W 0 = W ,
CB2 The nodes in D0 should be more evenly distributed than in D,
CB3 The general shape of D0 should be the same as D.
It is straight-forward to measure if a drawing is inside a given drawing window
however, quantifying even distribution and similarity are much more di cult. In this
chapter we present models of distribution and similarity and dene measurements of
layouts based on these models. These measurements are used to evaluate the layouts

29

30

Measuring Similarity and Distribution

produced by our algorithms. The algorithms we describe in Chapter 5 are iterative
and we also use these measurements to evaluate layouts after each iteration of the
algorithms to determine when to stop.

4.1 Measuring Distribution
Criterion CB2 states that the nodes in D0 should be more evenly distributed inside
W than the nodes in D. In order to judge if the nodes in one drawing are more evenly
distributed in W than the nodes in another drawing we need a method, or methods,
for measuring the distribution of points in a given bounded region. We must not only
consider the distribution of the nodes relative to each other but also the distance
between each node and bd (W ). We have determined through observation that if the
ideal distance between two nodes is dI then the ideal distance between a node and
bd (W ) is 0:5dI . Two placements of four points inside W are shown in Figure 4.1. We
feel the points in Figure 4.1(a) are more evenly distributed inside W than the points
in Figure 4.1(b). On the left, the distance between the points and the sides of W is
roughly half the distance between adjacent pairs of points. On the right, the distance
between the points and the sides of W is about the same as the distance between
adjacent pairs of points.
We call a method for measuring the distribution of points a model E of distribution.
Given a model E of distribution, let the distribution measure of the nodes in a drawing
D = (G S W ) according to the model E be:
E (S )
where E (S )  0:0 increases as S becomes more evenly distributed under the model
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(b)

Figure 4.1: Two ways of drawing four points in a square.

E.
We present two models of the distribution: the Closest Pair (CP) model and
the Force Minimization (FM) model. The measure of distribution according to the
CP model is the distance between a closest pair of points in S . The measure of
distribution according to the FM model is used in 88] to quantify when a set of
nodes is evenly distributed. This measure is based on the model of repelling forces
between all pairs of nodes.

4.1.1 Closest Pair (CP) Model of Distribution
An intuitive way of quantifying the distribution of a set of points is to say that a
set of points is evenly distributed in a given bounded region if the minimum distance
between any two points in the set is maximized. We include the distance between any
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point and bd (W ). The distance between a node pi and each side of W is represented
as the di erence in x and y between pi and the points bl and tr for example, the
distance from pi to the left side of W is given by jxi ; xbl j. The measure of distribution
according to the CP model is dened as:
CP (S ) = minfmin
fdist (pi pj )g w2fmintrblgf2jxi ; xw j 2jyi ; ywjgg
i6=j
It follows that the nodes in a drawing D are more evenly distributed than those in
D0 under the CP model if:
CP (S ) > CP (S 0):
The problem of maximizing the minimum distance between any pair of n points
in a given region W is the same as packing n circles with equal radius r inside W such
that the circles do not overlap and r is a maximum 72, 81]. If a packing of n equal
sized circles in a square can be found such that the radius of the circles is maximized,
then the locations of the centres of the circles give a layout of n points such that
the minimum distance between any two is maximized. There are several results for
packing equal sized circles in the unit square 13, 39, 72, 73]. In 73], a packing is
q p
given for n = 8 circles such that the circle diameter is 2r = 2 ; 3 ' 0:518, and
in 72], packings are given for n = 2 : : :  9, and for several n 340. Some of these
results have been improved in 13]. As far as we know the problem of packing n equal
sized circles in a unit square such that their radius is maximized is open for arbitrary
n 92].
The cost of computing CP (S ) for a drawing D with n nodes is O(n) time given
the Voronoi diagram of the nodes which can be computed in O(n log n) time 66].
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4.1.2 Force Minimization (FM) Model
An algorithm is presented in 88] for drawing general graphs. Quantitative measurements are performed on layouts produced by the algorithm. One of the measurements
is used to judge node distribution. The value computed represents the sum of the
node repulsion forces used in the force-directed placement algorithms by Davidson
and Harel 12] and Fruchterman and Reingold 35]: The repelling force computed
between a pair of nodes pi and pj , i 6= j , is proportional to:
f (pi pj ) = (dist (p1  p ))2
i j
and in 88], the distribution of the nodes is measured by computing the sum of
f (pi pj ) for every pair of nodes pi and pj , i 6= j . The idea behind this measure is that
when the nodes are evenly distributed, the system of forces will be close to a global
minimum therefore, when the sum of the acting forces is minimized, the nodes are
evenly distributed.
We dene a model of distribution based on this idea called the Force Minimization
(FM) model. Since the distance between each node and the sides of W is included in
this model, we dene the following function:
0 ;1
1 n;1
!

nX
;2 nX
X
X
1
1
1
A
F (S ) = @
2 +
2 + (2jyi ; yw j)2
(
dist
(
p

p
))
i
j
i=0 j =i+1
i=0 w2ftrblg (2jxi ; xw j)
Note that F (S ) decreases as the nodes become more evenly distributed according to
the FM model. Since we dene E (S ) to increase as the nodes become more evenly
distributed under the model E , we let
FM (S ) = (F (S ));1 :
It follows that if FM (S ) > FM (S 0), the nodes in S are more evenly distributed
according to FM model than those in S 0. Note that since F (S ) 6= 0:0, FM (S )
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is dened for all S . Note also that all of the distances are greater than 0 because
no two nodes are at the same point in the initial layout and no node is on bd (W ).
Furthermore, our layout algorithms do not move any two nodes to the same point
and do not move any node onto bd (W ).

p

Since all the node positions are inside W , dist (p q)
2 for any two nodes p and
q, and F (S ) has a very large numeric value while FM (S ) has a very small numeric
value. Therefore, we scale the drawing by multiplying each node position by 100:0
prior to computing FM (S ). The cost of computing FM (S ) for a drawing D with n
nodes is O(n2).

4.2 Measuring Similarity
Criterion CB3 states that the general shape of D0 should be the same as D. In 20]
and 21], several mathematical models of the user's mental map of a drawing D are
dened and D0 is said to have the same shape as D if D0 and D are exactly the same
according to one of the models. Since this condition is relaxed in cluster busting in
anchored graph drawing, we must have a way of measuring di erence or similarity
between D and D0 according to a given model. In this section, we present measures
of di erence between two sets of points based on ve models of a user's mental map.
Each of the models described in this section quanties similarity between two sets of
node positions and does not consider edges of the input graph. For a given mental map
model M , let the di erence measure between two sets of points S and S 0 according
to the model M be:

DM (S S 0)
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where
0:0

DM (S S0)

1:0:

If DM (S S 0) = 0:0, then there is no di erence between the drawings D and D0
according to the model M . In this case, the transformation from D to D0 preserves
the mental map under M . We say two drawings D and D0 are not very dierent
or are similar under a model M if DM (S S 0 ) is small, and the two drawings are as
di erent as they can be according to measure M if DM (S S 0) = 1:0.
We make no claims that the models presented in this section are actual judges
of similarity according to how humans would judge similarity between two drawings.
We use measures based on the models as a means of evaluating and comparing our
layout algorithms as well as for determining when to stop iterating our algorithms.
Several elds of study both outside and inside computing science use judgements of
similarity for classication, identication, and comparison. The models presented in
this section have been chosen based on ideas and results borrowed from the elds of
psychology and pattern recognition, and because of their geometric nature, e ciency
of computation, and ease of implementation.
According to Gregson, the above denition of similarity is termed normative similarity 42]. Under the normative denition of similarity, a declaration is made that
a certain operation is being used to measure similarity between two objects but no
presupposition is made about how accurate that operation is as an actual judge of
similarity 42].
Psychologists are interested in measuring how humans perceive similarity between
objects. Goldmeier looks at how humans perceive similarity by performing experiments in which subjects are given a model object and other objects, and asked to
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evaluate how similar the objects are to the model object 40]. Based on these experiments, he concludes that angular and distance relationships within a gure are
crucial in judging similarity, and features such as symmetry and grouping of parts
are also important.
Most of the mental map models presented in this section are based on features
that Goldmeier concludes are used when observing one gure to be similar to another.
A measure based on the All Distances (AD) model computes di erences in distance
relationships between every pair of node positions in the two drawings. Symmetries
in the node positions of the two drawings are compared using a measure based on the
-Matrix (M) model. The -matrix of a set of points is dened in Section 4.2.2.
As suggested in 20], preserving some notion of clusters of the nodes in a drawing D
can be done by maintaining the relationships in a proximity graph of the nodes in D.
The use of this type of mental map model is supported by the conclusion of Goldmeier
that the grouping of parts is an important feature in determining similarity. The idea
of using proximity graphs to dene the \shape" of a set of points is also used in pattern
recognition 82, 84, 85]. A measure based on the Delaunay Triangulation Edges (DE)
model computes changes in the Delaunay triangulations of the node positions. We
also present a measure that computes the sum of the distances that every node in
D has moved to produce D0. We base this measure on the Distances Moved (DM)
model. Finally, we dene a measure based on the Orthogonal Ordering (OO) model.
Each of the measures are described in more detail in the following sections. For
each measure, we describe the algorithm we use for computing the measure and its
complexity, and discuss some properties of the measure. We dene M (S S 0) as the
number of changes in S 0 from S under the model M and let UB M (n) be an upper
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bound on the number of changes in a drawing with n nodes under the model M . The
measure of di erence according to the model M is given by
0

DM (S S0) = MUB(S(nS) )
In this way, we ensure that 0:0 DM (S S 0) 1:0. It is important to note that the
values of DM (S S 0) are normalized between 0:0 and 1:0 in order to compare values of
DM (S S 0) for di erent sized drawings produced by di erent layout programs under
the same model M . It is inappropriate to compare DM (S S 0) and DM (S S 0) on the
1

2

same drawing for di erent models M1 and M2 .

4.2.1 All Distances (AD) Model
Given two drawings D and D0 of a graph G with n nodes, the number of changes
under the AD model is computed by nding the sum of the di erences in distance
between every pair of nodes in the two drawings:

AD

(S S 0) =

nX
;1 nX
;1

j
dist (pi  pj ) ; dist (p0i p0j )j
i=0 j =i+1

The time to compute AD (S S 0 ) is O(n2) for D and D0 with n nodes since there are
(n2) pairs of nodes.
There are n(n2;1) terms in the summation and each term has a value that is at
p
most 2 because S and S 0 are within the unit square therefore, we dene the upper
bound on AD (S S 0) for n nodes as:
UB AD (n) =

and let:

n(n ; 1) p2
2
0

AD (S S )
DAD(S S 0) = UB
AD (n)
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Note that AD (S S 0) < UB AD (n) for n > 2, but when n = 2 and p0 and p1 are at
opposite corners of the unit square in D, and p00 = p01 in D0, DAD (S S 0) = 1:0. The
only situation in which DAD (S S 0) = 0:0 is when D0 is a translation, rotation, and/or
re ection of D.

4.2.2

-Matrix (M)

In 41], Goodman and P

Model
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and S 0, it can be determined from their -matrices if they have the same order type.
Several possible applications of this technique are presented in 41]. It is suggested that in pattern recognition new images can be compared to a given image by
comparing their -matrices. If the new image has preserved the relative orientations
of points (such as a view of an object from a slightly di erent perspective than the
standard view), its -matrix will be the same as that of the original image. If the new
image has undergone some local changes (such as in hand-written character analysis),
its -matrix will not be the same as that of the original image but will correlate highly
with it. As far as we know, the application of -matrices to pattern recognition has
not been explored further 65].
We use -matrices to compare two drawings D and D0 of n nodes by computing
the sum of the di erences in entries in the -matrices of S and S 0:

M (S S 0) =

nX
;1 nX
;1

j
(pi pj ) ; (p0i p0j )j
i=0 j =0

An upper bound on M (S S 0) can be determined by observing that the elements in
each row of a -matrix depend on the elements in the other rows of the -matrix
however, if the maximum di erence for a single row independent of the other rows is
achievable in each row for two congurations S and S 0 then M (S S 0) is a maximum.
Let i = (a0a1 : : : an;2) be the sequence of elements of the ith row of the -matrix
of S not including (pi pi), and let 0i = (a00 a01 : : : a0n;2 ) be the sequence of elements
of the ith row of the -matrix of S 0 not including (p0i p0i). Note that i and 0i are
sequences of n ; 1 integers such that 0 aj  a0j n ; 2, j = 0 1 : : :  n ; 2.
For now, assume that no three nodes are collinear. This assumption will be relaxed
later. The following lemma characterizes those rows of a -matrix that contain the
elements 0 and n ; 2. Consider i and a similar argument holds for 0i .
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Lemma 4.2.1 The node pi is on the convex hull of S if and only if there are elements
n ; 2 2 i and 0 2 i.

Proof: Let pi be on the convex hull of S and, without loss of generality, let its
two neighbours be pi;1 and pi+1 in the clockwise and counterclockwise directions,
respectively. Since the line segments pi;1pi and pi pi+1 are convex hull edges, the lines
through them are supporting lines of S and (pi pi;1) = 0 and (pi pi+1) = n ; 2.
If there are two nodes pi;1 and pi+1 such that (pi pi;1) = 0 and (pi pi+1) = n;2,
then the lines through pi and pi;1 and through pi and pi+1 are supporting lines of S
therefore, the line segments pi;1 pi and pipi+1 must be edges of the convex hull of S ,
and pi is on the convex hull of S . 2
;2 ja ; a0 j.
Let the sum of the di erences in the elements in row i be %i = Pnj=0
j
j

Lemma 4.2.2 If %i is a maximum then pi is on the convex hull of S and pi is not
collinear with two or more other nodes.

Proof: Assume that %i is a maximum and that pi is not on the convex hull of S . By

Lemma 4.2.1, if pi is not on the convex hull of S then 0 2= i and n ; 2 2= i. If 0 2= i
and n ; 2 2= i then there is an ak 2 i such that ak = al for some other al 2 i ,
0 < ak  al < n ; 2. Consider a0k 2 0i and a0l 2 0i . For any value of a0k and a0l in the
range 0 n ; 2], the sum ja0k ; ak j + ja0l ; al j will increase by either setting ak or al to
0 or n ; 2.
Assume that %i is a maximum with pi on the convex hull of S and pi;1 and pi+1
collinear with pi. Then ai+1 = n ; 3 and ai;1 = 0. For any value of a0i+1 and a0i;1 , the
sum jai+1 ; a0i+1 j + jai;1 ; a0i;1 j increases by either setting ai+1 = n ; 2 or by setting
ai+1 = 0 and ai;1 = n ; 2. 2
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Therefore, if %i is a maximum, then pi is on the convex hull of S and pi is not
collinear with two or more other nodes in S . A symmetric argument can be given
to show that if %i is a maximum then p0i is on the convex hull of S 0 and p0i is not
collinear with two or more other nodes in S 0. If %i is maximized for each row i of the
-matrices of S and S 0 then every node in S and S 0 must be a convex hull node and
no three nodes can be collinear.

Lemma 4.2.3 If every node in S is on the convex hull of S and no three nodes are

collinear then i contains the elements 0 1 : : :  n ; 2 for i = 0 1 : : : n ; 1.

Proof: Let pi;1 and pi+1 be the clockwise and counterclockwise neighbours of pi on

the convex hull of S , respectively. The line from pi to pi+1 has n ; 2 nodes to its
left. As this line is rotated in a counterclockwise direction from pi , it encounters each
node of S and the count of nodes to its left decreases by exactly one until it reaches
pi;1 when the count is 0. 2
Without loss of generality, assume that aj = j in i for j = 0 1 : : :  n ; 2. We
can represent the ordering of the elements in 0i by the following permutation:

0
1
B 0 1 : : : n ; 2 CC
&i = B
@ 0 0
A
a0 a1 : : : a0n;2
All permutations for which % = Pn;2 ja0 ; j j is a maximum are dened in Lemma
0

i

j =0

j

4.2.5 in Section 4.2.5. The permutation

0
1
1 ::: n ;2 C
B 0
CA
&i = B
@
n ;2 n; 3 ::: 0
0

satises the conditions in Lemma 4.2.5 and occurs for each row i when every node in
S and S 0 is a convex hull node and the ordering of the nodes on the convex hull of S 0
is the opposite ordering of those on the convex hull of S .
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Lemma 4.2.4 Given two sets of points S and S 0 with n  3 nodes,
M

(S S 0)

$

2
n (n ;2 1)

%

Proof: The previous argument shows that the di erence between entries in each
of row i in the -matrix of S and the -matrix of S 0 is a maximum when every
node in S and S 0 is a convex hull node and the ordering of the nodes on the convex
hull of S 0 is the opposite ordering of those on the convex hull of S that is, when
a0j = n ; 2 ; aj , j = 0 1 : : :  n ; 2 for each row. By Lemma 4.2.5 in Section 4.2.5 the
;2 jj ; (n ; 2 ; j )j = b (n;2)2 c. If Pn;1 j(pi  pj ) ; (p0  p0 )j is a maximum
value of Pnj=0
j =0
i j
2
P
P
;1 n;1 j(pi pj ) ; (p0  p0 )j is a maximum and
for each row i then M (S S 0) = ni=0
j =0
i j
j
k
2
M (S S 0) n (n;21) . 2
Therefore, we dene the upper bound on M (S S 0) for n nodes as:

$

(n ; 1)2
UB M (n) = n
2

and let:

D

%

0)

(
S
S
M
0
M (S S ) = UB (n)
M

The upper bound is achieved when the set of points are all on the convex hull and
the ordering around the convex hull is reversed. Two sets of points S and P such
that DM (e.
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Figure 4.2: Two sets of points S and P such that DM (S P ) = 1:0.
in 82, 84, 85, 86, 87], including the Euclidean minimum spanning tree (EMST), the
Delaunay triangulation (DT), the relative neighbourhood graph (RNG) 83], the sphere
of inuence graph (SIG) 87], and the -hull 27]. The lune dened by two points
pi and pj is found by intersecting the circle centred at pi with radius r = dist (pi pj )
with the circle centred at pj with radius r. In the relative neighbourhood graph of
a set S of points, RNG (S ), there is an edge between two points pi and pj in S if
and only if no other point of S lies in the lune dened by pi and pj . Let Ci be the
circle centred at pi with radius equal to the distance from pi to its nearest neighbour
in S . In the sphere of in uence graph of a set S of points, SIG (S ), there is an edge
between two points pi and pj in S if and only if Ci and Cj intersect. The -hull of
a set of points is a generalization of the convex hull of a set of points 27]. Let be
a negative real number. Then the -hull of a set of points is the intersection of all
closed complements of discs with radius ;1= that contain all of the points of S .
Given a proximity graph PG(S ) of n points let PPG(pi pj ) = 1 if there is an edge
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between pi and pj in PG(S ), and let PPG(pi pj ) = 0 otherwise for i j = 0 1 : : :  n ; 1,
i 6= j . A di erence measure based on the proximity graph edges (PE) model is
computed by nding the sum of the di erences in PPG(pi pj ) and PPG(p0i p0j ):

PE

(S S 0 ) =

nX
;1 nX
;1

j
PPG(pi pj ) ; PPG(p0i p0j )j
i=0 j =i+1

The time to compute PE (S S 0) is

maxfO(TPG(n)) O(SPG log SPG)g
where TPG(n) is the time to compute the given proximity graph on n nodes, and
SPG(n) is the maximum number of edges in the given proximity graph on n nodes.
First, the proximity graphs of S and S 0 are computed in in O(TPG(n)) producing two
0 of length O(SPG(n)) each: EPG = ffpi pj gji < j and pi
lists of edges EPG and EPG
0 = ffp0  p0 gji < j and p0 and p0 are
and pj are joined by an edge in PG(S )g, and EPG
i j
i
j
joined by an edge in PG(S 0)g. These two lists are sorted in O(SPG(n) log SPG(n))
time such that (pi pj ) < (pk  pl) i pi pk and pj < pl , and compared in O(SPG(n))
time.

Delaunay Triangulation Edge (DE) Model
We have chosen the Delaunay triangulation as the proximity graph to use as a model
of the user's mental map. Recall that TDT (n) = O(n log n), SDT (n) = O(n) therefore,
DT (S S 0) can be computed in O(n log n) time. There are at most 3n ; 6 edges in
the Delaunay triangulation of n points 66] and if DT (S ) and DT (S 0) have no edges
in common, then there are at most 2(3n ; 6) changes in DE (S S 0) therefore, we let
the upper bound on DE (S S 0) with n nodes be:
UB DE (n) = 6n ; 12
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Figure 4.3: Two sets of points that have no Delaunay edges in common.
and let:

0

DE (S S )
DDE (S S 0) = UB
DE (n)

The upper bound is achieved when exactly three nodes are on the convex hull. Figure
4.3 shows two sets of points that have no Delaunay edges in common. The value of
DDE (S P ) for these two layouts S and P is not 1:0. In fact, it is 0:7222222 because
the number of Delaunay edges is 13 instead of the maximum possible of 18 when
there are three nodes on the convex hull. In 17], Dillencourt shows that any inner
triangulation of a polygon is realizable as a Delaunay triangulation. A triangulation
T is realizable as a DT if there exists a DT that is combinatorially equivalent to T .
In 17], it is also shown that spined triangles in which a chain of triangles all share a
common edge are realizable as DTs. Figure 4.4 shows an example of a spined triangle.
Even though there are 3n ; 6 edges in this triangulation, there is no way to create a
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Figure 4.4: An example of a spined triangle.
triangulation with the same number of nodes and such that no edges are in common
since the two bottom nodes are connected to all other nodes. It is an open problem
to characterize two Delaunay triangulations with 3n ; 6 edges that have no edges in
common.

4.2.4 Distances Moved (DM) Model
The value of DM (S S 0) is computed by summing the distance between pi and p0i for
i = 0 1 2 : : :  n ; 1:
nX
;1
DM (S S 0 ) = dist (pi p0i)

DM (S S 0)

i=0

The time required to compute
is O(n) since there are n distances. Each
p
distance is at most 2 since the sets S and S 0 are within the unit square therefore,
we dene the upper bound on DM (S S 0) for n nodes as:

p

UB DM (n) = 2n
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0

DM (S S )
DDM (S S0) = UB
DM (n)

The upper bound is achieved when all of the points move from some corner of W to
a diagonal corner. The only time that DDM (S S 0) = 0:0 is when S 0 = S .

4.2.5 Orthogonal Ordering (OO) Model
The di erence measure based on the OO model computes how di erent two sets of
points are in their x- and y-orderings. Let Rx(pi) be the rank of pi in the x-direction
and let Ry (pi) be the rank of pi in the y-direction. The rank of an element in sorted
order is the number of elements preceding it plus one. The value of OO (S S 0) is
computed by summing the di erence in rank of pi and p0i in the x- and y-directions:

OO (S S 0) =

nX
;1

(jRx(pi) ; Rx(p0i)j + jRy (pi) ; Ry (p0i)j)

i=0
OO (S S 0)

The time to compute
is O(n log n) since there are n nodes, sorting can be
done in O(n log n) time, and the di erence in rank can be computed in O(n) time.
We now discuss the upper bound on OO (S S 0). Without loss of generality, we
limit the following discussion to the x-ordering of the points. Let the x-values of n
points be given in non-decreasing order. If xi = xj we impose an ordering on them
such that xj follows xi in the ordering if and only if i < j . Without loss of generality,
let Rx(pi) = i and Rx(p0i) = ai, i = 0 1 : : :  n ; 1. Therefore,
&SS

0

0
1
B 0 1 : : : n ; 1 CC
=B
@
A
a0 a1 : : : an;1

is the permutation of the indices that takes the x-ordering of the points in S to
the x-ordering of the points in S 0. Let the sum of the di erences in the ranks in
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;1 ja ; ij. The following lemma characterizes the
the x-direction be: x(S S 0) = Pni=0
i
permutations for which x(S S 0) is maximized. Lemma 4.2.5 is the result of joint
work with Henk Meijer 57].

Lemma 4.2.5 Let I = f0 1 : : :  b n2 c ; 1g, and let J = fd n2 e : : :  n ; 1g. If n is

odd, let K = f n;2 1 g. The maximum value of x (S S 0 ) is reached in permutations with
ai 2 J for i 2 I and aj 2 I for j 2 J . If n is odd then the maximum value of x(S S 0)
is achieved by xing ak 2 K for k = n;2 1 or by swapping ak with any other element
in one of the permutations just dened.

Proof: We rst prove the case when n is even and then prove the case when n is
odd.

Case 1 (n even): If there exists an ai 2 I , i 2 I then there is an aj 2 J , j 2 J .
Swapping ai and aj results in x(S S 0 ) increasing since maxfai ig < minfaj  j g which
means that there are four cases to consider:
1. ai

i < aj j

2. i ai < aj
3. ai

j

i < j aj

4. i ai < j

aj

In all cases, it can be shown that jai ; ij + jaj ; j j < jai ; j j + jaj ; ij.
It is easy to see that any permutation of ai 2 J , i 2 I or aj 2 I , j 2 J gives the
same value of x(S S 0) since swapping two elements ai ai+1 2 J results in ai becoming
1 position closer to i and ai+1 becoming 1 position further from i +1, leaving x(S S 0)
unchanged.
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Case 2 (n odd): By the argument above, if a n =

n;1

the maximum value of
x(S S 0) (with a n 2 1 = n;2 1 ) occurs when ai 2 J for i 2 I and aj 2 I for j 2 J . Given
such a permutation, it is easy to see that the value of x(S S 0) remains unchanged if
a n 2 1 is swapped with another element al in the permutation since either ja n 2 1 ; n;2 1 j
increases by n;2 1 and jal ; lj decreases by the same amount or vice versa. 2
1

;

2

2

;

;

;

By Lemma 4.2.5, we can nd a permutation for which x(S S 0) (similarly, y (S S 0))
is maximized. Let the permutation of the indices of S 0 sorted by x-coordinate be:
&SS

0

1
0
1 ::: n; 1 C
B 0
CA
=B
@
n; 1 n; 2 ::: 0

This permutation satises the criteria given in Lemma 4.2.5. The sum of the di erences in the ranks for this permutation is given by:
2

c;1
b n2X
i=0

$ 2%
(n ; 1 ; 2i) = n2

Therefore, we dene the upper bound on OO (S S 0) for n nodes as:

$ 2%
n
UB OO (n) = 2
2

and let

0

OO (S S )
DOO(S S 0) = UB
OO (n)

The upper bound is achieved when the points in S are permuted in the manner
described in Lemma 4.2.5 in both the x- and y-directions. There are (( n2 )!)4 orderings
of n points for which DOO (S P ) = 1:0 when n is even, and (nb n2 c!)4 orderings of n
points for which DOO (S P ) = 1:0 when n is odd. Figure 4.5 shows two sets of points
S and P such that DOO (S P ) = 1:0.
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Figure 4.5: Two sets of points S and P such that DOO (S P ) = 1:0.

4.3 Conclusion
In this chapter we presented two measurements of distribution and ve measurements
of similarity. These measurements are used to evaluate our layout algorithms and to
determine stopping conditions of our algorithms. A discussion of their use for these
purposes is presented in Chapter 6. Tables 4.1 and 4.2 summarize the results presented
in this chapter.

4.3 Conclusion

Measure (E )
CP
FM
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E (S )
minfmini6=j fdist (pi pj )g
minw2ftrblgf2jxi ; xw j 2jyi ; yw jgg
(F (S ));1, where

P
P
;1 n;1
1
F (S ) = ni=0
+
Pj=i+1 (dist(pipj ))1 2 + 1
w2ftrblg (2jxi ;xw j)2 (2jyi ;yw j)2

Time
O(n log n)

O(n2)

Table 4.1: Overview of the Distribution Measures.

Measure (M )
M (S S 0)
UB M (n)
Time
p
P
P
n
(
n
;
1)
n;1 n;1 jdist (p  p ) ; dist (p0  p0 )j
AD
2 O(n2)
i j
i=0
j =Pi+1
i j
2
2
P
n;1 n;1 j(p  p ) ; (p0  p0 )j
M
nb (n;21) c O(n2)
i j
i=0 i=0
i j
P
P
n;1 n;1 jP (p  p ) ; P (p0  p0 )j
DE
2(3pn ; 6) O(n log n)
DE i j
i=0 j =i+1P DE i j
n
;
1
0
DM
2n
O(n)
i=0 dist (pi  pi )
P
2
n
;
1
n
0
0
OO
2b 2 c O(n log n)
i=0 (jRx (pi ) ; Rx (pi )j + jRy (pi ) ; Ry (pi )j)
Table 4.2: Overview of the Similarity Measures.
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Chapter 5
The Layout Algorithms
In this chapter, two layout algorithms for cluster busting in anchored graph drawing
are presented. Both of the algorithms are iterative and at each iteration heuristics
are used to determine where to move the nodes. We restrict the movement of the
nodes to inside the drawing window which guarantees that criterion CB1 is statised. However, we cannot prove that the heuristics produce layouts such that criteria
CB2 and CB3 are satised in all cases. In Chapter 6 we evaluate and compare the
algorithms according to these two criteria.
The algorithms take as input a drawing D = (G S W ) of a graph G, and produce
as output a new drawing D0 = (G S 0 W ) of G. Let S = S 0 be the input positions
of the nodes, and let S t = fpt0 pt1 : : :  ptn;1g be the positions of the nodes after
iteration t. The output positions of the nodes are given by the set S 0. After each
iteration t, tests can be performed to measure the distribution of the points in S t
and the di erence between S and S t. These measurements are used to determine
when the algorithms should stop iterating. If no measurements are made on the
layouts, the algorithms iterate a xed number of times. Let ; fCP FM g be a
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subset of the distribution models dened in Section 4.1. For each model E , let TE be
a predetermined threshold value of the distribution measure according to the model
E . If E (S t)  TE for any E 2 ;, then the algorithm stops iterating and S0 = St. Let
( fAD M DE DM OOg be a subset of the similarity models dened in Section
4.2. For each model M , let TM be a predetermined threshold value of the di erence
measure according to the model M . If DM (S S t) > TM for any M 2 (, then the
algorithm stops iterating and S 0 = S t;1 . At this point, the user is presented with the
resulting layout and is given the option of changing the thresholds and continuing or
accepting the layout the way it is.
Since we cannot prove that the algorithms converge (see Section 6.5), we cannot
guarantee that the threshold values will be reached therefore, a maximum number
of iterations Imax is also used when determining whether to stop iterating. If t = Imax
then the algorithm stops iterating and S 0 = S t . If ; =  and ( =  then no
measurements are made and the algorithm simply iterates Imax times.
The subsets ; and ( and the values Imax, TE for each E , and TM for each M
can be given as part of the input (for experienced users) or defaults can be used.
Possible default values have been determined through experiments and a discussion
of the issues and choices is presented in Section 6.4.

5.1 The Voronoi Diagram Cluster Buster (VDCB)
In the VDCB algorithm, nodes are moved to a point within their Voronoi regions in
the current layout. The idea of using the Voronoi diagram of the set S to constrain the
movement of the nodes came about while trying to determine how to satisfy criteria
CB3. Restricting the nodes to move within their Voronoi regions, guarantees that

5.1 The Voronoi Diagram Cluster Buster (VDCB)
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Figure 5.1: Some of the Voronoi regions do not allow very much movement.

p0i is closer to pi than to any pj 2 S , j 6= i. However, in small Voronoi regions that
are close together the allowable movement is too restricted to more evenly distribute
the nodes. Figure 5.1 shows an example of a layout of nodes in which the Voronoi
regions of some of the nodes are small1. Nodes such as those numbered 17, 20, and
22 are close together and cannot move very far if they are forced to stay within their
Voronoi regions. To allow the nodes in these small regions to become more evenly
distributed, the process is iterated. At each iteration, the nodes move to a point that
1

This Voronoi diagram was computed and displayed using Mathematica 93].
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is inside their Voronoi region and the Voronoi diagram of the new layout is computed.
We can no longer guarantee that p0i is closer to pi than to any other pj 2 S , j 6= i.
Since some of the Voronoi regions are unbounded, the Clipped Voronoi diagram
is used to ensure that each Voronoi region is a closed convex polygon, and any point
that is inside its Voronoi region in CVD (S ) is inside W . In the following discussion,
when we refer to the Voronoi diagram, Voronoi vertices, or Voronoi regions, we are
referring to the Clipped Voronoi diagram.
The rst question to resolve is where inside Vor (pi) to move pi . If a node pi is close
to an edge of Vor (pi) then it is close to the node that shares that edge, and if pi is far
from an edge of Vor (pi) then it is far from the node that shares that edge. To more
evenly distribute the nodes, the nodes should move away from Voronoi edges they are
close to and move closer to the Voronoi edges they are further from therefore, it was
decided to move each node to a central location in its Voronoi region. Two choices
for a central location are the centre of mass of the Voronoi vertices and the centroid
of the Voronoi region. Given a node pi such that V or(pi) has the following Voronoi
vertices: fv1 = (xv1  yv1 ) v2 = (xv2  yv2 ) : : :  vk = (xvk  yvk )g, the centre of mass of
these vertices is dened as:

cmi = xv1 + xv2 +k : : : + xvk  yv1 + yv2 +k : : : + yvk
Since each Voronoi region is convex, the centre of mass of its vertices lies inside the
region. The centroid of Vor (pi ) is dened as:

cdi =

R

R

Vor (pi ) x Vor (pi ) y
Area (Vor (pi ))

and can be computed by taking the sum of the centroids of k triangles dened by
f4piv1v2 4piv2v3 : : :  4pivk;1vkg each multiplied by its area and all divided by the
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centroid of the region

centre of mass of the vertices

Figure 5.2: A Voronoi region with several vertices close together.
area of Vor (pi).
If Vor (pi) has two or more vertices that are close together, then using the centre
of mass of the vertices causes pi to be moved closer to those vertices even when there
is more open space in Vor (pi) in the other direction. Figure 5.2 shows an example
of such a Voronoi region. Moving the node to the centroid of its Voronoi region in
this situation moves the node further into the open space which is intuitively a more
central location. For this reason, the central location in Vor (pi) has been chosen as
the centroid of Vor (pi).
In summary, the VDCB algorithm is iterative and heuristic. The heuristic used
at each iteration is to move each node to the centroid of its Voronoi region in the
current Voronoi diagram of the layout of the nodes. The algorithm takes a drawing
D = (G S W ) as input. Possibly empty sets ; and ( of distribution and similarity
models along with threshold values and a maximum number of iterations Imax are
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algorithm

VDCB(D)

stop iterating  FALSE t  0 S t  S
t<I
stop iterating
t
Compute CVD (S )
for each i
nd cdti
pti+1  cdti
tt+1
for each E 2 ;
if E (S t )  TE then
stop iterating  TRUE
S0  St
for each M 2 (
if DM (S t )  TM then
stop iterating  TRUE
S 0  S t;1
output: D 0

initialize:
while
max and not

Figure 5.3: The VDCB algorithm.

available at the start of the algorithm. If these values are not given as part of the
input, default values are used. The VDCB algorithm is presented in Figure 5.3.
The centroids of the Voronoi regions can be computed in O(n) time since there
are (n) edges in the Clipped Voronoi diagram and each Voronoi edge is used in the
computation of two centroids. Therefore, the VDCB algorithm runs in O(t  (n log n +
T (n))) time where t Imax is the number of iterations and T (n) is the time taken to
perform the measurements.
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5.2 The GeoForce Algorithm
The Geographic Force algorithm or GeoForce algorithm is based on the idea of using
forces and springs to model interactions between nodes in a drawing of a graph.
Variations of this idea have been presented in 12, 26, 32, 35, 49, 68, 75]. The basic
idea in each of these spring-based or force-based algorithms is the same: Nodes with
no edge between them are repelled from each other by a force that depends on the
distance between the two nodes and nodes connected by an edge are attracted to each
other by a force that depends on the distance between them. In 49], the Euclidean
distance between node positions along with the length of the shortest path between
nodes in the graph are used to calculate the repelling force. In most cases, the initial
layout is computed randomly and the algorithms are iterative. At each iteration,
forces are computed on the nodes and one or all of the nodes are moved to a position
according to the acting forces. Several techniques are used to decide when to stop
iterating including simulated annealing 12], choosing a xed number of iterations
26, 35], and stopping when a state with minimal energy in the springs is reached
49].
The above algorithms vary in several aspects: The functions describing the forces,
the constants used in the force functions, the method for determining when to stop
iterating, the technique for dealing with the sides of the drawing window, whether all
or one node is moved at each iteration, and the step-size, or the amount of movement
allowed at each iteration. Issues a ecting these decisions include the time complexity
of the algorithm and the quality of the resulting layout. In some cases, quality is
sacriced for time.
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The GeoForce algorithm came about by adapting the idea of the force-based algorithms with the hopes of achieving the same success in practise that the force-based
algorithms have. Criterion CB3 states that the general shape of the drawing should
be similar to the shape of the original drawing therefore, attractive forces are applied
between each node and its position in the original layout. Since the second goal of
cluster busting in anchored graph drawing is to more evenly distribute the nodes in
the drawing window, repelling forces are applied between every pair of nodes and
between each node and the sides of the drawing window.
The forces applied, constants used, and techniques for dealing with the boundary
of W have been chosen by implementing di erent methods and experimenting. The
basic GeoForce algorithm that was rst implemented has undergone several modications. We have found that slight changes in any of these choices can have a big e ect
on the quality of the resulting layout. Consequently, a description of the evolution of
the GeoForce algorithm is interesting as well as necessary to the understanding of its
nal version.
The issues we address in the next three sections are: How we ensure that the nodes
stay within W , what forces we decided to apply, and the step-size. For each issue,
we describe approaches used in the most recent force-based algorithms, describe our
experiences, and explain how our nal decisions were made. Further discussions on
possible future directions is postponed until Chapter 7.

5.2.1 Keeping the Nodes Inside W
We rst describe the way in which we decided to deal with the drawing window.
Initially, we started by using the same approach as Eades in 26]: The forces are
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allowed to act as in a real system and possibly push the nodes outside the window.
After the forces are applied, and the nodes are moved, the drawing is rescaled to t
inside the window before iterating. We found two problems with this approach. First,
after several iterations, the conguration tends to take the shape of a circle that is,
the nodes do not move into the corners of W . Secondly, the choice of where to place
the nodes inside W after rescaling is arbitrary. We decided it would be better to
include the window as part of the algorithm as is done in the VDCB algorithm.
To do this, we experimented with a di erent approach suggested by Davidson
and Harel in 12]. They add a term to their energy function that is proportional to
the sum of one over the distance squared from each node to each window boundary.
The nodes are kept from becoming too close to the boundary and from congregating
around the centre of the drawing by adjusting the constants on the force exerted on
the nodes from bd (W ) and the repelling force between every pair of nodes. We tried
their approach with several constants and found that we could not guarantee that
all nodes would stay inside W . An additional property of the algorithm by Davidson
and Harel may explain why their approach worked in their algorithm and not in ours.
They move only one node pi at a time and limit its movement to a point on the
boundary of a circle centred at pi whose radius decreases at each iteration. Their
algorithm moves one node a small amount at each iteration which slows it down
considerably. Since we are trying to achieve fast layouts, the amount by which the
nodes move at each iteration is necessarily larger than in their algorithm. The e ect
is that if a node gets close to bd (W ) or starts out close to bd (W ) the acting force is
very large pushing the node a long way from the boundary. In some cases, the node
is pushed past the opposite window boundary.
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We tried stopping a node at a window boundary if the forces acting on it pushed
it outside that window boundary as suggested by Fruchterman and Reingold in 35].
We experimented with di erent constants and forces but found that we could not keep
the nodes from congregating along the boundary of W . Consequently, a modication
of the approach by Davidson and Harel combined with the idea from Fruchterman
and Reingold was adopted. We decided to limit the movement of a node pi so that
it cannot move outside the window and also to keep pi within a region that takes
into consideration its proximity to the other nodes. The region chosen is the Voronoi
region in CVD (S ). The nodes are only allowed to move within a specied percentage
of the distance to their Voronoi edges. This specied percentage constitutes the stepsize and is discussed in Section 5.2.3. We continue to use repelling forces between
every pair of nodes and between each node and the sides of W , and attractive forces
between every node and its position in the original layout. As Eades does in 26] and
Fruchterman and Reingold do in 35], the acting forces are computed for all nodes in
the given layout and then the nodes are moved according to the forces, rather than
dealing with the nodes one at a time as in 12] and 49].

These ideas along with a careful choice of forces result in a cluster busting algorithm that uses forces and operates like a \smart" VDCB algorithm: The nodes
are moved to a location inside their Voronoi regions but the heuristic used to choose
that location is based on forces acting on the nodes rather than just blindly choosing
the centroid of the regions. The cost of this more intelligent algorithm is an O(n2)
computation time because of the application of the node repelling forces. The two
algorithms are compared in detail in Chapter 6.
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5.2.2 The Forces
Each of the forces is given as functions of the distance between the node position pi
and the object (side of W , original position, or position of another node) exerting the
force on pi . Let d be the distance between pi and the object exerting the force. Let
fA(d) be the function that describes the attractive force, let fR (d) be the function
that describes the repelling force between nodes, and let fS (d) be the function that
describes the repelling force between a node and bd (W ). We describe each of the
three forces in turn but obviously the choice of one depends on the choices of the
others.
We start with the repelling force. The reason for applying repelling forces is to
keep the nodes away from each other. Fruchterman and Reingold dene the ideal
distance between nodes as
r area
dI = n
where area is the area of the drawing window 35]. They assign attractive and repulsive
forces that apply a net force of 0:0 when d = dI . Eades 26] and Davidson and Harel
12] use a repelling force that is proportional to d12 . The repelling force used by
Fruchterman and Reingold is proportional to d1 35]. These force functions are made
more or less steep by multiplying by constants. In any case, as d gets close to 0:0, the
force approaches innity. When the force approaches innity for small d, two nodes
that are very close together are pushed very far apart by this strong force. We have
found that bounding the amount of force applied for d = 0:0 results in a smoother
behaviour. Furthermore, when the distance is larger than the ideal distance, no force
should be applied at all. We considered using a force proportional to d12 or 1d shifted
such that when the distance is 0:0, the force is a constant, but found that we got
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C1

0.0
0.0

Id

Figure 5.4: The repelling force.
similar results by letting fR(d) be a straight line segment from (0 C1) to (dI  0),
where C1 is a constant representing the maximum force applied. The function fR(d)
is shown in Figure 5.4. This function is easy to compute and in practise gives good
q
results for C1 = 100:0 and dI = area =n. The choice of C1 = 100:0 was decided
after trying a few values in combination with the constants used in the other force
functions and observing the e ect on a few sample layouts.
The attractive force is applied to pull each node towards its original position. In
force directed graph layout algorithms, an attractive force is applied between each
pair of nodes that share an edge in the graph. In 26], Eades uses an attractive
force that is proportional to the natural logarithm of the distance between the nodes.
The attractive force used by Fruchterman and Reingold in 35] and by Davidson and
Harel in 12] is proportional to d2. We tried using forces proportional to both of these
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0.0
0.0
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Figure 5.5: The attractive force.
functions but found that the following function gives good results: fA(d) = C2d where
C2 is a constant. Figure 5.5 shows the function fA(d). We found that C2 = 1:0 works
well by trying a few forces and constants in combination with constants in the other
force functions and observing the e ect on some sample layouts.
Each side of W exerts a repelling force on each of the nodes. In 12] and 35],
the side repelling force is the same as the node repelling force except for constants.
Following this idea, we let fS (d) be a straight line segment from (0 MF ) to (dI  0),
where MF is the maximum force exerted. We found that setting the ideal distance to
q
area =n results in a better distribution of the nodes according to our measures than
q
setting the ideal distance to 12 area =n even though in Section 4.1 we noted that the
ideal distance between a node and bd (W ) is roughly half the ideal distance between
nodes.
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We found that good results were obtained with MF = 10:0  n. Since there are
n ; 1 repelling forces from other nodes acting on a node but only four repelling forces
acting on a node from the sides of W , making MF proportional to n helps balance
the forces. A maximum force of slightly less than this causes a node that is very
close to the boundary of W to be forced onto the boundary. Once the node is on
the boundary, it will not likely move o because the net force exerted on it wants to
move it further outside W . Since a node is not allowed to move outside its Voronoi
region, the node stays on the boundary of W . A force slightly stronger than this one
keeps the nodes too far from the boundary of W .
There are n + 3 forces repelling each node and one force attracting each node.
Therefore, we take the average repelling force and subtract the attractive force. The
total force as a function of d is given by:

f (d) = fS (dn) ++ f3R (d) ; fA(d)

5.2.3 Step-Size
Finally, we discuss the choice of step-size for the GeoForce algorithm. The step-size
is computed as a percentage of the distance from pti to the boundary of its Voronoi
region in the direction of the force vector acting on pti. Let fit be the total force acting
on pti at iteration t such that pti + fit is the point that pti would move to according
to the force fit. Extend the ray from pti to pti + fit if necessary until it intersects an
edge of Vor (pti). Let Ii be that intersection point. We set the step-size for the node
pti to be sti = C4  dist (pti Ii) where C4 is a constant. We then set pti+1 = pti + fit or
t t
pti+1 = pti + sjifitfji which ever is closer to pti .
We experimented with several values of C4. If C4 is too large, big changes in the
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node positions occur at each iteration which results in a node coming very close to
the window boundary then jumping far away and then moving close to the boundary
again after a few more iterations. Obviously, we want a process that will tend to
stabilize. With values of C4 that are too small, the process takes several iterations
to stabilize. We found that a step-size of 0:25 works well. The GeoForce algorithm is
presented in Figure 5.6.
The cost of the GeoForce algorithm is dominated by the fact that the repelling
forces are computed between every pair of nodes. Therefore, the GeoForce algorithm
runs in O(t  (n2 + T (n))) time where t Imax is the number of iterations and T (n)
is the time taken to perform the measurements.
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algorithm

GeoForce(D)

stop iterating  FALSE t  0 S t  S
t<I
stop iterating
i
fi  0:0
i
j 6= i
fi  fi + fR (dist (pti  ptj ))
for each w 2 fbl tr g
fi  fi + fS (jxti ; xw j)
fi  fi + fS (jyit ; yw j)
fi  nf+3i
fi  fi ; fA (dist (pti pi))
Compute CVD (S t)
for each i
stf t
if dist (pti  pti + fit ) < dist (pti  pti + jif t ji ) then
i
pti+1  pti + fit

initialize:
while
max and not
for each
initialize:
for each
for each

else

pti+1  sjifitfji
tt+1
for each E 2 ;
if E (S t )  TE then
stop iterating  TRUE
S0  St
for each M 2 (
if DM (S t )  TM then
stop iterating  TRUE
S 0  S t;1
0
output: D
t t

Figure 5.6: The GeoForce algorithm.

Chapter 6
Results
In this chapter we evaluate and compare the layout algorithms presented in Chapter 5
using the measurements presented in Chapter 4. Properties of the layout algorithms
and a description of default threshold values for the stopping conditions are also
included. Recall the goal of cluster busting in anchored graph drawing: Given a
drawing D = (G S W ) of a graph G, the new drawing D0 = (G S 0 W 0) should
satisfy the following criteria:

CB1 W 0 = W ,
CB2 The nodes in D0 should be more evenly distributed inside W than in D,
CB3 The general shape of D0 should be the same as D.
We use the measurements described in Chapter 4 to evaluate layouts quantitatively
according to the second and third criteria. Since the layout algorithms guarantee
that W 0 = W , we present no further discussion on criterion CB1. An implicit fourth
criterion of the layout algorithms is that they be computationally e cient. The
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speed and e ciency of the algorithms are judged by their asymptotic worst-case time
complexity.
In some cases we are able to prove that the algorithms satisfy the criteria according to some of the measures for specic types of input. In other cases we provide
evidence that the algorithms satisfy the criteria by performing experiments on di erent congurations of initial inputs. In order to perform these experiments, the layout
algorithms and algorithms that execute the measurements were implemented1 on an
IBM RS6000 in C.
We have concentrated our e orts on proving results for the VDCB algorithm
since the behaviour of the VDCB algorithm is better understood than that of the
GeoForce algorithm. Proving that force-directed placement algorithms produce layouts that satisfy specic criteria is a challenge 12, 26, 35, 49]. One might be able to
prove something trivial about layouts produced by the GeoForce algorithm since it is
guaranteed that each node stays inside its Voronoi region at each iteration.
We are able to prove results about layouts after one iteration of the VDCB algorithm since layouts after one iteration are easier to describe. Evaluating the layouts
after one iteration is also interesting because it is guaranteed that each node is closer
to its initial position than to the initial position of any other node. This property can
be viewed as a quantitative measure of similarity.
We executed each algorithm on a variety of input layouts and measured the layouts
after a di ering number of iterations. For each type of initial layout, we generated
1000 random layouts of that type and took the average value for each of the measurements. Let the average value of E (S ) be E (S ) for each model E of distribution and
let the average value of DM (S S 0 ) be DM (S S 0) for each model M of similarity. The
1

The Voronoi diagram code was supplied by Kenny Wong 94].
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measurements were performed after t = 1 2 : : :  10 20 : : : 100 iterations of each of
the algorithms.
The rest of this chapter is organized as follows. In Section 6.1, we evaluate the
layout algorithms according to each of the distribution measures (criterion CB2), and
in Section 6.2 we evaluate the layout algorithms according to the similarity measures
(criterion CB3). In Section 6.3, we compare the layout algorithms and the evaluation
measures and in Section 6.4 we discuss default threshold values for the measures used
to determine stopping conditions for the algorithms. We also present recommendations and conclusions based on these comparisons and the results presented in this
chapter. Several more recommendations and conclusions are presented in Chapter 7.
A natural question to ask about the algorithms is whether or not the layouts
converge in the limit. That is, whether the layout reaches a point where another
iteration of the given algorithm will not change the layout. In Section 6.5 we discuss
this question and present convergence results for the VDCB algorithm on specic
input congurations.

6.1 Distribution { Satisfying Criterion CB2
Criterion CB2 states that the nodes in D0 should be more evenly distributed in W
than those in D. In Chapter 4, we presented two models of distribution: CP and
FM. It would be nice if we could show that measures based on these models always
increase (that is, the layouts always become more evenly distributed according to these
models) when either of the given layout algorithms is executed. We show that this is
not always true for general inputs. For specic input we show that the distribution
of the nodes increases with the VDCB algorithm and we provide evidence that in
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general the nodes become more evenly distributed according to the models for both
algorithms.

6.1.1 The CP Model of Distribution
In this section we prove that after one iteration of the VDCB algorithm, the layout
does not necessarily become more evenly distributed according to the CP model of
distribution. On the other hand, we show that for n nodes on an isothetic line
or n nodes at the vertices of an isothetic grid the distribution measure based on
the CP model increases. It is an open problem to provide similar results for the
GeoForce algorithm. We use results from experiments to show that in general the
nodes become more evenly distributed in layouts produced by the VDCB algorithm
and the GeoForce algorithm according to the CP model of distribution.

The VDCB Algorithm
The following example shows that one iteration of the VDCB algorithm does not
always more evenly distribute the nodes according to the CP model of distribution.

Lemma 6.1.1 Given the node positions S , let S 1 be the node positions after one
iteration of the VDCB algorithm. In some cases,

CP (S 1) < CP (S )

Proof: For ease of presentation, we assume the node positions and W have been

uniformly scaled such that CP (S ) = 2. Let p1 = (0 1) and p2 = (0 ;1) be Voronoi
neighbours and note that dist (p1 p2) = 2. Let Vor (p1 ) be an equilateral triangle
whose bottom side is horizontal and on the x-axis and such that each side has length
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p

2 3. The mid-point of the bottom side is at the point (0 0). The node p1 has two
p
additional Voronoi neighbours besides p2. Let these neighbours be: p3 = (; 3 2) and
p
p4 = ( 3 2). Note that the distance between p1 and each of its Voronoi neighbours
is 2.
Consider the equilateral triangle obtained by re ecting Vor (p1) about its bottom
side. Let Vor (p2) be the quadrilateral dened by cutting this triangle with the line
y = ;2. Therefore, p2 has three additional Voronoi neighbours besides p1. Let
p
p
these neighbours be: p5 = (0 ;3), p6 = (; 3 ;2), and p7 = ( 3 ;2). Each of
these Voronoi neighbours is at a distance of 2 from p2 . It can be shown that the
distance between each of the Voronoi neighbours fp3 p4 p5 p6 p7g is no less than 2.
Additional nodes can be placed outside the convex hull of fp1 p2 : : :  p7g such that
each internode distance is no less than 2. The window W can be drawn such that
all nodes are no closer than the distance 1 to a side of W . Thus, CP (S ) = 2 and
p1 and p2 are a closest pair of nodes. Figure 6.1 illustrates the conguration of the
seven nodes described above.
It is straightforward to verify that p1 is at the centroid of Vor (p1) such that
p11 = p1. It is also easy to see that the centroid of Vor (p2 ) is at the point (0 ; 56 ).
Therefore, dist (p11  p21) = 116 < dist (p1 p2) = 2 and CP (S 1) < CP (S ). 2
Although in general the distribution of the nodes according to the CP model may
decrease after one iteration of the VDCB algorithm, for the special case of n nodes
on an isothetic line in W , the CP measure does not decrease after one iteration of
the VDCB algorithm and, in fact, eventually increases. This property of the VDCB
algorithm was previously published in 53].
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Figure 6.1: Conguration for which CP (S 1) < CP (S ).
Let the set S of n nodes be positioned on an isothetic line, l in W . Assume,
without loss of generality, that l is horizontal, and that xbl x0 x1  xn;1
xtr . Dene the vector = d0 d1 : : :  dn] as a sequence of horizontal distances
where the distance between xbl and p0 is d0, the distance between pn;1 and xtr is
dn, and the distance between pi;1 and pi is 2di for i = 1 2 : : : n ; 2. The value of
CP (S ) = 2 min0in fdig. Thus, if we show that the value CP2(S) = min0in fdig
does not decrease after an iteration of the VDCB, we have shown that CP (S ) does
not decrease after an iteration of the VDCB algorithm.
Let pb(p q) be the perpendicular bisector between nodes p and q. For every pair
of adjacent nodes, pi pi+1, i = 0 : : :  n ; 2, pb(pi  pi+1) is a vertical line through the
midpoint of the line segment between pi and pi+1. The Voronoi region Vor (pi) of the
node pi in CV D(S ) is an isothetic rectangle with the bottom left corner at the point
( xi 12+xi  ybl ), and the top right corner at the point ( xi+2xi+1  ytr ). The region Vor (p0)
;
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Voronoi region. The width of Vor (pi) is dti + dti+1 for i = 0 1 : : :  n ; 1, therefore:
t

t

t

t

2dti+1 = di;1 + di + di + di+1
2
2
=) dti+1 = 14 dti;1 + 12 dti + 14 dti+1
The width of Vor (pt0) is dt0 + dt1 and:
t
t
dt0+1 = d0 +2 d1

=) dt0+1 = 12 dt0 + 12 dt1
Similarly, the width of Vor (ptn;1) is dtn;1 + dtn, and:
t
t
dtn+1 = dn;12+ dn

=) dtn+1 = 1 dtn;1 + 1 dtn
2
2

2
We now show that if the nodes are equally spaced on l, the VDCB algorithm does
not move any of the nodes.

Lemma 6.1.3 (a) If the positions of the nodes do not change at iteration t + 1 of
the VDCB, then

(b) If

dt0 = dt1 =  = dtn:
dt0 = dt1 =  = dtn

then the positions of the nodes do not change at iteration t + 1 of the VDCB.
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Proof: (a) If the positions of the nodes do not change at iteration t +1 of the VDCB,
then all of the nodes are at the centroid of their Voronoi regions at time t. Consider
the values of dti, i = 0 1 : : :  n. If pt0 is at the centroid of its Voronoi region, then:

dt0 = dt1:
If ptn;1 is at the centroid of its Voronoi region, then:

dtn;1 = dtn:
If pti, 1 i n ; 2, is at the centroid of its Voronoi region then:
dist (pb(pi;1  pi ) pi ) = dist (pi  pb(pi  pi+1 )):

We know that:
dist (pi;1 pb(pi;1 pi )) = dist (pb(pi;1  pi) pi )

= dti
and
dist (pi pb(pi  pi+1)) = dist (pb(pi  pi+1) pi+1)

= dti+1
by the denition of perpendicular bisectors. Therefore, dti = dti+1 for i = 1 2 : : : n ; 2,
and since dt0 = dt1 and dtn;1 = dtn,

dt0 = dt1 =  = dtn
if the positions of the nodes do not change at iteration t + 1.
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(b) Let dt0 = dt1 =  = dtn at iteration t of the VDCB. By Lemma 6.1.2 for

i = 1 2 : : :  n ; 1,

dti+1 = 14 dti;1 + 12 dti + 14 dti+1

for i = 0,

dt0+1 = 21 dt0 + 21 dt1

and for i = n,

dtn+1 = 12 dtn;1 + 12 dtn:

Therefore, dti+1 = dti for i = 0 1 : : :  n and the positions of the nodes do not change
at iteration t + 1 of the VDCB. 2
We are now ready to present the proof that CP (S t+1 )  CP (S t ) for n nodes on
an isothetic line.

Lemma 6.1.4 Consider

t

= dt0dt1 : : : dtn] at iteration t of the VDCB and let ; =
dtj dtj+1 : : : dtj+k;1] be a longest sequence of distances in t such that
t

dtj = dtj+1 =  = dtj+k;1 = CP2(S ) 
then

(a) If k = n + 1 then all the distances are equal and:
CP (S t )

2

=

CP (S t+1 )

2

(b) If k < n + 1 then not all of the distances are equal and:
(i) if j = 0 or j + k ; 1 = n then the sequence is at an end of

t

and:
t
after k iterations of the VDCB, dti+k > CP2(S ) , for i = 0 1 : : :  n.
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(ii) otherwise,
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after d k2 e iterations of the VDCB, dti+d 2 e >
k

Proof: (a) If k = n + 1 then dt0 = dt1 =  = dtn =

CP (S t ) ,

2

CP (S t )

2

for i = 0 1 : : :  n.

and subsequent iterations

of the VDCB will not move any node by Lemma 6.1.3.
(b) If k < n + 1, then there are two situations:
(i) if j = 0 or j + k ; 1 = n then either dtj+k > CP2(St) or dtj;1 > CP2(St) , respectively,
t
but not both. If j = 0 then dtj+k > CP2(S ) , and we know by Lemma 6.1.2 that
if j + k = n then
1 t
1 t
dtj+1
+k;1 = 2 dj +k;1 + 2 dj +k
otherwise
1 t
1 t
1 t
dtj+1
+k;1 = 4 dj +k;2 + 2 dj +k;1 + 4 dj +k
t
CP (S t ) .
In either case, dtj+1
+k;1 > dj +k;1 =
2
t
If j + k ; 1 = n then dtj;1 > CP2(S ) , and we know by Lemma 6.1.2 that
if j ; 1 = 0 then
dtj+1 = 21 dtj;1 + 12 dtj
otherwise
dtj+1 = 14 dtj;1 + 12 dtj + 14 dtj+1
t
In either case, dtj+1 > dtj = CP2(S ) .
Therefore, if j = 0 or j + k ; 1 = n, then after each iteration of the VDCB,
the length of ; strictly decreases by exactly 1 and after k iterations of the VDCB,
dti+k > CP2(St) , i = 0 1 : : :  n.
(ii) If j > 0 and j + k ; 1 < n then dtj+k > CP2(St) and dtj;1 > CP2(St) . From (i), after
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CP (S ) therefore, after d k e
one iteration of the VDCB, dtj+1 > CP2(S ) and dtj+1
+k;1 >
2
2
t)
t+d k2 e
(
S
CP
iterations of the VDCB, di > 2 , i = 0 1 : : :  n. 2
t

t

In Lemma 6.1.4 we showed that for n nodes on an isothetic line, CP (S t+1) 
CP (S t). This result can also be used to show that CP (S t+1 )  CP (S t) for n = pq
nodes at the vertices of a (not necessarily evenly spaced) isothetic grid. The result
applies to the nodes on each horizontal and vertical line in the grid. At each iteration,
all nodes with the same x-coordinate (or y-coordinate) are guaranteed to be moved
such that they have the same x-coordinate (or y-coordinate). These congurations
are not stable congurations that is, if one node is slightly o a horizontal or vertical
line, the VDCB algorithm causes the rest of the nodes to be moved o the lines.

In Practise
We are able to provide evidence that the distribution of the nodes according to the CP
model increases for both algorithms on most input graphs by presenting experimental
results. Values of CP (S ) and CP (S 1) for both layout algorithms are presented in
Table 6.1. The congurations for each n are listed in order from the largest CP (S )
to the smallest CP (S ). Note that, for each type of initial layout, one iteration of
the VDCB algorithm more evenly distributes the layouts according to the CP model
than one iteration of the GeoForce algorithm. We compare the layout algorithms
in Section 6.3 and defer our discussion on this observation until then. Several other
observations and conclusions can be drawn from the results in this table.
In all cases, CP (S 1) > CP (S ). For the GeoForce algorithm, CP (S 1)  2CP (S )
and for the VDCB algorithm CP (S 1)  3CP (S ). Layouts that are the least evenly
distributed according to the CP model initially are the second most evenly distributed
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n

K

n=K

CP (S )

25

25
1
5
50
1
2
5
10
25

1
25
5
1
50
25
10
5
2

0.0297158
0.0124560
0.0069397
0.0142302
0.0061505
0.0047297
0.0032214
0.0024422
0.0020711

50

CP (S 1)
GeoForce
0.0594681
0.0286982
0.0215777
0.0324772
0.0150611
0.0109252
0.0078346
0.0077468
0.0154545

81

CP (S 1)
VDCB
0.0867467
0.0428854
0.0375028
0.0548724
0.0258729
0.0199791
0.0153701
0.0180950
0.0 q 68 Q BT 0.12 0 052 cm1281.25 46.38 12 cm 752
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of the layouts after one iteration of either algorithm. These layouts have two nodes in
each cluster and a closest pair of nodes is most likely a pair within the same cluster.
For these layouts one iteration is su cient to evenly distribute the nodes because
they do not su er from the problem described in Chapter 5 in which nodes with
small Voronoi regions cannot move very far after one iteration. One iteration of the
VDCB algorithm has a greater e ect on layouts with four clusters of size 25 each
and ve clusters of size 10 each for the same reason. This e ect is not evident in the
GeoForce algorithm because the forces acting on the nodes and the step-size limit
how far the nodes can move at each iteration.
We counted the number of layouts out of 1000 for which CP (S 1) < CP (S ) and
found that the only cases occurred in layouts with one cluster or with n clusters. These
initial layouts are the most evenly distributed according to the CP model of all the
layouts tested. At most fourteen layouts out of 1000 resulted in CP (S 1) < CP (S ).
Our experiments also showed that CP (S t+1) > CP (S t) for all types of input
for both layout algorithms. We computed CP (P ) for P pseudo-random in the
uniform distribution in W and determined the number of iterations t of each algorithm required for CP (S t) to exceed this value for any input layout S . Let the
CP (P ) for n nodes pseudo-random in the uniform distribution in W be UCP (n):
UCP (25) = 0:0297158, UCP (50) = 0:0142302, UCP (100) = 0:0071465. We found that
CP (S t) for each type of initial layout is greater than UCP (n) for n = 25 50 100 after
t = 1 iteration of the VDCB algorithm, and after at most t = 5 iterations of the
GeoForce algorithm.
The evidence shows that, on average, the GeoForce and VDCB algorithms more
evenly distribute the nodes in a drawing according to the CP model of distribution.

6.1 Distribution { Satisfying Criterion CB2
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The algorithms have a greater e ect on layouts that are not evenly distributed initially, and in practise the VDCB and GeoForce algorithms more evenly distribute the
nodes according to the CP model of distribution after a small number of iterations
(< 20). From this evidence we conclude that the VDCB and GeoForce algorithms
satisfy criterion CB2 according to the CP model of distribution.

6.1.2 The FM Model of Distribution
We are able to provide evidence that the distribution of the nodes increases according
to the FM model for both algorithms on most input graphs by presenting experimental
results. The values of FM (S ) and FM (S 1) are presented in Table 6.2. As with the
CP model, one iteration of the VDCB algorithm produces layouts that are more evenly
distributed according to the FM model than those after one iteration of the GeoForce
algorithm. We defer the discussion on this until Section 6.3. The congurations for
each n are listed in order from the largest FM (S ) to the smallest FM (S ). Similar
observations and conclusions can be drawn from this table as were presented in Section
6.1.1 for the CP model of distribution.
In all cases, FM (S 1) < FM (S ). After one iteration of the GeoForce algorithm,
FM (S 1 ) > 2FM (S ) and after one iteration of the VDCB algorithm FM (S 1) >
4FM (S ). As we observed when measuring distribution using the CP model, the
algorithms have a greater e ect on layouts that are the less evenly distributed initially.
As with the CP model, the average distribution values according to the FM model
show that the algorithms have a stronger e ect on layouts with small sized clusters.
In fact, this e ect is more apparent when using the FM model than the CP model
because FM (S ) takes all distances into account. Layouts with many small clusters
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n
25

K

n=K FM (S )

25 1 0.6162528
1 25 0.2410819
5
5 0.1012481
50 50 1 0.1384782
1 50 0.0486722
2 25 0.0305724
5 10 0.0179013
10 5 0.0123025
25 2 0.0112638
100 100 1 0.0306211
1 100 0.0105053
2 50 0.0062303
4 25 0.0039211
10 10 0.0020561
25 4 0.0013230
50 2 0.0012583

FM (S 1)
GeoForce
2.0379908
0.6260715
0.5462194
0.4620808
0.1242102
0.0830936
0.0681594
0.0839520
0.1946997
0.1077898
0.0256376
0.0159106
0.0107779
0.0089870
0.0131635
0.0392903

FM (S 1)
VDCB
2.7045424
0.9486961
1.2305337
0.6106493
0.1750963
0.1327854
0.1483973
0.2532130
0.4902170
0.1374717
0.0345418
0.0236832
0.0194776
0.0239982
0.0676458
0.1126117

Table 6.2: FM (S 1) for several initial layouts and both layout algorithms.
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consist of small and large distances. After one iteration of the VDCB or GeoForce
algorithm, the small distances increase and the large distances decrease.
We counted the number of layouts out of 1000 for which FM (S 1) < FM (S )
and found that after one iteration of the GeoForce algorithm as many as thirty-seven
layouts out of 1000 resulted in FM (S 1) < FM (S ). In each of these cases nodes in
clusters that are close to bd (W ) are pushed closer to bd (W ) after one iteration of the
GeoForce algorithm because of the forces acting on them from the other nodes in the
cluster. After subsequent iterations, the forces repelling the nodes from bd (W ) are
stronger and the forces from the other nodes in the cluster are less strong.
Our experiments also show that FM (S t+1) > FM (S t ) for all types of input for
both layout algorithms. We computed FM (P ) for P pseudo-random in the uniform
distribution in W and determined the number of iterations t required for FM (S t ) to
exceed this value. Let the average value of FM (P ) for n nodes pseudo-random in the
uniform distribution in W be UFM (n): UFM (25) = 0:6162528, UFM (50) = 0:1384782,
UFM (100) = 0:0306211. We found that FM (S t) for each di erent type of initial
layout is greater than UFM (n) for n = 25 50 100 after t = 2 iterations of the VDCB
algorithm, and after at most t = 5 iterations of the GeoForce algorithm.
The experiments using the FM model of distribution give similar results as those
using the CP model of distribution. From the evidence presented we conclude that
the VDCB and GeoForce algorithms satisfy criterion CB2 according to the FM model
of distribution.
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6.1.3 Summary { Distribution
In this section, we have shown that one iteration of the VDCB algorithm does not
necessarily more evenly distribute the nodes according to the CP model of distribution
for general input. We have proved that for n nodes on an isothetic line or at the
vertices of an isothetic grid, the distribution measure according to the CP model
does not decrease after one iteration of the VDCB algorithm and eventually increases.
We have also provided evidence that on average both the VDCB algorithm and the
GeoForce algorithm more evenly distribute the nodes according to both measures. We
conclude that in practise the layout algorithms produce layouts that satisfy criterion
CB2.

6.2 Similarity Measures { Satisfying Criterion CB3
Criterion CB3 states that the shape of the drawing D0 should be the same as D.
In Chapter 4, we presented ve measures of similarity. In this section, we provide
evidence that the algorithms satisfy criterion CB3 by showing that on average the
di erence between S and S 0 is much smaller than the average di erence between two
random layouts of nodes according to each of the similarity models. We also discuss
how the amount of di erence between S and S 0 varies with the number and size of
the clusters in S .

6.2.1 The AD Model of Di erence
In practise, DAD (S S 1) < DAD (S P ) for two random layouts S and P but the amount

by which it is less depends on the starting conguration of the nodes and n. Table

6.2 Similarity Measures { Satisfying Criterion CB3

n

DAD (S P )

25 0.2093309
50 0.2082873
100 0.2069523
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Worst
Worst
1
DAD(S S ) DAD(S S1)
GeoForce
VDCB
0.0299834 0.0864216
0.0205307 0.0594193
0.0137859 0.0425756

Table 6.3: DAD (S P ) and DAD (S S 1) after one iteration of the VDCB and GeoForce
algorithms.
6.3 shows DAD (S P ) and the largest DAD (S S 1) over all initial inputs tested. Note
DAD(S S1) for either algorithm decreases as n increases. As n increases, the number
of small Voronoi regions increases and the amount the nodes can move after each
iteration is less.
For the GeoForce algorithm, DAD (S S 100 ) < DAD (S P ) for all input congurations. For the VDCB algorithm, DAD (S S 100) < DAD (S P ) for all input congurations when n = 100. When n = 25, DAD (S S 20) < DAD (S P ) and when n = 50,
DAD(S S60) < DAD (S P ).
The amount of di erence between S and S 0 according to the AD model depends on
the number of clusters in the input layout. Layouts with one or two clusters are most
di erent after several iterations because as the nodes become spread out they have
moved a greater distance from where they started. Layouts that are evenly distributed
initially according to the CP and FM models change the least according to the AD
measure after several iterations of both layout algorithms. If a layout is already fairly
evenly distributed, it should not be changed very much by the algorithms.
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n

DM (S P )

25 0.5645142
50 0.5571432
100 0.5525959

Worst
Worst
1
DM (S S ) DM (S S1)
GeoForce
VDCB
0.0696986 0.1397622
0.0583581 0.1188550
0.0439622 0.0966927

Table 6.4: DM (S P ) and DM (S S 1 ) after one iteration of the VDCB and GeoForce
algorithms.

6.2.2 The M Model of Di erence
Table 6.4 shows DM (S P ) and the largest DM (S S 1) over all initial inputs tested.
As with the AD model, DM (S S 1) decreases as n increases. For all input congurations DM (S S 100 ) < DM (S P ) for both the GeoForce algorithm and the VDCB

algorithm.
The amount of di erence between S and S 0 according to the M measure depends
on the clustering of the input layouts. The M model di ers from the AD model in
that layouts with roughly the same number of clusters as nodes in each cluster are
the most di erent after several iterations.
As with the AD model, layouts that start out the most evenly distributed according to the CP and FM measures change the least according to the M measure after
several iterations of layout algorithms.

6.2.3 The DE Model of Di erence
Table 6.5 shows DDE (S P ) and the largest DDE (S S 1) over all initial inputs tested.
The value of DDE (S P ) for two random layouts S and P increases with n because the
number of possible ways of choosing 3n ; 6 edges out of n(n ; 1)=2 total possible edges
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n

DDE (S P )

25 0.6869710
50 0.8031806
100 0.8729796
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Worst
Worst
1
DDE (S S ) DDE (S S 1)
GeoForce
VDCB
0.0901812 0.1518913
0.1128993 0.1705347
0.1308044 0.1804337

Table 6.5: DDE (S P ) and DDE (S S 1 ) after one iteration of the VDCB and GeoForce
algorithms.
increases as n increases. Therefore, unlike the other similarity measures, DDE (S S 1)
increases as n increases however, after 100 iterations of either algorithm DDE (S S 100 )
does not increase as n increases. This is because the same e ect is being experienced
as with the other measures: As n increases, the number of small Voronoi regions
increases and the amount the nodes can move after each iteration is less.

For all input congurations DDE (S S 100 ) < DDE (S P ) for both the GeoForce
and VDCB algorithms. The amount of di erence between S and S 0 according to the
DE model depends on the clustering of the input layouts and, like the M model,
layouts with roughly the same number of clusters as nodes in each cluster are the
most di erent after several iterations. Layouts that are the most evenly distributed
according to the CP and FM models initially change the least according to the DE
model after several iterations of layout algorithms.

6.2.4 The DM Model of Di erence
Table 6.6 shows DDM (S P ) and the largest DDM (S S 1 ) over all initial inputs tested.
As with the other measures, DDM (S S 1) for either algorithm decreases as n increases.
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Worst
n DDM (S P ) DDM (S S 1)
GeoForce
25 0.3671019 0.0275942
50 0.3721420 0.0183423
100 0.3690213 0.0125748

Worst
DDM (S S1)
VDCB
0.0790956
0.0701698
0.0419749

Table 6.6: DDM (S P ) and DDM (S S 1 ) after one iteration of the VDCB and GeoForce
algorithms.
For all input congurations DDM (S S 100 ) < DDM (S P ) for both the GeoForce algorithm and the VDCB algorithm. The amount of di erence between S and S 0 according
to the DM model depends on the clustering of the input layouts. As with the AD
model, layouts with one or two clusters are most di erent after several iterations because as the nodes become spread out they move further from where they started.
Layouts that start out the most evenly distributed according to the CP and FM models changes the least according to the DM model after several iterations of the layout
algorithms.

6.2.5 The OO Model of Di erence
Table 6.3 shows DOO (S P ) and the largest DOO (S S 1) over all initial inputs tested.
As with all models but the DE model, DOO (S S 1) for either algorithm decreases as
n increases. For all input congurations DOO (S S 100 ) < DOO (S P ) for both the
algorithms.
The amount of di erence between S and S 0 according to the OODi s
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n

DOO (S P )

25 0.6688814
50 0.6686408
100 0.6663388
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Worst
Worst
1
DOO(S S ) DOO (S S 1)
GeoForce
VDCB
0.0602756 0.1405930
0.0450624 0.1072064
0.0318940 0.0810908

Table 6.7: DOO (S P ) and DOO (S S 1 ) after one iteration of the VDCB and GeoForce
algorithms.
iterations. Layouts that start out the most evenly distributed according to the CP
and FM models change the least according to the OO model after several iterations
of layout algorithms.

6.2.6 Summary { Similarity Measures
In this section we provided evidence that the layout algorithms satisfy criterion CB3.
We showed that DM (S S 0) < DM (S P ) after several iterations of both algorithms for
each of the similarity models M . For all but the DE model, the average di erence
decreases as n increases because as n increases, the number of small Voronoi regions
increases and the amount the nodes can move after each iteration decreases. For
measurements based on models of distance, the AD and DM models, the greatest
di erence is observed for layouts with one or two clusters. In this case, as the nodes
become spread out, they move a greater distance from where they started than in
layouts with more clusters. For all other similarity measures, the greatest di erence
is observed for medium sized clusters. The least di erence occurs for layouts that are
the most evenly distributed initially.
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6.3 Comparing the Algorithms
In this section we compare the GeoForce and the VDCB algorithms with respect to
to speed and criteria CB2 and CB3 presented in Chapter 4. In Section 5.2.1, we
described the GeoForce algorithm as a cluster busting algorithm that behaves like a
smart VDCB algorithm by using forces. While designing the GeoForce algorithm and
determining the forces, we concluded that the GeoForce algorithm did a better job of
cluster busting in anchored graph drawing than the VDCB algorithm. This judgement
was based on examining layouts produced by the two algorithms. After examining the
test data we have found that the GeoForce algorithm does not always do a better job
of cluster busting in anchored graph drawing according to the evaluations described
in Chapter 4. In this section we discuss the results of running the tests and present
some example layouts produced by the two layout algorithms.

The VDCB algorithm is an O(t  n log n) time algorithm and the GeoForce algorithm is an O(t  n2) time algorithm where t is the number of times the algorithm is
iterated. In practise, the VDCB algorithm is faster than the GeoForce algorithm for
the same sized layouts. If speed of execution is a major consideration, for large n,
it makes sense to choose the VDCB algorithm over the GeoForce algorithm on this
basis alone. For smaller n and for situations in which speed is not as crucial, there
are several other issues to consider when deciding which algorithm to use including
the type of initial layout (highly clustered or not), the number of iterations, and the
measurements used.
The VDCB algorithm more evenly distributes the nodes after fewer iterations than
the GeoForce algorithm. Therefore, we compare the di erence between S and S 0 for
layouts S 0 with the same distribution level. Let SA0 be the layout S after adjustment

6.3 Comparing the Algorithms
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by the algorithm A 2 fVDCB  GeoForce g. We say that the algorithm A1 performs
better than the algorithm A2 on specic types of layouts if the di erence levels are
smaller between S and SA0 1 than between S and SA0 2 when the distribution levels of
SA0 1 and SA0 2 are roughly the same.
We found the results were not necessarily consistent across the di erent similarity
measures. For certain types of layout the VDCB algorithm performs better according
to all models except the AD model. For all types of layout, the VDCB algorithm
does a better job according to the DE and DM models of similarity. This observation
was surprising since we initially thought the DE model would evaluate similarity
according to how clusters in the layout were retained. Our visual evaluations of
layouts seemed to show that the GeoForce algorithm kept clusters together better
than the VDCB algorithm. Our experiments seemed to show that either the DE
model does not measure cluster similarity as we originally thought or on average the
GeoForce algorithm does a poorer job of keeping clusters of nodes together than the
VDCB algorithm. Upon further consideration, it appears that the AD model provides
a better measure of how well clusters are retained than the DE model. In Figure 6.2,
we show a drawing D of n = 50 nodes with K = 2 clusters and the drawing D0 after
20 iterations of the GeoForce algorithm. Figure 6.3 shows the same drawing after 10
iterations of the VDCB algorithm. The layout produced by the VDCB algorithm is
more evenly distributed according to both measures of distribution and is more similar
to the original layout according to all similarity measures except the AD measure.
The type of initial layout has a signicant e ect on which layout algorithm performs better. On average, the GeoForce algorithm performs better for layouts with a
small number of clusters and the VDCB algorithm performs better for layouts with a
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Figure 6.2: A layout with K = 2 clusters of size 25 each and that layout after 20
iterations of the GeoForce algorithm.
large number of clusters. For layouts that are pseudo-random in the uniform distribution in W initially, one to three iterations of either algorithm is su cient to distribute
the nodes such that their interactions are readable. After one or two iterations, the
VDCB algorithm distributes the nodes more evenly than the GeoForce algorithm but
the VDCB algorithm moves the nodes further than necessary. The layouts are more
similar to the original layout according to each of the measures with the GeoForce
algorithm. From this observation, it appears that the GeoForce algorithm performs
better for layouts that are pseudo-random in the uniform distribution in W . Figure
6.4 shows such a layout with n = 25 nodes. and the layout after one iteration of
the GeoForce algorithm. Figure 6.5 shows the same layout after one iteration of the
VDCB algorithm.

6.3 Comparing the Algorithms
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Figure 6.3: A layout with K = 2 clusters of size 25 each and that layout after 10
iterations of the VDCB algorithm.
On average it takes more iterations for layouts produced by the GeoForce algorithm to have the same distribution level as layouts produced by the VDCB algorithm.
For layouts with a small number of clusters it takes the GeoForce algorithm anywhere
from 2 to 5 times as many iterations as the VDCB algorithm to produce layouts with
the same distribution level. For layouts with a larger number of clusters it takes the
GeoForce algorithm anywhere from 3 to 15 times as many iterations as the VDCB
algorithm to produce layouts with the same distribution level. In the GeoForce algorithm the nodes move less far at each iteration than in the VDCB algorithm for all
types of layouts because of the forces acting on the nodes. In layouts with a small
number of big clusters, small Voronoi regions constrain the movement of the nodes
in the VDCB algorithm as well therefore, the number of iterations necessary for
the VDCB algorithm to reach a given level of distribution is greater for these types
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Figure 6.4: A layout with K = 25 clusters of size 1 each and that layout after 1
iteration of the GeoForce algorithm.
of layouts. For layouts with a large number of small clusters, the VDCB algorithm
distributes the nodes evenly after very few iterations where the GeoForce algorithm
requires a greater number of iterations to achieve the same level of distribution. During the extra iterations needed, the repelling forces act on the nodes causing the
layouts to become more di erent from the original layout than those produced by the
VDCB algorithm.
Figure 6.6 shows a layout with K = 25 clusters of size 4 each and the layout after
20 iterations of the GeoForce algorithm. Figure 6.7 shows the same layout after 11
iterations of the VDCB algorithm. The layout produced by the VDCB algorithm is
more evenly distributed according to the distribution measures and is more similar
to the original layout according to all of the similarity measures expect for the DE

6.3 Comparing the Algorithms
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Figure 6.5: A layout with K = 25 clusters of size 1 each and that layout after 1
iteration of the VDCB algorithm.
measure therefore, the VDCB algorithm performs better on this layout than the
GeoForce algorithm according to the measures.
We have observed that for initial layouts with a small number of large clusters
the GeoForce algorithm performs better than the VDCB algorithm. This observation poses a problem for automatically choosing which layout algorithm to use given
an initial layout. It appears that the choice of algorithm depends on the number
of clusters. Unfortunately, the number of clusters cannot be easily determined by
computing the distribution levels of the initial layouts. For example, as can be seen
in Tables 6.1 and 6.2 it is di cult to distinguish between layouts with K = 5 clusters
of size 10 each and layouts with K = 10 clusters of size 5 each on the basis of the
distribution measures. Determining the number of clusters in a layout of points is a
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Figure 6.6: A layout with K = 25 clusters of size 4 each and that layout after 20
iterations of the GeoForce algorithm.
di cult problem 6, 30, 55, 56].
One possibility is that the number of clusters can be provided as part of the
input. In the absence of knowledge about the number of clusters in the input graph,
it is recommended that the VDCB algorithm be used. It is faster and takes few
iterations to produce evenly distributed layouts. The experiments show that for
layouts with a small number of clusters on which the GeoForce algorithm might have
performed better, the VDCB algorithm still performs reasonably well. Since the
VDCB algorithm is fast, it can be applied rst and if the user is unhappy with the
layout, the GeoForce algorithm can then be used.
Although the GeoForce algorithm was designed to perform cluster busting in anchored graph drawing in a \smarter" way than the VDCB algorithm, we have seen
that in general it does not always do so. In fact, we would recommend using the

6.4 Determining the Default Threshold Values
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Figure 6.7: A layout with K = 25 clusters of size 4 each and that layout after 11
iterations of the VDCB algorithm.
VDCB algorithm over the GeoForce algorithm in most cases. The possibility remains
that a di erent choice of force functions and/or constants in the GeoForce algorithm
might result in an algorithm that consistently performs better than the VDCB algorithm. We discuss this further in Chapter 7.

6.4 Determining the Default Threshold Values
In this section we discuss default threshold values for the distribution and similarity
measures, and the default number of iterations. We also discuss which tests should be
used in di erent circumstances. Determining the default threshold values is a di cult
problem because deciding what levels are appropriate is subjective. Furthermore,
the distribution measures, the DE similarity measure, and the number of iterations
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needed to reach a given level of distribution depend on n. To try to come up with
default threshold values we looked at layouts produced by the algorithms and visually
determined which ones were spread out enough according to our opinion as well as
using the results of the experiments.

6.4.1 Thresholds for the Distribution Measures
Determining threshold values for the distribution measures requires identifying an
ideal level of distribution for a layout with n nodes. In layouts with this ideal distribution level the interaction between the nodes should be easily read. In Section
6.3 we concluded that between one and three iterations of the GeoForce algorithm on
layouts that are pseudo-random in the uniform distribution in W produces reasonably good layouts. We found that one iteration for n = 25, two iterations for n = 50,
and three iterations for n = 100 are su cient. One way to determine the default
threshold value for layouts of size n = 25 is to use the average distribution levels
after one iteration of the GeoForce algorithm on layouts that are pseudo-random in
the uniform distribution in W . This value could be computed for each value of n and
stored in a table that could be read by the layout algorithms. Alternatively, the values
for several n could be plotted and a function based on the plot could be determined.
This approach would save the space required by the table and the problem of having
to consider all possible values of n. A plot of appropriate default distribution levels
according to the CP and FM measures is presented in Figure 6.8. Obviously, values
are required for several more n but from these plots it appears that as n doubles, the
default CP measure decreases by slightly more than 32 and the default FM measure
decreases by some function of 101 .

6.4 Determining the Default Threshold Values
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Figure 6.8: The plots of n versus default CP values on the left and n versus default
FM values on the right.

6.4.2 Thresholds for the Di erence Measures
Unlike the distribution measures, the similarity measures do not directly depend on
n because they are normalized. The one exception is the DE measure. Determining
if two layouts are similar is subjective and depends on the application. Incorporating
user input in determining the default values for the di erence measures would be
helpful. If we choose default di erence levels that are too small, the layout algorithms
will stop before the layouts become distributed enough to be readable. On the other
hand, if we choose distribution levels that are too high (say at the average level of
di erence between two random layouts), the algorithms will always stop because a
threshold level of distribution in the layouts is reached or the maximum number of
iterations is reached. We dene a tolerance factor 0 F 1 that is a fraction of the
average di erence between two random layouts. Setting F = 1 is the same as setting
TM = DM (S P ) for two random layouts S and P according to the model M . Setting
F = 0 insists that the layout does not change according to the given model. The
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tolerance factor depends on the user and the applications. We prefer to work with a
tolerance factor of F = 41 therefore, the default threshold for a di erence model M is
TM = 41 DM (S P ). A method such as those described in 6.4.1 would have to be used
to determine threshold values of the DE measure for various values of n.

6.4.3 Determining the Default Number of Iterations
The number of iterations needed to produce layouts that satisfy the goals of cluster
busting in anchored graph drawing depends on the number of nodes in the layout, the
number of clusters in the starting layout, and the layout algorithm. In Section 6.3,
we argue that the number of clusters cannot be easily determined by computing the
distribution levels of the initial layouts. For this reason, we consider only the number
of no.10 Tc s8tA
5 a5(of?Tberas
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6.4.4 Deciding Which Measures to Use
There are several issues to consider when deciding which measurements to use. The
VDCB takes O(n log n) time for each iteration and it may not make sense to measure
the layout with an O(n2) time algorithm. For this reason, measurements based on the
FM, AD, and M models should not be used to determine stopping conditions of the
VDCB algorithm. Any of the measurements can be used to determine when to stop
iterating the GeoForce algorithm. While comparing and evaluating the algorithms,
we found that in most cases the CP and FM measures correlate. For this reason, it
makes sense to use the CP measure to determine stopping conditions when speed is
a consideration.
Determining when two layouts are similar is subjective and depends on the application. The choice of which di erence measure should be used to determine stopping
conditions depends on the user and the application. User input for this choice is
essential.

6.5 Convergence
Since both algorithms are iterative, it would be interesting if we could prove that the
algorithms converge. In Section 6.1.1 we showed that the distribution of n nodes on
an isothetic line or at the vertices of an isothetic grid eventually increases according to
the CP measure of distribution. This result does not imply that the layout converges
with d0 = d1 =  = dn. In this section we show that with the VDCB algorithm,
n nodes on an isothetic line or at the vertices of an isothetic grid converge to the
situation where d0 = d1 =  = dn. We also present a discussion of the convergence
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of the VDCB algorithm for the case of n points in general and compare the VDCB
algorithm with two other algorithms.
We ran experiments to determine how many iterations of the implementations of
the VDCB and GeoForce algorithms are needed for the resulting layout to \converge"
that is, how many iterations it takes before the maximum di erence between any xor y-value di ers from the previous iteration by less than a certain value. The value
we chose is 0:000001. The GeoForce algorithm did not stabilize after over 20000
iterations for the layouts tested. A more careful choice of force functions and/or
constants might produce a GeoForce algorithm that converges in practise.

6.5.1 The VDCB Algorithm in Practise
We executed the VDCB algorithm on 1000 randomly generated layouts with a varying number of clusters. After each iteration of the VDCB algorithm we computed
the change in x- and y-values for each node. When the maximum change was less
than 0:000001, we declared the layout to be converged and reported the number of
iterations it took. Table 6.8 shows the results of running the above experiments. For
each type of initial layout tested, the minimum, maximum, and average number of
iterations needed to converge are given. All of the layouts tested converged according
to the above denition. Not surprisingly, as n increases, the average number of iterations necessary for convergence increases. Layouts that are more evenly distributed
according to the CP and FM models of distribution take fewer iterations to converge
on average.
For each of the converged layouts S 0, we computed E (S 0) for each of the distribution models and DM (S S 0) for each of the similarity models. For a given n, regardless
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n
25

K

1
5
25
50 1
2
5
10
25
50
100 1
2
4
10
25
50
100

n=K
25
5
1
50
25
10
5
2
1
100
50
25
10
4
2
1

Min
145
120
129
248
229
226
211
219
222
458
465
475
405
402
340
353

Iterations
Max Average
1585 348.847
1428 326.826
1149 311.055
2587 599.760
1967 573.484
2413 573.832
3025 560.128
2134 548.641
2498 514.911
3251 1076.681
3679 1044.003
3355 1016.804
3635 987.254
3133 918.872
2657 888.499
3710 863.582

Table 6.8: VDCB convergence data for di erent initial layouts.
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of the distribution of the initial layouts, the distribution levels of the resulting layouts
are the same. The average distribution and di erence levels for the converged layouts
are very close to the average levels after t = 100 iterations of the VDCB algorithm.
On average, after 100 iterations of the VDCB algorithm the layouts do not change
very much according to each of the measurements even though a greater number of
iterations is required for the layouts to converge according to the above denition of
convergence.

6.5.2 The VDCB Algorithm in Theory
A natural question to ask about the VDCB algorithm is if it converges theoretically.
That is, after continued iterations of the VDCB, do the nodes end up in positions
that are centroids of their Voronoi regions? Two algorithms similar to the VDCB
are presented in 46] and 54] and the question of convergence was posed about the
algorithm in 54]. In 46], a geographical optimization problem is investigated and
an algorithm similar to the VDCB is presented. In this section, we show how these
results relate to the question of convergence of the VDCB and show that the VDCB
converges for n nodes on an isothetic line in W . The results in this section were
previously published in 53].

Convergence for n Nodes on an Isothetic Line
Previously, we showed that the VDCB algorithm causes the distances di to eventually
increase for n nodes on an isothetic line or at the vertices of an isothetic grid. This
does not imply convergence of the VDCB algorithm to the situation that the distances
are equal. We now consider the question of convergence of the VDCB for the case
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of n nodes on an isothetic line l in W . Assume, without loss of generality, that l is
horizontal. Before stating the results, we present a brief reminder of properties of
eigenvalues and eigenvectors.
Given a square matrix A, a non-zero vector x is an eigenvector of A if there is
a scalar  such that Ax = x that is, if Ax is a scalar multiple of x. We say that
 is an eigenvalue of A and x is an eigenvector of A corresponding to the eigenvalue
. The eigenvalues of an n n matrix A are the same as those of the transpose
of A, AT . Let x1  x2 : : :  xr be the eigenvectors of A and let y1 y2  : : :  yr be the
eigenvectors of AT , r n. The vector yi associated with the eigenvalue i is called
the left eigenvector of A because the equation:

AT yi = iyi
can be written as:

yiT A = iyiT :
The eigenvector xi of A associated with the eigenvalue i such that:

Axi = ixi
is called the right eigenvector of A.
As in Section 6.1.1, let t = dt0dt1 : : : dtn] be the vector of distances between
adjacent nodes on l at iteration t. Lemma 6.1.2 of Section 6.1.1 shows how the
distances in t+1 can be expressed as a linear function of the distances in t . This
means we can express the transformation from t to t+1 as the multiplication of
an (n + 1) (n + 1) matrix M times a vector t = dt0dt1 : : : dtn] of length n + 1:
t+1

=M

t
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t+1

3
77 2 t
77 d0
77 66 dt1
77 66 ..
0 777 4 d.t
1
n
4 5





0
0
0

1
14
12
2

=M

1
2

t

as shown in Figure 6.9. Therefore, given a starting vector
vector of distances after t iterations of the VDCB is given by
t

= Mt

3
77
77
5

0

= d00d01 : : : d0n], the

0

To prove that the VDCB algorithm converges for n nodes on a horizontal line,
we apply results for primitive matrices presented in 74] to the matrix M. A square
non-negative matrix A is said to be primitive if there exists an integer k such that
each element of the matrix Ak , the matrix A multiplied by itself k times, is greater
than 0 74]. It is easy to see that the the matrix M is a primitive matrix by observing
that for k = n, each element of Mk is greater than 0.
From the Perron{Frobenius Theorem for primitive matrices presented in 74], if A
is an (n + 1) (n + 1) non-negative primitive matrix then there exists an eigenvalue
1 of A such that:
1. 1 is real and 1 > 0,
2. strictly positive left and right eigenvectors can be associated with 1 ,
3. 1 > jij for any eigenvalue i, i 6= 1 of A,
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4. the eigenvectors associated with 1 are unique to constant multiples
Let 1  2 : : :  r be the distinct eigenvalues of A where r n + 1 such that 1 >
j2j  j3j    jrj, and let mi be the multiplicity of i where m1 + m2 + m3 +
 + mr = n + 1. The multiplicity mi of an eigenvalue i is equal to the dimension
of the space of eigenvectors associated with i. More details can be found in a linear
algebra book such as 44].
The following result about primitive matrices is presented in 74]:

Theorem 6.5.1 (From 74]) For any primitive matrix A and 1  2 : : :  r dened
as above:
If 2 6= 0 then as t ! 1,

At = t1x1 y1T + O(tsj2jt)
element-wise, where s = m2 ; 1, and x1 and y1 are positive right and left eigenvectors
of 1, respectively, such that y1T x1 = 1.

We rst show that 1 = 1 and that 0 i < 1 for i = 2 3 : : : r. Consider the
following equation:
Mx = x
(6.1)
where x =  0 1 : : : n] is an eigenvector vector of distances corresponding to the
eigenvalue . See Figure 6.10.

Lemma 6.5.1 If = f1 2 : : :  r g, r n + 1 is the set of distinct eigenvalues of
M, such that
1 > j2j  j3j    jr j

then 1 = 1.
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Figure 6.10: The matrix M and an eigenvalue : Mx = x

Proof: We show that there is no eigenvalue  that is greater than 1 and that there
is no eigenvalue  that is less that 0.
Assume that there is a  > 1. If this is true, we establish that 0 < 1 <  < n.
From equation (6.1), we have
1 +1 = :
0
2 0 2 1
=) ( ; 12 ) 0 = 12 1
If  > 1, then  ; 21 > 12 and 0 < 1 .
By induction, we can show that i < i+1 for i = 1 2 : : :  n ; 1. We establish the
base case by showing that 1 < 2 . From equation (6.1), we have
1 +1 +1 =
1
4 0 2 1 4 2
=) ( ; 1 ) 1 = 1 0 + 1 2
2
4
4
If  > 1, then  ; 12 > 12 and either 1 < 0 or 1 < 2 or both. Since we showed
that 0 < 1 , then 1 < 2. Assume that k < k+1 if  > 1, and consider k+1.
From equation (6.1),
1 +1
1
k
k
+1 +
4
2
4 k+2 =  k+1
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1 +1
4 k 4 k+2
If  > 1, then  ; 12 > 12 and either k+1 < k or k+1 < k+2 or both. By the
assumption, k < k+1, therefore, k+1 < k+2, and i < i+1 for i = 1 2 : : :  n ; 1.
We have shown that if there is a  > 1 then 0 < 1 <  < n.
We now show that if there is a  > 1 then n < n;1 which results in a contradiction. If  > 1 then from equation (6.1), we have
=) ( ; 12 )

k+1 =

1
1 =
n
;
1+
n
2
2 n
=) ( ; 12 ) n = 12 n;1
If  > 1, then  ; 21 > 12 and n < n;1.
We have shown that there is no eigenvalue  such that  > 1. A similar argument
can be given to show that there is no eigenvalue  such that  < 0 by showing that
if there is a  < 0 then j 0j < j 1j <  < j nj and establishing a contradiction by
showing that if there is a  < 0 then j nj < j n;1j.
It is easy to see that 1 = 1 is an eigenvalue of M by observing that Mx1 = x1
for x1 =  0 1 : : : n] such that 0 = 1 =  = n. 2
We use the previous lemma to show that for n nodes on an isothetic line in W ,
the VDCB algorithm converges to the situation where d0 = d1 =  = dn.

Theorem 6.5.2 For n nodes on an isothetic line in W the VDCB algorithm converges to the situation where d0 = d1 =  = dn.

Proof: Since the matrix M is primitive, Theorem 6.5.1 applies to M and, as t ! 1,
Mt ! t1 x1y1T + O(tsj2jt ):
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As t ! 1, O(tsj2jt) ! 0 because 0 j2j < 1 by Lemma 6.5.1, and if we write
j2j = 1=c for some integer c, then it is easy to see that
ts = 0
lim
t!1 ct
Since 1 = 1, as t ! 1,
Mt ! x1y1T :
It is easy to verify that

2 3
66 1 77
66 77
1
x1 = 6666 . 7777
66 .. 77
4 5
1

and

y1T =



1
2n

1

1

n n



1

n

1
2n



are right and left eigenvectors of M associated with the eigenvalue 1 = 1 such that
y1T x1 = 1.
Given n nodes on an isothetic line in W ,

3
2
1
1
1
1
66 2n n  n 2n 77
7
66 1 1
1 1 7

6
n 2n 7
t = 6 2n n
7
lim
M
6
t!1
66 ... ... . . . ... ... 777
7
64
1 1
1 1 5
2n

n



n 2n

0 = d0 d0  d0 ]:
0 1
n
2
66 21n d00 + n1 d01 +  + n1 d0n;1 + 21n d0n
66 1 0 1 0
66 2n d0 + n d1 +  + n1 d0n;1 + 21n d0n
t
0
lim M = 6
...
t!1
66
64
1 0 1 0
1 0
1 0
2n d0 + n d1 +  + n dn;1 + 2n dn

Therefore, given a starting vector of distances
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77
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and the distances converge to the situation where

dt0 = dt1 =  = dtn
= d0 + 2d1 +  + 2dn;1 + dn
2n
as the number of iterations of the VDCB algorithm approaches innity.
As in Lemma 6.1.4, this result can be used to show that for n nodes at the vertices
of a (not necessarily evenly spaced) isothetic grid, the VDCB algorithm converges to
the situation where the horizontal distances are equal and the vertical distances are
equal.

Convergence of n Nodes in the Plane
In this section we discuss the convergence of three algorithms: the k-means algorithm
as it is presented by MacQueen in 54], a geographical optimization algorithm we
call the IMO algorithm presented by Iri, Murota, and Ohya in 46], and the VDCB
algorithm. Each algorithm takes as input a set of points in a closed convex region.
In the k-means algorithm, k points are chosen randomly initially and new points are
computed as the means or averages of a group of points. In the IMO algorithm the
n input points are called facilities. In order to carry out the comparison of these
two algorithms with the VDCB, we consider each algorithm to take as input the set
S = fp0 p1 : : :  pn;1g of n nodes in an isothetic rectangle W . We let each node pi 2 S
be at the initial position p0i such that at iteration t of an algorithm, it is at position
pti , i = 0 1 : : :  n ; 1.
In 54], MacQueen proves convergence of the k-means algorithm. Given the set
S of n nodes placed randomly in W such that pi has starting weight wi = 1, i =
0 1 : : :  n ; 1, the k-means algorithm consists in iterating the following: Compute
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the Voronoi diagram of S clipped within W , choose a point z at random in W and
let its nearest neighbour in S be pj . Move pj such that:
w pt + z
ptj+1  wj j+ 1
j
and adjust the weight of pj :
wj  wj + 1:
Following the terminology in 54], we let the centroid of the Voronoi region Vor (pi)
of the node pi be ui, and we say the position of a node pi is unbiased if pi = ui.
The IMO algorithm which is similar to the VDCB and the k-means algorithm is
presented in 46] where a geographical optimization problem is considered. Given the
set S of n nodes placed randomly in W , variants on an algorithm that attempt to
minimize the following function are described:
nX
;1 Z
1
F (p0 p1 : : :  pn;1) = 2
f (jz ; pij2 )dz:
Vor
(
p
)
i
i=0
We let the function f (jz ; pij2) = jz ; pi j2. The algorithm variants have the following
form: Given initial (random) positions of the nodes, at each iteration t, a search
direction t and distance t are computed for each node pi, i = 0 1 : : :  n ; 1 and pi
is moved such that:
pti+1  pti + t t:
This process is iterated until some stopping condition is met. The algorithm can vary
according to the way in which the i's and i's are chosen and according to which
criteria are used for the stopping condition.
Let uti be the centroid of Vor (pi) at iteration t. Recall that at each iteration of
the VDCB algorithm, pi is moved such that:

pti+1  uti
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for i = 0 1 : : :  n ; 1.
We can modify the VDCB algorithm and a variant of the IMO algorithm to
look more like the k-means algorithm. In the VDCB and the IMO algorithms, a
new position is computed for each of the n nodes and all nodes are moved to their
new positions at each iteration of the algorithm. In the k-means algorithm, at each
iteration of the algorithm, one node is moved to a new position. The rst modication
we make to the VDCB and the IMO algorithm is to move only one node at each
iteration the question is which node to move. In the k-means algorithm, a point z
is chosen at random in W and the node to which it is closest is moved. Therefore, in
the VDCB and the IMO algorithms, nodes are chosen with probability depending on
the size of their Voronoi regions: nodes with a large area Voronoi region are chosen
with higher probability than nodes with a small area Voronoi region.
Let pj be the node to be moved at the current iteration. In the k-means algorithm, pj is moved in the direction of the randomly chosen point z where the nearest
neighbour of z in S is pj and the expected value of z is uj . The distance pj is moved is
1
t
wjt +1 times the distance between z and pj . That is, given the position pj at iteration
t,
ptj+1  ptj + wt 1+ 1 (z ; ptj )

utj

j
wjt

where the expected value of z is and is the weight of ptj at iteration t. In a
variant of the IMO algorithm, pj is moved in the direction of uj by some distance.
That is,
ptj+1  ptj + (utj ; ptj )
where is a computed distance. In the VDCB, pj is moved to uj . That is,

ptj+1  ptj + (utj ; ptj )
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Therefore, in the IMO algorithm, we let = wjt1+1 and we further modify the VDCB
such that at iteration t + 1, the node pj is moved wjt1+1 times the distance between utj
and ptj .
MacQueen shows that as the number of iterations of the k-means algorithm, t !
1, the random variable W (pt0 pt1 : : :  ptn;1) converges where

W (pt0 pt1 : : :  ptn;1) =

nX
;1 Z

i=0 Vor (pi )

jz ; ptij2dz:

It is shown that W (pt0 pt1 : : :  ptn;1) converges to the value:

V (q0  q1  : : :  qn;1) =

nX
;1 Z

i=0 Vor (pi )

jz ; qij2dz

for some set Q = (q0 q1  : : :  qn;1) of points in W that are distinct and unbiased.
Note that it is not shown that the set S t converges to a given conguration. From
MacQueen's convergence proof, it is shown that:

limt!1

nX
;1
i=0

dist (pti  uti ) = 0

The convergence proof in 54] for the k-means algorithm supports the possibility
that the modications described above for the VDCB algorithm and the IMO algorithm also converge. It is an open problem to prove that the VDCB algorithm and the
IMO algorithm converge. Another interesting problem is to determine congurations
of unbiased nodes. For example, if n = pq, the nodes are unbiased if they are at
vertices of an evenly spaced isothetic grid of size p q in R such that the horizontal
grid lines are evenly spaced and the vertical grid lines are evenly spaced. As noted
earlier, this conguration is unbiased but not stable.

Chapter 7
Summary and Conclusions
In this dissertation, we identied a new approach to drawing graphs with an existing layout that we call cluster busting in anchored graph drawing. We presented
two heuristic algorithms for solving this problem and proved some properties about
the algorithms under restricted classes of input. We have implemented the layout
algorithms and executed them on several types of input layouts. We provide measurements for evaluating layouts produced by the algorithms based on the stated
goals. These measurements were implemented and used to evaluate and compare the
algorithms as well as to determine when to stop iterating the algorithms. The results
in this dissertation open several areas for future work.

7.1 General Conclusions
Several general conclusions can be drawn from this work. As evident from our results and other results described in Chapter 2, using heuristics is a good approach to

117

118

Summary and Conclusions

drawing graphs in general and for cluster busting in anchored graph drawing in particular. Using quantitative measurements is useful for understanding the behaviour of
heuristic algorithms. The measurements allow the algorithms to be tested on a larger
number of layouts than if evaluations are based solely on visually judging example
layouts.
It remains a di cult problem to use the quantitative measurements to determine
stopping conditions because of the large number of factors involved. The choice of
default distribution and di erence thresholds is fairly subjective. A possible enhancement is to allow more user input during the layout process. In early sessions with
the layout system, the user spends time adjusting the threshold values and choosing
which measurements are used. These values and preferred measurements are stored
in the user's personal preference le which can be used later to provide stopping conditions that are tailored to t the needs of the user. Another possible improvement
is to use animation. The user watches the layout change at each iteration and stops
the algorithm manually when the resulting layout is satisfactory. Animation can also
be used as a tool for cluster busting in anchored graph drawing and in other forms
of layout adjustment. If a user watches the transformation from the initial layout to
the resulting layout, the user may be able to tolerate a larger di erence between the
two layouts than if they see the jump from the initial layout to the resulting layout
in one step 63].

7.2 Areas for Future Research
There are several areas for future research. In any system that uses quantitative
measurements to evaluate layouts, mathematical denitions of the aesthetic criteria
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must be determined. In some cases as with the number of edges that cross, this task
is straightforward. In the case of keeping the drawing similar to the original drawing,
this task is much more di cult. The job of the mathematician or graph drawing algorithm designer is to translate the aesthetic criteria to mathematical measurements.
It is the job of the psychologist and sociologist as well as the computer human factors
expert to determine what measures constitute similarity. We support the conclusion
of Messinger et. al. in 58] that more research is needed into subjective issues that
users nd important for \good" drawings of graphs. This is particularly true in the
case when the aesthetic factor is something as subjective as similarity.
In this dissertation, the number of changes in the Delaunay triangulation of the
node set is used as a measure of similarity between two layouts. The number of edge
changes in several other proximity graphs such as the Sphere of In uence Graph 87]
and the -shape of a set of points 27] could also be used as similarity measures. It
would be interesting to determine how the layout algorithms perform according to
these measures of similarity and how the results correlate with those for the Delaunay
edge changes.
Through our experience with people when demonstrating the layout algorithms
discussed in this dissertation, it became apparent that di erent aspects of the layout
are more important to some people than to others. There needs to be a tighter
coupling between the graph drawing algorithms and the graph editor/displayer that
is used. It would be useful to have a mechanism for users to select specic nodes that
should remain xed in the drawing. Alternatively, it would be benecial to allow the
user to select only one part of the layout to be adjusted. Most of the drawing may
be readable and only a portion that has been updated needs to be redrawn. Both
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of these features could easily be incorporated into the layout algorithms presented.
The selected nodes that are xed could be input as marked to the layout algorithm.
During execution, their Voronoi regions would be computed and the other nodes
would not be allowed to move inside these regions. In the GeoForce algorithm these
nodes could exert a force on the other nodes but the other nodes would not exert a
force on them.
To adjust only a portion of the layout, the user can use a mouse or similar pointing
device to draw a box B around a subset DU D of the drawing such that U S .
Since the algorithms take a drawing inside a window as input, they can be executed on
the drawing DU inside B . The resulting drawing is the same as the original drawing
with DU replaced by DU0 . Ultimately, it would be interesting to automatically decide
which regions in the layout need to be adjusted by computing clusters in the layout
and measuring the distribution of the clusters. This problem is di cult because of
the di culty in computing clusters in a set of points 6, 30, 55, 56]. If the number
of clusters K is known, an algorithm in 1] nds K clusters such that the minimum
distance between any pair of clusters is maximized.
As noted in Section 6.3, sometimes one iteration of the VDCB algorithm moves
the nodes farther than they need to be in order for the layout to be readable. As in
the GeoForce algorithm a step-size could be used in the VDCB algorithm. At each
iteration, the nodes move some fraction of the distance to the centroid of their Voronoi
regions. More iterations are required to reach the same level of distribution of the
nodes. It would be interesting to run experiments to compare the VDCB algorithm
with di erent step-sizes and the results in Chapter 6.
Di erent force functions and constants might result in a GeoForce algorithm that

7.2 Areas for Future Research

121

consistently performs better than the VDCB algorithm. The forces and constants in
the current GeoForce algorithm were determined by trying a few values and viewing
sample layouts produced by an algorithm using those values. Subjective judgements
were made as to which choices gave better layouts by one or two people observing
the layouts. It would would be interesting to use the quantitative measures to judge
several layouts after each choice of forces and constants. This way many more layouts
could be judged on di erent combinations of the forces and constants.
Further work could also be done to try to improve the e ciency of the GeoForce
algorithm. In 35], a grid-variant of the typical force-directed placement algorithm
is discussed. In this algorithm, the drawing window is divided into a grid. For
each node, repelling forces are computed between it and only those nodes in grids
neighbouring its own grid. It was found that this variant produced layouts that were
nearly equivalent to layouts produced by applying the repelling forces to all nodes
but on average was faster. This method or a similar method could be used to improve
the speed of the GeoForce algorithm in practise.
An important area for future work in layout adjustment algorithms is to take
the edges of the graphs into consideration. This is a di cult problem that was also
not addressed in algorithms for preserving the mental map 19]. There are a couple
of ways that edges can be incorporated into layout adjustment algorithms. First,
similarity measures can include changes in the edges in the drawing. Second, layout
adjustment algorithms can optimize edge criteria such as keeping the number of edge
crossings small in the new layout while retaining similarity in the node positions.
In 5], a layout adjustment algorithm is presented that takes the edges of the graph
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into consideration. It is shown how layout constraints can be integrated into the hierarchical layout presented in 77]. After using the barycentric method to determine the
ordering of the nodes on each level such that there are few edge crossings, constraints
are dened that correspond to the relative ordering of the nodes on each level. When
the layout is updated the constraints are applied to the nodes in regions that did
not change however, the constraints are weakened in the regions that changed. In
this way, the algorithm takes the edges of the graph into consideration during layout
adjustment.
A model of the mental map that takes the positions of the edges in a layout into
consideration is presented in 21]. Figure 7.1(a) taken from 21] shows a drawing of
a graph of n = 6 nodes and m = 7 edges. The edges and nodes in the drawing
divide the plane into regions called faces. The outside face is bounded by edges and
nodes listed in clockwise order: f1 = AbBcCgFdeDfEfDa. Three other faces are
given by f2 = AdeDa, f3 = CgFde, and f4 = AbBcCed. A dual graph is dened
such that there is a node in the dual graph for each face dened above and there is
an edge between two nodes in the dual graph whose faces share a boundary. Figure
7.1(b) shows the dual graph of the layout in Figure 7.1(a). Two layouts have the
same topology if they have the same dual graph. An adjustment algorithm preserves
the topology of a drawing if the new drawing has the same topology as the original
drawing. There are currently no known layout adjustment algorithms that preserve
the topology of a drawing 18]. The di erence between two topologies (such as the
number of edge changes in the dual graph) could be used as a measure of di erence
between two drawings that includes the edges of the graph. This measure could be
used to evaluate our algorithms and other cluster busting in anchored graph drawing
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Figure 7.1: A layout and the dual graph representing its topology.
algorithms according to the topology model of a user's mental map.
In our layout algorithms the nodes are represented as points rather than closed
regions such as a rectangle. To display a graph, the points are used as reference
points such as the bottom left corner of a rectangle or the centre of a circle. The
di culty with this interpretation is that even if the reference point is inside W there
is no guarantee that the box or circle is entirely contained in W . For example, if the
reference point is the bottom left corner of a box then the entire box will be to the
right and above the left and bottom sides of W but part of the box may be outside
the right or top sides of W . One way to deal with this in our layout algorithms is add
the maximum height of a node box to the top side of W and the maximum width of a
node box to the right side of W . Another more complicated solution is to determine
cluster busting in anchored graph drawing algorithms that take the size of the nodes
into consideration such as the ForceScan algorithm presented in 19].
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7.3 Open Problems
Several open problems have been identied by this research and the problem of layout
adjustment.

 In Chapter 1, we show that preserving the orthogonal ordering of the nodes

may not allow enough movement to distribute the nodes so that the interactions between them are readable and the nodes stay inside W . It is an open
problem to show whether preserving the mental map according to the other
similarity measures such as proximity relations allows enough movement to distribute the nodes so that the interactions between them are readable. There
has been related work in the area of computing the maximum distance that
any point can move such that the combinatorial structure of the EMST or Delaunay triangulation of the points is preserved. Given the EMST of a set S of
n points, the sensitivity measure of S is the maximum distance by which any
point can move without altering the combinatorial structure of the EMST (S )
62]. An algorithm in 62] is presented for computing the sensitivity measure
of a set. Hurtado and Ramos-Alonso dene the sensitivity measure of a set S
as the tolerance of EMST (S ) and have been able to compute the tolerance of a
number of other structures including the Delaunay triangulation 45].

 Prove that the di erence between a layout produced by the VDCB algorithm
and the original layout can never achieve the theoretical upper bound on the
number of changes according to the M and OO measures of di erence.

 Characterize sets of points S and P for which DDE (S P ) = 1:0.
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 Find the maximum amount that a layout can change after one iteration of the
VDCB algorithm according to each of the similarity measures.

 Prove that the VDCB algorithm converges for general input.
 Identify congurations of unbiased points that is, sets of points that are at the

centroids of their Voronoi regions. Determine which of these congurations are
stable.

 In 17], it is shown that any inner triangulation of a polygon is realizable as a
Delaunay triangulation. In 47], trees that can be realized as SIGs are characterized. Preserving the mental map can be seen as a type of realization problem.
We can ask questions such as: Given a triangulation T of a set of node positions
S , can T be realized as a triangulation T 0 such that the minimum edge length
in T 0 is maximized?
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Glossary
AD

The All Distances model of similarity

bd(W )
bl = (xbl  ybl)

The boundary of W
The bottom left corner of W

C

A set of circles
A cluster centre
The centroid of the region Vor (pi)
The centre of mass of the Voronoi vertices of Vor (pi)
The set of four corners of W
Cluster busting criteria 1: W = W 0
Cluster busting criteria 2: The nodes in D0 should be more evenly
distributed inside W than the nodes in D
Cluster busting criteria 3: The general shape of D0 should be the
same as D
The closest pair model of distribution
A convex hull

ci
cdi
cmi
C (W )

CB1
CB2
CB3
CP
CH
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CH (S )
CVD
CVD (S )
CVE (S )
CVV (S )

The convex hull of a set S of points
A Clipped Voronoi diagram
The Clipped Voronoi diagram of a set S of points
The set of edges of CV D(S )
The set of vertices in CV D(S )

D = (G S W )
D0 = (G S 0 W 0)
dI
DE
dist (p q)
DM
DT
DT (S )
DM (S P )

An original drawing of a graph
A new drawing of a graph
The ideal distance
The Delaunay edge changes model of similarity
The Euclidean distance between points p and q
The distances moved model of similarity
A Delaunay triangulation
The Delaunay triangulation of a set S of points
A measure of the similarity between S and P according to the
model M
A measure of the similarity between S and P averaged over
1000 layouts S according to the model M
The number of changes in P from S under the model M
A sequence of horizontal distances

DM (S P )
M (S P )

E

E
EMST

A model of distribution
A set of edges in a graph
A Euclidean minimum spanning tree

Glossary

141

EMST (S )

A Euclidean minimum spanning tree of a set S of points

fA(d)
fR (d)
fS (d)
FM

F

The attractive force as a function of the distance d
The repelling force as a function of the distance d
The repelling force between a point and a side of W as a function of d
The force minimization model of distribution
The tolerance factor of di erence

G
;

A graph
The set of models of distribution: ; = fCP FM g

H (pi pj )

The half-plane containing pi and bounded by the
perpendicular bisector of pi and pj

Imax

The default maximum number of iterations

K
k

The number of clusters in a set of points
The size of each cluster

$(pi pj )
(pi pj )
M

The set of points lying to the left of the directed line ~l(pipj )
The number of points in $(pi pj )
The -matrix model of similarity

M

A model of similarity
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n

The number of nodes in a graph

OO

The orthogonal ordering model of similarity

P
pi = (xi  yi)
pipj
p;!
i pj
PPG(pi pj )
pb(pi  pj )
PG
PG (S )

A set of node positions
A node position which is a point in the plane
The line segment with endpoints pi and pj
The ray directed from pi to pj
1 if there is an edge between pi and pj in PG
and 0 otherwise
The perpendicular bisector of pi and pj
A proximity graph
A proximity graph dened on a set S of points

Rx(pi)
Ry (pi)
RAM

The rank of pi in the x direction
The rank of pi in the y direction
Random-Access Machine

si

A square region
A region in the plane
A set of node positions
The maximum number of edges in a proximity graph PE of a set
of n points

S

S
SPE

Glossary

t
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TPE
tr = (xtr  ytr )

The number of iterations
A threshold value of distribution measure according to the model E
Time to compute the proximity graph PE of a set of n points
The top right corner of W

UBM (n)
(

The upper bound on the M (S P ) for S and P with n points
The set of models of similarity: ( = fAD M DE DM OOg

V
VD
VD (S )
VDCB
VE (S )
Vor (pi)
VV (S )

A set of nodes in a graph
A Voronoi diagram
The Voronoi diagram of a set S of points
The Voronoi diagram cluster buster algorithm
The set of edges of V D(S )
The Voronoi region of pi
The set of vertices in V D(S )

W

The drawing window

E (S )
E (S )

A measure of the distribution of S according to the model E
A measure of the distribution of S averaged over
1000 layouts S according to the model E

TE
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Index

Index
A

B
C

D

-hull 41
All Distances (AD) 34
anchored graph drawing 5
averages 110
average 67
barycenter 13
barycentric method 13
centre of mass of vertices 53
centroid of region 53
Clipped Voronoi diagram (CVD) 22
Closest Pair Test (CP) 29
cluster busting in anchored graph drawing 5
cluster busting 5
cluster centres 24
clusters 24
compound graph 10
contained 19
convex hull 23
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E
F

G
H
I

Index
DAG 9
Delaunay Triangulation Edges (DE) 34
Delaunay triangulation 23
digraph 9
directed acyclic graph 9
directed 1
Distances Moved (DM) 34
distribution measure 28
dynamic 3
eigenvalue 104
eigenvector 104
Euclidean minimum spanning tree (EMST) 23
facilities 110
Force Minimization (FM) 29
force-directed placement 14
free trees 9
geometric sorting 36
graphic standard 8
grid 9
h-v drawing 9
hierarchical 9
hierarchies 9
IMO algorithm 110

Index

K
L

M

N
O

P
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inclusion drawing 9
isothetic 19

k-means algorithm 110
-Matrix (M) 34
-matrix 36
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model of distribution 28
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rank 45
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stable 3
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target node 9
tip-over drawing 9
tolerance factor 98
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topology 17
unbiased 111
undirected 1
upper bound 35
upward 9
Voronoi diagram (VD) 21
Voronoi edges 21
Voronoi polygon 21
Voronoi region 21
Voronoi vertices 21
window 19
world coordinates 20
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