Lambek Grammars, Tree Adjoining Grammars and Hyperedge Replacement Grammars

Richard Moot LaBRI(CNRS), INRIA Bordeaux SO & Bordeaux University 351, cours de la Libération 33405 Talence, France

Richard.Moot@labri.fr

1 Introduction

Joshi et al., (1991) have shown that many independently proposed mildly context-sensitive grammar formalisms — combinatory categorial grammars, head grammars, linear indexed grammars and tree adjoining grammars (TAGs) — generate the same class of string languages.

For the Lambek calculus L (Lambek, 1958), Pentus (1995) has shown that L grammars generate only context-free languages. Two recent incarnations of Lambek grammars have sought to extend the generative capacity the Lambek calculus: the multimodal Lambek calculus NL�_R (Moortgat, 1997) and the Lambek-Grishin calculus LG (Moortgat, 2007). While both systems have been shown to handle linguistic phenomena for which no satisfactory Lambek calculus analysis exists, little is known about the exact class of languages generated by either system. In the current paper I shown that both NL�_R and LG generate the same class of languages as TAGs, using hyperedge replacement grammars as an intermediate step.

2 Tree Adjoining Grammars and

Hyperedge Replacement Grammars

Tree Adjoining Grammars (Joshi and Schabes, 1997) combine trees using the operations of substitution (shown in Figure 1) which replaces a nonterminal leaf A^↓ by a tree with root A and adjunction (shown in Figure 2) which replaces and internal node A by a tree with root node A and foot node A^∗.

For the equivalences we will prove later, we will use the following two properties of TAGs: a) for every finitely ambiguous TAG there is a strongly equivalent tag which is lexicalized, an LTAG, b) for every TAG there is a weakly equivalent TAG which uses only the adjunction operation.

A hypergraph is a set of hyperedges, portrayed as an edge label in a rectanglar box, which can be incident to any number of vertices. These connections are portrayed by lines (called ‘tentacles’) labeled 0, . . . , n (the selectors) for a hyperedge of arity n + 1. A hyperedge replacement grammar (Engelfriet, 1997) replaces a hyperedge with a nonterminal symbol by a hypergraph. The rank k of a HR grammar is the maximum number of tentacles of a non-terminal symbol. We will be particularly interester in HR grammars of rank two (HR_2) even though we do use terminal nodes with multiple edges.

Figure 3 shows an example of hyperedge replacement for a non-terminal A of rank two. It is attached to two vertices, represented by fat dots, with selectors 0 and 1 respectively. If A → α is a rule in the HR grammar, we can replace the hyperedge A by first deleting it, then identifying the external node (0) of α with the node which was connected to tentacle 0 and external node (1) of α with the node which was connected to tentacle 1. The similarity with Figure 2 should be striking. Note however, that since the grammatical objects of hyperedge replacement grammars are hypergraphs, β and β^′ need not be disjoint. When we look at HR grammars generating trees, however, we can guarantee disjointness.

There are several ways to represent trees in HR grammars, but the following will turn out to be convient for our applications. A node with label A and n daughters^1 is represented as a hyperedge A with n + 1 tentacles, with tentacle 0 pointing towards the parent node and tentacles 1, . . . , n selecting its daughters from left to right.

Definition 1 A hypergraph H is a tree iff every node in H is incident to two hyperedges, once by a selector 0 and once by a selector > 0, except the root node, which is incident to a single hyperedge by selector 0.

Lemma 2 HR_2 grammars generating trees and TAG grammars using adjunction only are strongly equivalent.

3 Lambek Grammars

Before talking about Lambek grammars, seen from a hypergraph perspective, it is useful to first show a lexicon for AB grammars. Figure 4 shows a trivial AB lexicon for the phrase ‘Jo ran’. As usual in categorial grammars, we distinguish between positive and negative occurrences of atomic formulas.^2 The tree on the left indicates that the goal formula g of this grammar is a positive s atomic formula. The lexical entry for ‘ran’ indicates it is looking for an np to its left to produce an s, whereas the entry for ‘Jo’ simply provides an np. Note that because of the extra unary hyperedge at the root nodes, the two lexical trees are not trees according to Definition 1. I will refer to them as typed trees.

The axiom rule (Figure 5) shows how a positive an negative formula of the same type cancel eachother out by identifying the nodes selected by the two unary hyperedges. The resemblance with the substitution operation in Figure 1 should be clear, though we do not require α and β to be disjoint: instead we require that an AB derivation — a set of applications of the axiom rule — ends in a (non-typed) tree where all leaves are labeled by terminal symbols With respect to Lambek grammars, we are primarily interested in two recent extensions of it, the multimodal Lambek calculus with two modes interacting by means of the mixed associativity

1We assume here that all occurrences of A have the same number of daughters, which we can accomplish by a simple renaming, if necessary.

2Negative formulas correspond to resources we have and positive formulas correspond to resources we need. Think of A^+ as being similar to A^↓.

and mixed commutativity structural rules (Moortgat, 1997) and the Lambek-Grishin calculus with the Grishin class IV interactions (Moortgat, 2007).

Extending the AB hypergraph calculus in this way involves adding new constructors and graph contractions which eliminate them. This moves the hypergraph calculus (or at least the intermediate structures in the derivations) further away from trees, but we will continue to require that the result of connecting and contracting the graph will be a (non-typed) tree.

As we have seen, it is trivial to model the substitution operation. Figure 6 shows how to model the adjunction operation, with the solution for NL�_R on the left and the solution for LG on the right. Figure 7 then shows how this allows us to adjoin a hypergraph corresponding to an auxiliary tree to this adjunction point. After two axiom rules, we will have the structure shown on the left. The mixed associativity and commutativity structural rules allow us to move the ∘_1 hyperedge down the tree until we have the structure shown in the middle. Finally, we apply the contraction, deleting the ∘_1 and L•_1 edges and identifying the two nodes marked by selector 0 to obtain the structure on the right. Remark how these steps together perform an adjunction operation. For the sake of efficiency we will usually not apply the structural rules explicity. Instead, we will use a generalized contraction, which moves directly from the left of the figure to the structure on the right. Lemma 3 If G is an LTAG grammar, then there exists a weakly equivalent Lambek grammar.

For the other direction, we show that there is an HR grammar generating the hypergraphs corresponding to the proofs of the grammar, that is which contract to a tree. As an example, Figure 8 shows a rule generating the graphs of Figure 7.

Lemma 4 If G is a Lambek Grammar, then there exists a strongly equivalent HR_2 grammar.

4 Conclusions

NL�_R and LG are mildly context-sensitive formalisms and therefore benefit from the pleasant properties this entails, such as polynomial parsability. TAGs and HR grammars, because of the simplicity of their basic operations, have played a central role in establishing this correspondance.

A^↓ α

A β

A β α ↘

↗

Figure 1: Substitution

References

Joost Engelfriet. 1997. Context-free graph grammars. In Grzegorz Rosenberg and Arto Salomaa, editors, Handbook of Formal Languages: Beyond Words, volume 3, pages 125–213. Springer, New York.

Aravind Joshi and Yves Schabes. 1997. Tree-adjoining grammars. In Grzegorz Rosenberg and Arto Salomaa, editors, Handbook of Formal Languages: Beyond Words, volume 3, pages 69–123. Springer, New York.

Aravind Joshi, Vijay K. Shanker, and David Weir. 1991.

The convergence of mildly context-sensitive grammar formalisms. In Peter Sells, Stuart Shieber, and Thomas Wasow, editors, Foundational Issues in Natural Language Processing, pages 31–82. MIT Press, Cambridge, Massachusetts.

Joachim Lambek. 1958. The mathematics of sentence structure. American Mathematical Monthly, 65:154– 170.

Michael Moortgat. 1997. Categorial type logics. In Johan van Benthem and Alice ter Meulen, editors, Handbook of Logic and Language, chapter 2, pages 93–177. Elsevier/MIT Press.

Michael Moortgat. 2007. Symmetries in natural language syntax and semantics: the Lambek-Grishin calculus. In Proceedings of WoLLIC 2007, volume 4567 of LNCS, pages 264–284. Springer.

Mati Pentus. 1995. Lambek grammars are context free.

In Proceedings of the Eighth Annual IEEE Symposium on Logic in Computer Science, pages 429–433, Montreal, Canada.

A^∗ α A

A β^′ β α A

A β^′ β

↗

↘

Figure 2: Adjunction

α •^{(0)}

•_{(1)}

•

• A_1 0

β^′ β α β^′ β • • ↗

↘

Figure 3: Hyperedge Replacement

•

• g 1 0 • s^+ 0 • np^− 0 • Jo 0 • np^+ 0 • ran 0 • •

• ∘ 1 2 0 • s^−_0

Figure 4: AB lexicon

• A^+ 0 α

• A^−_0

β

• β α ↘

↗

Figure 5: The axiom rule

• •

• ∘_1 1 2 0

• •

• L•_1 1 2 0 • A^−_0

• A^+ 0 • •

• R↫ 1 0 2

• •

• ; 1 0 2 • A^−_0

• A^+ 0

Figure 6: Lambek hypergraphs for adjunction

• •

• ∘_1 1 2 0

• •

• L•_1 1 2 0

α

β^′ β

• •

• ∘_1 1 2 0

• L•_1 1 2 0

β^′ β

α

β^′ β

α → →

Figure 7: Simulating adjunction

•

• T 2

1 → • •

• L•_1 1 2 3

•

• V 2

1 •

• T 2

1 • •

• ∘_1 1 2 3 (2)

(1)

Figure 8: Lambek grammar as HR grammar — adjunction