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Why Topology*

e Topology seems to be at the right level

of abstraction (eg. when compared to
geometry).

e Basically, we have regions, their
complements (intended to model

“outside”), their interiors (intended to
model “inside”) and frontiers.

e Rich and well-developed field of
mathemartics



Why Topology*

e It allows us to model statements like:

— “the frontier between France and
Spain runs through the Pyrénées”

— “France is the union of Continental
France and Corsica, yet Continental

France and Corsica are
disconnected”



Some Potential Problems

e Topology, being very general and very
abstract, makes more distinctions
than are useful when reasoning about

real regions in space.

e Reasoning about topological spaces
can be very complex.



(roals

e F'ind some nice, well-behaved regions
in topological space.

e Find a language which is expressive

enough to make topologically
interesting statements, yet has

reasonable computational complexity.



Reminder
Bagic Definitions

e A topology is a set X (the universe)

and a collection t of subsets of X (the
open sets) such that:

e T contains X and &

e The union of any collectio

Sometimes it is useful to permit infinite
intersections as well: in this case we will talk

elements Of T; 1S 1I1 T,' about an Alexandrov space or Alexandrov

topology. An Alexandrov topology is isomorphic
to specialization preorder on a set X, that is x

<=y if and only if all open sets which contain x

® The 1IlteP SeCthIl Of a,Ily ﬁ m‘sf ?v::IZea}rsh:’l?uk between preorders (reflexive

and transitive relations) and $4 (with a

Of elements Of T 1S 1n T reflexive and transitive accessibility relation R).




Reminder
Bagic Definitions

e The complement of a subset A of X,
which we will note by A’ is defined as

Some people write A¢ for
the complement of a sef.
In o;de_r to ayolid :
e The complement of an open SaERmEAREn
write A for the
C]_O S e d ] complement and A~ for

the closure.




Reminder
Bagic Definitions

e A set can be both closed and ope D
1 ome people like the
(specifically, both X and @ are bopkiZsses

and open. | don't. It is

closed and open in any topology ) Fieks

e g set can also be neither closed nor
open.



Reminder
(Very) Basic Properties

e (AUB) =A'NB
e X\(AUB)=X\ANX\B

e VXX EXAXZ(AUB) <
XEXANXZEAANXEB




Reminder
(Very) Basic Properties

e (AUB)=A'NFB
e X\(AUB)=X\ANX\B

e VXXEXA(XEAUB)) <=
XEXANXEZEAANXEB



Reminder
(Very) Basic Properties

e (AUB)=A'NFB
e X\(AUB)=X\ANX\B

e VXXEXAA(XEAVXEDB)) <
XEXAXEAANXEB



Reminder
(Very) Basic Properties

e (AUB)=A'NFB
e X\(AUB)=X\ANX\B

e VXXEXAA(XEA)A(XEB)) <
XEXANXEAANXEB



Reminder
(Very) Basic Properties

e (ANB) =A'UB
e A=A

All of this is basic set




Reminder
Bagic Definitions

e Given a set A, the interior A° of A is

the union of all open sets O such that O
C A.

e Given a set A, the closure A of A is the
intersection of all closed sets C such
that A C C.

o Evidently, we have A° C A C A-



Reminder
Bagic Definitions

o Evidently, we have A° C A C A-
e if Aisopenthen A°=A
e if Aisclosedthen A" =A

e The boundary of A, 0A is defined as
A\ A°




Open and Closed Sets

General |A°| € |A| C A
Open Aol = |A| C |A
Closed ||A°] € |A| = [A°
“Clopen”||A°| = |A| = |A”



Reminder
Example O

Classically, first examples in topology are
about intervals on the real line...

A=[0,1>
A°=<0,1>

A =10,1]

0A ={0,1}

A’ = <-01>U[0,0>



Reminder

Example 1
X ={a,b,c,d,e}
1={J,X,{a},{c,d},{a,c,d},{b,c,d,e}]} Open sets
T ={0,X,{b,c,d,e},{a,b,e},{b,e},{a}}  Closedsets

A ={a,b}




Reminder

Example 1
X ={a,b,c,d,e}
1={J,X,{a},{c,d},{a,c,d},{b,c,d,e}]} Open sets
T ={0,X,{b,c,d,e},{a,b,e},{b,e},{a}}  Closedsets

A ={a,b}
A°={al U = {a} AR ™A




Reminder

Example 1
X ={a,b,c,d,e}
1={J,X,{a},{c,d},{a,c,d},{b,c,d,e}]} Open sets
T ={0,X,{b,c,d,e},{a,b,e},{b,e},{a}}  Closedsets

A= {a,b}
a | b
A°={al U = {a} AR ™A
A-=XN{abe}={ab.e] : .
d



Reminder

Example 1
X ={a,b,c,d,e}
1={J,X,{a},{c,d},{a,c,d},{b,c,d,e}]} Open sets
T ={0,X,{b,c,d,e},{a,b,e},{b,e},{a}}  Closedsets

A = {a,b} SA
a |b
A°={a} U J = {a] = -
A-=XN {abe}={ab.e] D @
d

0A = {a,b.e} \ {a) = {b,e]



Reminder
Example 2
X ={a,b,c,d,e}
T={,X,{a},{c,d}, {a,c,d},{b,c,de}]}
T ={9,X,{b,c,d,e},{a,b,e},{b,e},{a}}

A={c,d}




Reminder
Example 2
X ={a,b,c,d,e}
T={,X,{a},{c,d}, {a,c,d},{b,c,de}]}
T ={9,X,{b,c,d,e},{a,b,e},{b,e},{a}}

A={c,d}
A°={c,d} U = {c,d}




Reminder
Example 2
X ={a,b,c,d,e}
T={,X,{a},{c,d}, {a,c,d},{b,c,de}]}
T = {J,X,{b,c,d,e},{a,b,e},{b,e},{a}}

A= {c,d]}
a | b
A°={c,d} U D = {c,d]}
A-=XN {bede) = (bedel c e °®
d
i




Reminder
Example 2
X ={a,b,c,d,e}
T={,X,{a},{c,d}, {a,c,d},{b,c,de}]}
T ={9,X,{b,c,d,e},{a,b,e},{b,e},{a}}

A={c,d} SA

a b
A°={c,d} U D = {c,d]}
A-=XN {be.del = {bed.e] cla_*®
5A = (be,de) \ {e,d) = (b.e} _AN




Reminder
Example 3

X = R?
1= {J, R5,<0,0>-<1,2>,<0,2>-<3-3>,<1,1>-<2,2>,...]

k. e Open rectangles

generate one of the
standard topologies

on R?

e As an example, the
following open
rectangles are part
of this standard

topology.




Reminder
Example 3
X = R?
1= {9, R?, <A,B>-<C,D>} A<C,B<D

Y

e Open rectangles
generate one of the
standard topologies

on R?

e However, even the
general definition of
open sets listed

x above does not form

A | B a topology (why?)




Reminder
Example 3

X = R?

1= {J, R? <A B><C,D>]} A<B,C<D
Y

H..
e When we have two
open rectangles,

Dt their intersection is

So while the purple part of
the figure to the right is a
part of the defined topology,
the union (that is, the union
of the blue, purple and red
part) is not a rectangle and
therefore not a part of the
topology as defined above.




Reminder
Example 3

X = RR
B = {J, R*, <A,B>-<C,D>] A<B,C<D
H__Y
e We say a collection
Dt of open sets B is a
base (basis) for a
topology if any
element of t is the
al union of elements of
B
| X
A clE B F




Reminder
Bases

e Bases allow us to give a compact way
to describe topologies.

e Some topological properties can also

be verified directly on the base
elements.




Sets

e A isregular closed
iff A=A°"

e roughly speaking,
this means no
“loose points” and
no “hanging lines”




l Sets

-

e A isregular closed
iff A=A°"

e roughly speaking,
this means no
“loose points” and
no “hanging lines”

AP° B°




e A isregular closed
iff A=A°"

e roughly speaking,
this means no
“loose points” and
no “hanging lines”

Note, this does not show that Ao-

is necessarily regular closed, | will
cowme to that in a few slides.



L&

Sets

e A isregular open
iff A=A"°

e roughly speaking,
this means no
“holes” and no
“cracks”




oets

e A isregular open
iff A=A"°

e roughly speaking,
this means no
“holes” and no
“cracks”




Sets

’b

e A isregular open
iff A=A"°

e roughly speaking,
this means no
“holes” and no
“cracks”

Again, this does not suffice to
show that A-o is regular open.



Regular Sets

e Suppose A is a regular open set, that
iIsA=A0",

e Thus we have, for its complement A’
that A=A =A"=A'C

e In addition, we have A~ = A™°"

e In other words, both A’ and A By

for regular closed sets.

Given a reqular closed
PegUIaP ClOSGd. set A, both its

complement and its

interior are reqular

open.




Combinations

e (Given a region variable A, how many

(potentially) different regions can we
construct using the closure, interior

and complement relations?

e Our possibilities are limited by the fact

that a double complement is the
identity function and that the closure

and interior operations are
idempotent.



Combinations

e Hquivalences e Non-equivalent
e A=A e A
o AOO= AO e A, A°
e A7 =A" e A0, A°-
o AO-O- = AO- o A0~ A0
e AT00=A° e and their
negations



Combinations
N (B
AT —=— A0—= A"

lo__~— _, A'o-«—— A'0-0
/A A=A

A. 4_’_A., o \_/ \o/
O — O

/ / / Note: there are examples
where all these 14 regions
are different.

s : 5
O : Interior A2 . A'-0—— A '-o0-

— : closure X/ A/ B A /

' : complement 7 0 3




Combinations

\/
N
e
O
Regular Closed
0 : interior o A'-O-
- : closure s/

'+ complement



Combinations

— O

Ty /N
AO—<__) Ao—o
0]

I’ l' Regular Closed
0 : interior A"O‘L A'-0-
- : closure K
, v vV

: complement <



Combinations
/AT A

0
é‘ T E é‘O‘:,_ A©"

E. 4 4 II

s : 5
O : Interior A2 . A'-0—— A '-o0-

— : closure A/ X/ B/

' : complement 7 0 3




Combinations
A

A‘O—‘L>
A =
; Regular open
' A /
-— O0—0
—A
5/
0]
4_—) AO0O
0 : interior A0 D
- : closure <
'+ complement



Combinations
A A

A-0=—= A"
A0

/ I, Regular open

v &
10 I — '0—0

V \V

— O

O : interior
— : closure
, [ ]
. complement



Regular closed regions

/N O 7 A regular closed =ger
.A. < G AO A= AO_
— : closure
/ / 4 /
O : Interior

/ > | —
a A ': complement




Regular open regions

5 =
N\ 5 A A regular open =ger
AlSe gy A=A""°
A @) A

— : closure

/ / / /

O : iInterior
O \ 4

/ > 10
a 2 A ': complement




Combinations

e We have seen that the regular closed

and regular open sets reduce the
combinatorics of the closure, interior

and complement relations on a single
region.

e What we have not looked at yet is how
the regular closed and open sets
combine with unions and
intersections.



Intersection

e A isthe union of
_ the closed

B rectangles
[0,0]-[1-2] and
[0-1][1-<]

e B is the union of
the closed
rectangles
[O-O]-[1-1] and
[0-1]-[=-%<]




Intersection

e A is the union of
_ _ the closed

A,B B rectangles
[0,0]-[1-2] and
[O-1][1-%<]

e B is the union of
the closed
rectangles
[O-O]-[1-1] and
[0-1]-[=-%<]



Intersection

AMNB

e The intersection of
two regular closed
sets (though
closed) is not
necessarily regular
closed.

e Therefore we define
the intersection of
two regular closed

sets as (ANB)°~



Intersection

ANB®°

e The intersection of
two regular closed
sets (though
closed) is not
necessarily regular
closed.

e Therefore we define
the intersection of
two regular closed

sets as (ANB)°~



Intersection

ANB "

e The intersection of
two regular closed
sets (though
closed) is not
necessarily regular
closed.

e Therefore we define
the intersection of
two regular closed

sets as (ANB)°~



Union

AUB

e LLikewise, the union
of two regular open
sets (though open)
1S not necessarily
regular open.

e Therefore we define

the union of two
AUB =<0,0>-<1,s> U regular open sets as

<]1,0>-<2.2> (AUB)™©



Union

(AUB)

e LLikewise, the union
of two regular open
sets (though open)
1S not necessarily
regular open.

e Therefore we define
the union of two

(AUB)” =[0,0]-[g,<] regular open sets as
(AUB)™®



Union

(AUB) °

e LLikewise, the union
of two regular open
sets (though open)
1S not necessarily
regular open.

e Therefore we define

=y the union of two
(AUB)™ =<0,0>-<3,&> regular open sets as

(AUB)™©



Boolean operations

Regular Open Regions Regular Closed Regions

* RO(P)=p° * RC(p) =p°"

e RO(-A) =X\RO(A)~ e RC(-A) =X\RC(A)°

e RO(AAB) = e RC(AAB) =
RO(A)NRO(B) (RC(A)NRC(B))°”

* RO(AVB) = e RC(AVB) =
(RO(A)URO(B)) © RC(A)URC(B)

The combinations listed here give us a way to produce boolean combination of reqular closed regions. They are in fact a
sublanguage of S4u describing regions terwms. This will be useful later, when we will use it to move from RCC8 to BRCCS by
changing from reqular close atoms to formulas of RC.




Kuratowski Axioms

Interior Closure
These rules should
remind us of something...
e A<A A o A <A
* A0=A%0 ¢ AT =A"
e T=T° R =1

e A°NBC = (ANB)° e (AUB) =A"UB"




Kuratowski Axioms

Interior

e A°<A
.AO=AOO
e T=T9

e A°NBC=(ANB)°

You will note in the
following that | sometimes
switch rather freely from
the “modal logic” notation
with diamonds and boxes to

the “topology notation”
with interiors and closures.
| trust this will not lead to

NN couson.
e []A A

o [ | . [

e [JAA[JB  [J(AAB)

e | ((AAB) -

AAL B




Kuratowski Axioms

Closure S4

e A <A e A HOA

e ATT=A" o OCA HFOA
. |- o OLH1L

. (AUB) = A"UB" e O(AVB) - OAVOB

e OAVOB O(AVB)



Kuratowski Axioms

Interior o4

e AO< A e |IA HA

® AO=AOO ~ !A.l_!!A.
o T =70 RN | T

IAA! |

e I(AANB) - |AAIB

0f course, the logical
rules for the
exponentials of linear

logic are just the rules
for $4 as well!




Logic and Topology

e The relation between S4 and topology
was first noted by Tarski (1938)

McKinsey & Tarski (1944)

e However, its application to spatial

reasoning is fairly new (see
references: the earliest I found are

from the mid 90s)



Modeling

e Let’s turn to some possible
applications.

e How would we model a statement like
“the interior of region A and the
interior of region B have a non-empty
intersection”?

e First try: -([L_JAAL |IB <= 1)



Modeling

e First try: -([_JAAL |IB <= 1)

e This formula is equivalent to [ |AA[_|B

e [.et’s construct a model of this
formula.

0f course this will fail,
but it will be instruetive
to see why (and to see

what form the models of
these kinds of formulas
take)




A model of A°ABP°

0f course, this is just one
of many possible models!
In particular, this is a

model where A union B is
not equal o the universe

i
Q é4
Al 5 SB

Rewinder: A- means there
is an arrow to a state
where A holds.

A° means all arrows lead
to a state where A holds.

Remark: none of

The model seewms very
simple. This is no
accident, we can always
construct a model with
depth 1 and at most
two arrows leaving any
point .

(A%A,A7]

{ ‘A'_7‘A'7A',_7

Question: can we add arrow from 1
t0 27

Answer: No! If we add an arrow
from 1 to 2, transitivity would
force us to add an arrow from 1 to 7
as well and then A would no longer
hold at all states accessible from 1.

4
{(B,B,B"}

B~,B,B"}

1 O
LA%A]

(A°%A,BB]

S
(B°,B]




A model of A°ABP°

Now, in order for the formula A°AB° to hold,
it has to be true at every point.

This means that {A', B’}

for every point 7

and every point / I \

we can reach from

this point by & 6 4
following an EEEEN AR A= | {B,B,B'")
arrow both A and B",B,B"}

B must hold. 1 5 2
Let’s look at (A%A}  {A°%A,B°B}  {B°3B)]
point 7.



A model of A°ABP°

The only point we can reach from point 7 is
point 7 itself.

Neither A nor B {A', B'}
holds at point 7. / '’ \
Therefore, this I
model is a, & 6 4
countermodel (FONENERRNA A A, | {B,B,B)
to A°AB° e B.B'")
What went ! 0 S

A° A A° A B°B Bo.B
WPOIlg‘? { ’ } { ) 9 } { ’ }



A model of A°ABP°

We want to state that A°AB° is true at at
least one point in the model.

This would (A, B

correctly model i

the fact that this / | \

intersection 1s not

R 2 6 4
DA ASA A~ | {B,B,B"}

Howeve B",B,B"]

At least not if we want to

Standar @ keep the current 1 5 8

interpretation of the
connectives, with its

Ca,nnOt e advantage of being very close 0 0O 0O 0
to the topological operators. {A rA-} {-A- ,A?B ,B } { B aB }
thl S We want to preserve this and
. add as little as possible.




A model of A°ABP°

A solution is to add a universal modality to
84, gIVIIlg the SySteIIl S4:u One way to see the system

S4vis thatitisa

wmultimodal system with
one $4 wmodality (with a

A formula VF is SRR
true if for all v has and acsssilty
points in the I ”
m 1 the formul
pde the formula o & )
F is true. it -
e A A~ | {B,B,B}
. B,B,B""}
A formula JF is
1 5 3

true is F holds at
at least one point. (&A1 {A%AB%B}  {B%B}



So we have “true everywhere” for the universal
quantifier and “true somewhere” for the
existential quantifier.

Their negations are “false somewhere” (not

forall) and “false everywhere” (not exists)

e In other words, VF will mean |F| =X
and JF will mean |F| # &

e The negated forms are interpreted as
expected: -VF will mean |F| # X and

~JF will mean |F|=9

e In the following, I will often use
formulas containing “F # &, “F = [

opinion, it makes the

(44 F 2 ¢ x 2 formulas a lot easier to
F A @ ’ F T X : read!
7,




5S4 - Language

e We can restrict ourselves without loss of
generality to formulas without nested
occurrences of the universal/existential
modality (see eg. Aiello & van
Benthem).

e This is because a formula dF or VF is
true globally.

e That is to say, we can replace a formula,
F[dG] by the equivalent formula,

(AG AF[T] V(3G A F[L]D



5S4 - Language

e In other words, we can say that the
formulas of S4 are of the following
form:

F=FAF
|FVF

| F
| VS
ER
| S

e Where S is a “normal” S4 formula.



e Jda

® H(ﬂ

e Va

oS4, - Examples

a A <>a)

-ais not empty

- a has a non-empty interior
- the frontier of a is not
empty

- ais not the universe (there is
a point ouside of a)




o4, expressivity

e Define A C Bas
V(-AvB) or
-AvB =X or
A—B=X

e Define A ¢ B as
-IV(-IA.VB) or

-AvB # X or
A—B#X

e Define A CBas
ACBABCZA



o4, expressivity

e The subset relation gives
us a fairly crude way of
partitioning the different
possible relations

B between a region A and a
region B

A IECE .BCA

2 ACBABZA

These are the
distinctions we can

make in wereology. By 3. AZBABCA

adding some topologically

interesting information,
we obtain a system of

wereotopology. 4 AZBABZA




5S4 expressivity

A =a°"and B =1°

A°AB° =0 A AAB#

e Define DC(A,B)

as -3d(AAB),
which is
PP NTPP- equivalent to
TPP NTPP
EQ AANB=0O

o Define EC(A,B)
as -d(A°AB°) A
d(AAB), or
A°AB =0T A
AANB# O

Note that this definition
presupposes that A and B
are closed: given that we are
working we reqular closed
regions only, this conditions
is satisfied by construction.

Exercise: give the correct
definitions of the RCCS
relations for regular open
sefs.




oS4 expressivity
A =3°"and B =b°"

e Define PO(A,B)
The interiors share a as H(AO /\BO) /\

Pt pah e AP
~(ACB) A (B
C A) or A°AB° =
@ N -(ACB) A
-(BCA)

A°AB#0 ANA—B#X AB—=A#X
A°AB°#=OANAZCZBABCZA

Both A ->B and B->A. The
rewmaining cases are

therefore A->B and not 1
B->A (-B/\A) and B->4 e Define EQ(A,B)
and not A->B (-A/\B)

as ACBABC
/5%




o4, expressivity

A =a°"and B =1°

B e Define
@ NTPP(A.B) as
~AVB® =X A
_AVBO=X A -AAB % J LS =
A ggo AB¢A e Define TPP(A,B)
o as ~AVB =X A
2 ANA(B®) =D A

| ~AAB #
SAvB =X A-AAB#OJ A .A./\—u(BO) = A -5B and ~(B->A) and

~(A->B0)

ACBAAZB°ABZA




5S4 expressivity
A =3°"and B =b°"

A

‘ e Define

NTPP-1(A,B) as

-BVA°=X A -BAAz%J NTPP(B,A)
BCA°AA¢ZB
e Define
A TPP1(A,B) as

a TPP(B,A)

-BVA =X A-BAA # U A BA-(A®) # D

BCAABCZA®°




o4, expressivity

e We have shown that there are

formulas defining the RCC8 relations
in S4y

e A natural question is: are there any
useful things we can express in S4y

which are not expressible in RCC8%



oS4 expressivity

e In RCC8, we apply the 8 relations only
to region variables, which we assume

to be regular closed, ie. A =a° and B =
p°~ for a, and b atomic.

e Jfinstead we allow regular closed
formulas, which use boolean
combinations of regions, then we can
express more.

e The resulting calculus is sometimes
called BRCC8 (B for Boolean)



S4U expressivity

. - We can use equality statements to
® E Q (UIllO IlE UPOp e ene ’ specify that a region is exactly the
;mikogcosf a number Im‘ ofhe:(' reg'Lions.
1 n we can only specify that
Pa'y SB a’y S \'% B e]-glque \' FP ance V.. -) each of the differeX’r tl')egions isa
part of (tangential or not) a super-
region but not the inverse.

e EQ(Aquitaine,
Dordogne v Gironde v Landes v
LotEtGaronne v PyrénéesAtlantiques)

These two statements
capture the fact that
France and Spain are
connected by means of the
Pyrénées. This a stronger
than the RCC8 statements
PO(France,Pyrénées)

PO(Espagne, Pyrénées)
EC(France, Espagne)




S4Uu expressivity

EC(Andorre,FranceAaPyrénées)
EC(Andorre,EspagneAPyrénées)
NTPP(Andorre,Pyrénées)

EQ(France, FranceContinentalvCorse)

DC(FranceContinental,Corse)

We can state that a region

denoted by a certain
variable is discontinuous.
This is impossible in RCC$




o4, expressivity

e Besides BRCCS8, there is another way
to model regions and their

interactions in S4.,.

e To see how, remember that the
formula -[ JA A <A denotes the

frontier of A, |_|A denotes the interior
of A and - A denotes the exterior of

A (that is, the complement of the
closure)




oS4 expressivity

e To see how, remember that the
formula, -[ JA A <A denotes the

frontier of A, |_|A denotes the interior
of A and =< A denotes the exterior of

A (that is, the complement of the
closure)

e In addition -dA means region A is
empty, whereas dA means it is not
empty.



o4, expressivity

e FEgenhofer and colleagues, have created a
taxonomy of topological possibilities
(under certain hypotheses about the
regions under consideration) specifying
whether each of the & divisions of the
topological space (interior, frontier,
exterior) introduced by two different
regions is empty or not.

e In the case of regions “without holes” this
gives the same 8 relations as RCCS8;
without this restriction, the 9-intersection
model makes more distinctions.



o4, expressivity

A° | dA | A

Be | - | -@ | 58 6
B | ¥ | @ | @ @
B | o | N

Th NTPP'H n (o )
tial proper P art
fKOC8hw a9-

%




5S4 expressivity

The same matrix
translated into a $4v
formula, which is

slightly big!

A 1A A A ~OA

B - - SNz
-[ 1B A B %, %, -
G 9%, %, -~

A(OAAB)AIGOAAA A OB) AJG-A A [IB) A
SA(CJAA s[IBAOB) A=A AA A a[JBAOB) AA(-CA A -[JBAOB) A
~A(A A =OB) A =AELA A A A =OB) A (A A -OB)




5S4, expressivity

The partial overlap

relation (PQ) from

RCC8

A 1A A A ~OA

B %, ~ -~
-[1B A <>B -~ ~ ~
-|<>3 -l@ -'@ -'@
A(OAAB)AIGOAAA A OB) AJG-A A [IB) A
A(JA A [IBAB) AIGLIAASSA A a[JBAB) AA-CA A [JBAB) A
A(CJA A =B) A (A A A A =OB) A (A A =OB)




o4, expressivity

e Y((NorthKorea A SouthKorea) —
DemilitarizedZone)

e 3p AV (P —= <-p) A V(-p — Op)

A tiny model for the above formuls:

-'p( > P

Note how the second conjunct makes it impossible for p fo hold in a point from which only

We can state the following
fact: the border between
North and South Korea is a
subset of the Pewilitarized
Zone.

The second is very strange:

p is not empty and all
points of p are boundary
points.

Note however, that p is not
regular closed (p's interior
is the empty set)

states where “p” holds are accessible: all world where “p” holds have an accessible world where

“not p” holds. The third conjunct expresses the same for “not p”




S4:u CompleXity

e The complexity of 5S4y is the same as the
complexity of S4: it is PSPACE complete.

e Many interesting fragments (all have
have seen: RCC8, BRCCS8 and 9-I, at least
for atomic formulas) have simpler models
than 54 and are NP complete (see eg.
Gabelaia e.a.).




Going Further

e It seems natural to interpret our regions in an
Euclidian space: this would give us a natural
distance metric.

e Convex hulls seem useful for many purposes.

e Integration with temporal logic has been
investigated (but there is surely more to be
done!)

e Isthere a good way to strike a balance
between expressivity and computational
complexity?
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