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Abstract

We investigate the complexity of finding a transformation from a given spanning tree in a graph to
another given spanning tree in the same graph via a sequence of edge flips. The exchange property of the
matroid bases immediately yields that such a transformation always exists if we have no constraints on
spanning trees. In this paper, we wish to find a transformation which passes through only spanning trees
satisfying some constraint. Our focus is bounding either the maximum degree or the diameter of spanning
trees, and we give the following results. The problem with a lower bound on maximum degree is solvable
in polynomial time, while the problem with an upper bound on maximum degree is PSPACE-complete. The
problem with a lower bound on diameter is NP-hard, while the problem with an upper bound on diameter
is solvable in polynomial time.

1 Introduction

Given an instance of some combinatorial search problem and two of its feasible solutions, a reconfiguration
problem asks whether one solution can be transformed into the other in a step-by-step fashion, such that each
intermediate solution is also feasible. Reconfiguration problems capture dynamic situations, where some
solution is in place and we would like to move to a desired alternative solution without becoming infeasible.
A systematic study of the complexity of reconfiguration problems was initiated in [13]. Recently the topic
has gained a lot of attention in the context of CSP and graph problems, such as the independent set problem,
the matching problem, and the dominating set problem. For an overview of recent results on reconfiguration
problems, the reader is referred to the surveys of van den Heuvel [10] and Nishimura [17].
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Figure 1: A reconfiguration sequence from T to T; (with no constraint on spanning trees). There is no
reconfiguration sequence from 7 to T; if we restrict spanning trees either with maximum degree at least
three or with diameter at most two.

In this paper, our reference problem is the spanning tree problem. Let G = (V, E) be a connected graph on
n vertices. A spanning tree of G is a subgraph of G which is a tree (connected acyclic subgraph) and includes
all the vertices in G. Spanning trees naturally arise in various situations such as routing or discrete geometry.
In order to define a valid step-by-step transformation, an adjacency relation on the set of feasible solutions is
needed. Let 77 and 75 be two spanning trees of G. We say that T} and 75 are adjacent by an edge flip if there
exist e; € E(T1) and ey € E(T3) such that E(T) = (E(Th) \ {e1}) U {e2}. For two spanning trees T, and
T: of G, a reconfiguration sequence (or simply a transformation) from T to 1T; is a sequence of spanning trees
(Ty :=Ts,T1, ..., T; := Ty) such that two consecutive spanning trees are adjacent. Ito et al. [13] remarked
that any spanning tree can be transformed into any other via a sequence of edge flips, which easily follows
from the exchange property of the matroid bases.

In practice, we often need that spanning trees satisfy some additional desirable properties. Even if
finding a spanning tree can be done in polynomial time, the problem becomes often NP-complete when
additional constraints are added. In this paper, we consider spanning tree reconfiguration with additional
constraints. More formally, we study the following questions: 1) does a transformation always exist when
we add some constraints on the spanning trees all along the transformation? 2) If not, is it possible to
decide efficiently if such a transformation exists? This question was already studied for spanning trees with
restrictions on the number of leaves [2] or vertex modification between Steiner trees [16] for instance. If
the answer to the first question is positive, it means that we can sample uniformly at random constrained
spanning trees via a simple Monte Carlo Markov Chain. When the answer is negative, we might still want
to find a transformation if possible between a fixed pair of solutions, for instance for updating a routing
protocol in a network step by step without breaking the network and not over-requesting nodes during the
transformation.

In this paper, we study RECONFIGURATION OF SPANNING TREES (RST) with degree constraints or with
diameter constraints (See Figure[I}) We first describe the problem with degree constraints.

RST WITH SMALL (RESP. LARGE) MAXIMUM DEGREE

Input: A graph G, a positive integer d, and two spanning trees T; and 7; in G with maximum
degree at most (resp. at least) d.

Question: Is there a reconfiguration sequence from 7T; to T such that any spanning tree in the sequence
is of maximum degree at most (resp. at least) d?

Bounding the maximum degree of spanning trees has applications for routing problems when we send data
(i.e., a flow) along a spanning tree in a communication network. In this setting, the degree of a node is a
measure of its load, and hence it is natural to bound the maximum degree in the spanning tree. In a complex
dynamic networks, we want to reconfigure spanning trees on the fly to keep this property on the dynamic
setting, which motivates us to study the reconfiguration problem.

The problem of finding a spanning tree with degree bounds is studied also from the theoretical point of
view. Notice that spanning trees with bounds on the maximum degree include Hamiltonian paths that are
spanning trees of maximum degree two. This implies that finding a spanning tree with maximum degree at
most d is NP-hard. For restricted graph classes, this search problem is investigated in [4]. It is shown in [5]
that if we relax the degree bound by one, then the search problem can be solved in polynomial time. Its



optimization variants are also studied in [6} [19].
We also study the problem with diameter constraints, which is formally stated as follows.

RST WITH SMALL (RESP. LARGE) DIAMETER

Input: A graph G, a positive integer d, and two spanning trees T; and T in G with diameter at
most (resp. at least) d.

Question: Is there a reconfiguration sequence from 75 to T; such that any spanning tree in the sequence
is of diameter at most (resp. at least) d?

Spanning trees with largest possible diameter are Hamiltonian paths which receive a considerable attention.
Spanning trees with upper bound on the diameter are for instance desirable in high-speed networks like
optical networks since they minimize the worst-case propagation delay to all the nodes of the graphs, see
e.g. [12]. We can find a spanning tree with minimum diameter in polynomial time [8], and some related
problems have been studied in the literature [7,20]

The problem of updating minimum spanning trees to maintain a valid spanning tree in dynamic networks
is an important problem that received a considerable attention in the last decades, see for instance [1} [11]. In
this situation, the graph is dynamic and is dynamically updated at each time step. The solution at time ¢,
which might not be a solution anymore at time ¢ + 1 (e.g. if edges of the spanning has been deleted from the
graph), has to be modified with as few modifications as possible into a valid solution as good as possible.
Spanning tree reconfiguration lies between the static situation (since the graph is fixed) and the dynamic
situation (since the solution has to be modified).

Owur Results

The contribution of this paper is to study the computational complexity of RST WITH SMALL (or LARGE)
MAXIMUM DEGREE and RST WITH SMALL (or LARGE) DIAMETER.

Theorem 1. RST WITH LARGE MAXIMUM DEGREE can be decided in polynomial time.

Our proof for [theorem T|is in two steps. First we show that if there exists a vertex that has degree at least d in
both T; and T3, then there is a reconfiguration sequence between them. Then, for two vertices u and v, we
prove that we can decide in polynomial time if there exists a pair of adjacent spanning trees 7' and 7" such
that u has degree at least d in T and v has degree at least d in T". These results together will imply [theorem ]

While the existence of a spanning tree with maximum degree at least d can be decided in polynomial
time, it is NP-complete to find a spanning tree of maximum degree at most 2 (that is a Hamiltonian path). A
similar behavior holds for RST with degree constraints.

Theorem 2. For every d > 3, RST WITH SMALL MAXIMUM DEGREE is PSPACE-complete.

The proof for consists of a reduction from NCL (Nondeterministic Constraint Logic), known to be
PSPACE-complete [9]. This result is tight in the following sense: if at least one of T; and 7; has maximum
degree at most d — 1, then the problem becomes polynomial-time solvable (shown in Theorem [I5). It is
worth noting that this behavior is similar to the result for the search problem shown in [5]; while finding a
spanning tree with maximum degree at most d is NP-hard, if we relax the degree bound by one, then the
problem can be solved in polynomial time.

In the second part of the paper, we study RST WITH SMALL or LARGE DIAMETER.
Theorem 3. RST WITH LARGE DIAMETER is NP-hard even restricted to planar graphs.

The proof for consists of a reduction from the HAMILTONIAN PATH problem, which is not a
reconfiguration problem but the original search problem. We note that since the length of a reconfiguration
sequence is not necessarily bounded by a polynomial in the input size, it is unclear whether RST WITH
LARGE DIAMETER belongs to the class NP. In a similar way to RST WITH SMALL MAXIMUM DEGREE, we
conjecture that RST WITH LARGE DIAMETER is PSPACE-complete.

Finally, the main technical result of the paper is the following positive result.



Theorem 4. RST WITH SMALL DIAMETER is polynomial-time solvable.

The proof for follows a similar scheme to First we show that all the spanning trees

with the same “center” can be transformed into any other. Therefore, it suffices to consider the transformation
of the centers. However, for two vertices v and v, it is hard to determine whether there exists a pair of
adjacent spanning trees T'and 7" such that u and v are centers of T and 7", respectively. Indeed, we do not
know whether it can be done in polynomial time. The core of the proof is to focus on only “good” pairs
of centers for which the existence of a desired pair of spanning trees can be tested in polynomial time (see
[theorem 23). A key ingredient of our proof consists in proving that if there is a reconfiguration sequence
between the spanning trees, then there exists a sequence of centers from the initial center to the final center

in which any consecutive centers form a good pair (see theorem 24).

Organization

The rest of this paper is organized as follows. We first give some preliminaries in Section 2} Next, Sections
and [are devoted to RST WITH LARGE MAXIMUM DEGREE (Theorem 1) and RST WITH SMALL MAXIMUM
DEGREE (Theorem , respectively. Then, Sections [5|and 6| are devoted to RST WITH LARGE DIAMETER
(Theorem [3) and RST WITH SMALL DIAMETER (Theorem[4), respectively. Some technical parts in the proof
of Theorem 4] are deferred to Sections[7land [8} Finally, we conclude this paper by giving some remarks in
Section[9

2 Preliminaries

Throughout this paper, we consider graphs that are simple and loopless. Let G = (V, E) be a graph. For a
vertex v € V, we denote by dg(v) the degree of v in G, by Ng(v) the (open) neighborhood of v in G, and by
dc(v) the set of edges incident to v in G. Since G is simple, dg(v) = |[Ng(v)| = |dg(v)|. For a tree T, a vertex
v is a leaf if its degree is one, and is an internal node otherwise. A branching node is a vertex of degree at least
three.

For a subgraph H of G and an F' C E, we denote by H — F the graph (V(H),E(H) \ F) and by H + F
the graph (V(H), E(H) U F). To avoid cumbersome notation, if e € E, H — {e} and H + {e} will be denoted
by H — e and H + ¢, respectively.

For u,v € V, the distance {g(u,v) between u and v is defined as the minimum number of edges in a
shortest u-v path. For v € V, the eccentricity ec (v) of v in G is the maximum distance between v and any
vertex in G, that is, ¢ (v) := max {{g (v, u) | u € V'}. The diameter diam(G) of G is the maximum eccentricity
among V. That is, diam(G) := max {eg (v) | v € V} = max {{g(u,v) | u,v € V}.

For two spanning trees 7" and 7", we denote T' <+ 1" if |[E(T) \ E(T")| = |E(T')\ E(T')| < 1, that is, either
T =T orT and 7" are adjacent. We say that 7y is reconfigurable to T if there exists a reconfiguration sequence
from T to T; such that any spanning tree in the sequence satisfies a given degree/diameter constraint. When
we have no degree/diameter constraints, since spanning trees form a base family of a matroid, the exchange
property of the matroid bases ensures that there always exists a reconfiguration sequence between any pair
of spanning trees.

Lemma 5 (see Proposition 1 in [13]]). Let G be a graph and T and T" be two spanning trees of G. There exists a
reconfiguration sequence (T' = Ty, T4, ..., Ty = T") between T and T such that for all i € {0, 1, ..., £}, the spanning
tree T; contains all the edges in E(T) N E(T").

3 Large Maximum Degree (Proof of Theorem [1)

In this section, we prove which we restate here.

Theorem 1. RST WITH LARGE MAXIMUM DEGREE can be decided in polynomial time.



Algorithm 1: Algorithm for RST WITH LARGE MAXIMUM DEGREE

Input: A graph G and two spanning trees T; and 7; in G with max. degree > d.
Output: Is T reconfigurable to 7;?

1 Compute large(Ts) and large(T}), and construct G;

2 if there is a path between large(Ts) and large(T;) in G then return YES;

3 else return NO;

Let (G,d, T, Ti) be an instance of RST WITH LARGE MAXIMUM DEGREE. For a spanning tree T in G, let
large(T') C V be the set of all the vertices of degree at least d in T, that is, large(T') := {v € V | dr(v) > d}.
Note that 7" has maximum degree at least d if and only if large(T) # 0. The following lemma is easy but is

essential to prove

Lemma 6. Let T and T be spanning trees in G with maximum degree at least d. If there exists a vertex u €
large(T1) N large(T%), then Ty is reconfigurable to Ty.

Proof. We show that T} is reconfigurable to T, by induction on d — |, (u) N dp, (u)].

Suppose that d — |07, (u) N d7, (u)| < 0 holds. By [lemma 5| there exists a reconfiguration sequence from T}
to T» in which all the spanning trees contain dz, (u) N dr, (u). This shows that, for any spanning tree 7" in the
sequence, |07 (u)| > |07, (v) N o7, (u)| > d. Hence, T} is reconfigurable to T5.

Suppose that d — |67, (v) N o1, (u)] > 1 holds. Since |07, (v)| > d and |07, (v) N o7, (w)| < d — 1, there exists
an edge e € dp,(u) \ o1, (u). Since T1 + e contains a unique cycle C and 75 contains no cycle, there exists an
edge f € E(C) \ E(T3). Then, we have that f € E(T1) \ E(T2) and T] := T} + e — f is a spanning tree in G.
Observe that 07, (u)| > [0r, (u) U {e}| =1 > |67, (u)| > d, which shows that u € large(T7]). We also see that
d — |67y (w) N o7, (u)| = d — |67, (v) N d7, (u)| — 1. Therefore, by the induction hypothesis, 77 is reconfigurable
to T». This shows that T3 is reconfigurable to 7% as 77 and 7] are adjacent. O

Our algorithm is based on testing the reachability in an auxiliary graph G, which is defined as follows.
The vertex set of G is defined as V, where each vertex v in V(G) corresponds to the set of spanning trees T
with v € large(T'). For any pair u, v of distinct vertices in V(G), there is an edge uv € E(G) if and only if there
exist spanning trees 7' and 7" such that u € large(T'), v € large(T”), and T «» T” (possibly T' = T”). Then, by
definition of the auxiliary graph and Lemma |6} we have the following lemma.

Lemma 7. Let T and T, be spanning trees with maximum degree at least d. Then, T is reconfigurable to T, if and
only if G contains a path from large(Ts) to large(Tt).

Proof. We first show the “only if” part. Suppose that there exists a reconfiguration sequence (I; =
To,T1,..., Ty, = Ti) from T, to T;, where T; is a spanning tree of maximum degree at least d for any
i €{0,1,...,k} and T; and T4, are adjacent for any ¢ € {0,1,...,k — 1}. For each 4, let v; be a vertex in
large(T;). By the definition of G, for i € {0,1,...,k — 1}, we have either v; = v;1; or G contains an edge
v;V;41. Since vy € large(T;) and vy, € large(1:), G contains a path from large(T5) to large(Ts).

To show the “if” part, suppose that G contains a path (vg, v1, ..., v;) from large(Zs) to large(1;). For
i € {0,1,....k — 1}, vv;y1 € E(G) means that there exist two spanning trees T;" and 7, , such that
v; € large(T;"), viy1 € large(T;; ), and T, <» T, . Let Ty := Ty and T} := Tt. Then, fori € {0,1,...,k},
since v; € large(T;) N large(T;"), T, is reconfigurable to 7 by lemma 6 This together with T;" «» T},

shows that T is reconfigurable to T;. O

By this lemma, we can solve RST WITH LARGE MAXIMUM DEGREE by detecting a path from large(T;) to
large(T;) in G (see for a pseudocode of our algorithm). Our remaining task is to construct the
auxiliary graph G in polynomial time which is possible by the following lemma.
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Figure 2: Case when uv ¢ E(G). Figure 3: Cycle C and edge ¢'.

Lemma 8. For two distinct vertices u,v € V, there exists an edge uwv € E(G) ifand only if [Ng(u)| > d, |Ng(v)| > d,
and

|Ng(u) U Ng(v)| >

)

2d -1 ifuv € E(G),
2d — 2 otherwise.

Proof. We first prove the “only-if” direction. Suppose that G contains an edge uv, that is, there exist spanning
trees T' and 7" such that u € large(T'), v € large(T”), and T <+ T” (possibly T' = T"). Then, |Ng(u)| > d and
|Ng(v)| > d are obvious. Since T' contains no cycle, we know that Nr(u) and Np(v) contain at most one
common vertex. Then, we obtain

[Na(u)UNg(v)] = [Nr(u) U Nr(v)]
> [Np(u)| + |Np(v)| -1 (by [Nz (u) N Nr(v)| < 1)
> [Np(u)|+ (INr(v)| =1) =1 (by [E(T") \ E(T)| < 1)
> 2d—2. 2)

Similarly, if uv € E(G) \ E(T), then we obtain
[Ng(u) U Ne(0)] = [Nr(u) U Np(v) U{u, v}] > [Np(u)| + [Np ()] +1 > 2d. ®)
If uv € E(T), then Np(u) N Ny (v) = () holds, and hence we obtain
|Na(u) U Ng ()| 2 [Nz (u) U Np(v)| = [Nr(u)| + [Nz (v)| > 2d — 1. 4)

By @), (8), and (@), we obtain (T).
We next prove the “if” direction. Suppose that |[Ng(u)| > d, |[Ng(v)| > d, and (1) hold. For each of the
following two cases, we define an edge set /' C E.

* Suppose that uv ¢ E(G) holds (Figure[2). Let S, C Ne(u) be a vertex set with |S,,| = d that maximizes
|Sw \ Ng(v)]. Then, we have either S, C Ng(u)\ Ng(v) or S, 2 Ng(u)\ Ng(v). If S, C Ng(u)\ Ng(v),
thenlet S, C Ng(v) be a vertex set with |S,| = d—1. Otherwise, let S,, C Ng(v) be a vertex set such that
|Sy| = d—1and |S,NS,| = 1, where such S, exists because | Ng(v)\ Syu| = [(Ng(u)UNg(v))\Su| > d—2
and |Ng(v) N Sy,| > 1. In either case, we obtain S, C Ng(u) and S, C Ng(v) such that |S,| = d,

|Sy| =d—1,and |S, NS,| < 1. Define F := {uw | w € S, } U{vw | w € S,}.

e Suppose that wv € E(G) holds. Since |[Ng(u) \ {v}| > d — 1, [Ng(v) \ {u}] > d—1, and |(Ng(u) \
{v}) U (Ng(v) \ {u})| > 2d — 3, by the same argument as above, we can take S,, C Ng(u) \ {v} and
Sy € Ng(v) \ {u} such that |S,| =d—1, |S,] =d—2,and S, NS, = (). Define F := {uw | w €
Syt U{vw | w e S, }U{uv}.

In both cases, it holds that |[FNdg(u)| = d, |[FNdg(v)| = d—1, and F contains no cycle. Therefore, there exists
a spanning tree T with E(T) D F such that |07 (u)| > |F N dg(u)| = dand |dr(v)| > |F Ndg(v)| =d— 1. If
|07 (v)| > d, then we obtain {u,v} C large(T'), which shows that uv € E(G). Therefore, it suffices to consider
the case when |07 (v)| = d — 1. Since |§¢(v)| > d, there exists an edge e € dg(v) \ d7(v). Let C be the unique
cycle in T + e and ¢ be an edge in E(C) \ 67 (v) (see Figure[B). Then, T’ := T + ¢ — ¢’ is a spanning tree
such that |67/ (v)| = |07 (v) U {e}| = d, which means that v € large(T”). Since T and 7" are adjacent, we obtain
uv € E(G). O



Since we can easily check the inequality (I) for each pair of vertices u and v, Lemma §|ensures that the
auxiliary graph G can be constructed in polynomial time. Therefore, correctly decides RST
WITH LARGE MAXIMUM DEGREE in polynomial time, which completes the proof of Theorem[I] Note that
all the proofs are constructive, and hence we can find a desired reconfiguration sequence from 7; to 7} in
polynomial time if it exists.

4 Small Maximum Degree

In this section, we consider RST WITH SMALL MAXIMUM DEGREE. We first show the PSPACE-completeness
in Section[4.1] In contrast, we show in Section [4.2]that if at least one of T; and T} has maximum degree at
most d — 1, then an instance (G, d, T, T;) of RST WITH SMALL MAXIMUM DEGREE is a YES-instance.

41 PSPACE-Completeness (Proof of Theorem [2]

In this subsection, we prove|theorem 2| i.e., we show that RST WITH SMALL MAXIMUM DEGREE is PSPACE-
complete. The problem is indeed in PSPACE. We prove the PSPACE-hardness by giving a polynomial
reduction from Reconfiguration of Nondeterministic Constraint Logic on AND/OR graphs, which we call NCL
RECONFIGURATION for short.

Suppose that we are given a cubic graph with edge-weights such that each vertex is either incident to
three weight-2 edges (“OR vertex”) or one weight-2 edge and two weight-1 edges (“AND vertex”), which
we call an AND/OR graph. An NCL configuration is an orientation of the edges in the graph such that the
total weights of incoming arcs at each vertex is at least two. Two NCL configurations are adjacent if they
differ in a single edge direction. In NCL RECONFIGURATION, we are given an AND/OR graph and its
two NCL configurations, and the objective is to determine whether there exists a sequence of adjacent
NCL configurations that transforms one into the other. It is shown in [9] that NCL RECONFIGURATION is
PSPACE-complete. In what follows, we give a polynomial reduction from NCL RECONFIGURATION to RST
WITH SMALL MAXIMUM DEGREE.

Construction of the graph. Suppose that we are given an instance of NCL RECONFIGURATION, that is,
an AND/OR graph H = (V(H), E(H)) and two configurations o5 and o of H. Fix d > 3. We first construct
a graph G’ = (V' E’), a vertex subset L C V’, and an integer b(v) € {1,2,3} for each v € V’/, and then
construct a graph G = (V, E) by using G, L, and b. We consider an instance (G, d, T, T;) of RST WITH SMALL
MAXIMUM DEGREE, where T, and T; will be defined later. The construction of G’, L, and b is described as
follows.

* We initialize G’ = (V', E’) and L as the empty graph and the empty set, respectively.
e For avertexw € V(H) and an edge e € dy(u), we introduce a vertex v,  in V. Let b(v,.) = 2.

e For an edge e € E(H) connecting u and «’, we introduce a vertex v, in V' and two edges v.v,, . and
VeVy o in B (Figure[d). Let b(v.) = 1.

e For an OR vertex u € V(H) with g (u) = {e1, e2,e3}, we introduce a vertex r,, in V' and an edge
Fubu,e, in B for i € {1,2,3} (Figure[). Let b(r,) = 1. Add vy, to L fori € {1,2,3}.

e For an AND vertex v € V(H) with §(u) = {eq, e1, e2}, where e( is a weight-2 edge and e; and e, are
weight-1 edges, we introduce four vertices 7, wy,, ., and y,, in V’, and seven edges vy, e, 7w, Tu Wiy WyuTy, Wy, Tulu,eq Yo
and vy e, Uy e, in E’ (Figure @ We denote by E., the set of these seven edges. Let b(r,,) = 1, b(w,) = 3,
and b(z,,) = b(y,) = 2. Add v, ¢, and w,, to L.

We next construct G = (V, E) by adding new vertices and edges to G’ = (V’, E’) as follows (see Figure[J]
for an illustration).
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Figure 7: Construction of G from G’.

Figure 6: The gadget for an AND vertex.

e We construct a tree T* = (V(T™), E(T*)) of maximum degree at most three such that V(T*) NV’ = L,
E(T*) N E’" = 0, and L is the set of all the leaves of T*. Then, we attach T* to G’. We denote the
obtained graph by G’ + T*.

* For each vertex v € V’/, we add d — b(v) new vertices U1, ..., U4_p(») and new edges vy, . .., VUg_p(v)-

Correspondence between solutions. In order to see the correspondence between NCL configurations in
and spanning trees in G with maximum degree at most d, we begin with the following easy lemma.

Lemma 9. Any spanning tree T in G with maximum degree at most d satisfies the following properties: (a) vv; € E(T)
forveV'andforie{1,2,...,d—b(v)}; (b) |6g 41+ (v) N E(T)| < b(v) for v e V'; (c) T contains exactly one of
VeUy,e ANA VeVyr o for e = wu' € E(H); and (d) E(T*) C E(T).

Proof. Since T is a spanning tree with maximum degree at most d, (a), (b), and (c) are obvious. By (b),
T — E(T*) contains no path connecting two distinct components of G’ — {v € V' | b(v) = 1}. Since each
connected component of G’ — {v € V' | b(v) = 1} contains exactly one vertex in L, for any pair of vertices
v1,v2 € L, the unique v1-v2 path in T* must be contained in T'. This shows that E(T*) C E(T), because L is
the set of all the leaves of 7. O

For a spanning tree 7" in G with maximum degree at most d, we define an orientation o7 of H as follows:
an edge e = wu’ € E(H) is inward for u if v.vy . € E(T), and it is outward for u if vev, . € E(T). This
defines an orientation of H by [lemma 9|(c). The following two lemmas show the correspondence between
NCL configurations in H and spanning trees in G with maximum degree at most d.

Lemma 10. For any spanning tree T in G with maximum degree at most d, the orientation o is an NCL configuration
of H.

Proof. Tt suffices to show that, for any u € V(H), the total weights of incoming arcs at u is at least two in o7.

First, let u € V(H) be an OR-vertex with §(u) = {e1, e2,e3}. Since T is a spanning tree, it holds that
TuVue; € E(T) for some i € {1,2,3}. Then, since |dg'(vye,) N E(T)| < b(vye,) —1 = 1 by (b) and (d)
in it holds that v,,v, ., ¢ E(T). This means that e; is inward for u in o7, and hence the total
weights of incoming arcs at u is at least two.



Second, let u € V(H) be an AND-vertex with 0 (u) = {eo, e1,e2}, where eq is a weight-2 edge and e;
and e, are weight-1 edges. Since T is a spanning tree, we have either r,v, ., € E(T) or r,w, € E(T). If
TuVu,e, € E(T), then e is inward for w in o7, which implies that the total weights of incoming arcs at v is at
least two. Therefore, it suffices to consider the case when r,w, € E(T). Since |0g(v) N E(T)| < 2 forv €
{Wus T, Yu, Vuser s Vuse, } By (b) and (d) inlemma 9} we have either {rywu, WuZy, Tuu.e, s Vu,e, Vu,ess Vu,eaYu} ©
E(T) or {ryWy, Wylu, YuVu,ess Vu,esVu,ers Vu,e; Lu} S E(T). In either case, ve, vy, € E(T) for i € {1,2},
because |dg7 (vy,e;) N E(T)| < 2. This means that e; is inward for u in o7 for ¢ € {1,2}, and hence the total
weights of incoming arcs at u is at least two.

Therefore, o7 is an NCL configuration of H. O

Lemma 11. For any NCL configuration o of H, we can construct a spanning tree T in G with maximum degree at
most d such that o = o in polynomial time.

Proof. Given an NCL configuration o of H, we construct a spanning subgraph 7" of G such that

B(T) = E(T*) Ufvs; |ve V', i€ {1,2,....d—bw)}} U{f. [ec B(D}U ] F.,
uweV (H)

where an edge f. for e € E(H) and an edge set F, for u € V(H) are defined as follows.

e For an edge e = uu’ € E(H), define f. := vvy ¢ if € is inward for w in o and define f. := vevy.e
otherwise.

e For an OR-vertex u € V(H) with §g(u) = {e1, ea, €3}, choose an arbitrarily edge e; that is inward for u
in 0 and define F,, := {r,v,.., }. Note that such ¢; exists as o is an NCL configuration.

e For an AND-vertex u € V(H) with g (u) = {eo, e1,e2}, where ¢ is a weight-2 edge and e; and
ey are weight-1 edges, define F,, = E| \ {r Wy, Vy e, Vue, } if €o is inward for u in o, and define
F, = E, \ {ryVy,e,, WuYy } Otherwise.

Then, T is a spanning tree in G’ with maximum degree at most d such that o = o, which completes the
proof. O

For two NCL configurations o5 and o of H, by lemma 11} we can construct spanning trees 7; and Tt in G
with maximum degree at most d such that o1, = 05 and o, = o;. This yields an instance (G, d, T, Tt) of RST
WITH SMALL MAXIMUM DEGREE.

Correctness. In order to show the PSPACE-hardness of RST WITH SMALL MAXIMUM DEGREE, we show
that the original instance (H, o, 0) of NCL RECONFIGURATION is equivalent to the obtained instance
(G,d,Ts, Ti) of RST WITH SMALL MAXIMUM DEGREE, that is, we prove that (H, o5, 0¢) is a YES-instance if
and only if (G, d, T;, Tt) is a YES-instance. To this end, we use the following lemma.

Lemma 12. Let Ty and T be spanning trees in G with maximum degree at most d. If o, and o, are adjacent, then
there is a reconfiguration sequence from T to T in which all the spanning trees have maximum degree at most d.

Proof. Lete* € E(H) be the unique edge in H whose direction is different in 0 and o5. We prove the existence
of a reconfiguration sequence by induction on |E(T1) \ E(T)|. If |E(T1) \ E(T2)| = 1, then T} and 75 are
adjacent, and hence the claim is obvious. Suppose that |E(T7) \ E(12)| > 2. Since o7, and o7, are adjacent,
there exists a vertex u € V(H) such that T; and T contain different edge sets in the gadget corresponding
to u. Thatis, (E(T1) \ E(T2)) Ndg(ry) # 0 for an OR-vertex u € V(H) or (E(T1) \ E(T2)) N E., # 0 for an
AND-vertex u € V(H). We fix such a vertex u € V(H).

Suppose that u is an OR-vertex such that (E(T}) \ E(T2)) N dg: (1) # 0. In this case, E(T1) N dg: (ry) =
{ruvu,e } and E(T3) N égr(ry) = {ruVue,; } for some distinct i, j € {1,2,3}. By changing the roles of T}
and 75 if necessary, we may assume that either e* ¢ ¢y (u) or e* is inward for u in o;. Then, T] =
T1 — TyVUue; + TuVue; is a spanning tree with maximum degree at most d such that Ty is adjacent to T3,



or; = or,and |E(T7) \ E(Tz)| = |E(T1) \ E(Tz)| — 1. By induction hypothesis, 77 is reconfigurable to 75,
and hence T is reconfigurable to 7T5.

Suppose that v is an AND-vertex such that [(E(T1) \ E(T2)) N E},| = 1. By changing the roles of T3
and T, if necessary, we may assume that either e* ¢ dy(u) or e* is inward for w in op,. Then, T] =
Ty — (E(Th) N E,,) + (E(T2) N E,) is a spanning tree with maximum degree at most d such that 77 is adjacent
to Ty, oy = or,, and |E(T7) \ E(T»)| = |E(T1) \ E(1)| — 1. By induction hypothesis, 77 is reconfigurable to
T5, and hence T} is reconfigurable to T5.

The remaining case is that u is an AND-vertex such that |(E(T1) \ E(T2)) N E,| > 2. Since each of T}
and T, contains exactly one edge in d¢ (r,,) and exactly four edges in E/, \ é¢+(r,), we have that |(E(T7) \
E(T3)) Nd¢/(ry)| = 1 and [(E(Th) \ E(T2)) N (B}, \ 6c/(r4))] = 1. By changing the roles of T and T5 if
necessary, we may assume that F(71) N g (ry) = {TuVu,e, } and E(T2) Mg (ry) = {ryw,}. This implies that
Vu,eqVe, & E(T1), and hence eq is inward for u in or,. We consider the following two cases separately.

® Suppose that e is inward for u in op,. In this case, Ty := To — rywy + ryUy.e, IS @ Spanning tree
with maximum degree at most d such that 73 is adjacent to T, o7y = or,, and [E(T1) \ E(T3)| =
|E(T1) \ E(T>)| — 1. By induction hypothesis, T} is reconfigurable to T3, and hence T} is reconfigurable
to Tg.

* Suppose that ¢ is outward for u in o7, In this case, e; and e; are inward for v in o7, by [lemma 10}
Furthermore, since e* = ¢g holds, e; and e; are inward for u also in o7, that is, vy ¢, Ve, ; Uy eaVey &
E(Th). Then, T] = T1 — (E(T1) N (E), \ 6¢/(r4))) + (E(T2) N (E], \ d¢/(ry))) is a spanning tree
with maximum degree at most d such that 77 is adjacent to Ty, o7/ = or,, and |[E(T7) \ E(T»)| =
|E(T1) \ E(T2)| — 1. By induction hypothesis, 7} is reconfigurable to 75, and hence T} is reconfigurable
to TQ.

By the above argument, there is a reconfiguration sequence from T} to T5. O

We are now ready to show the equivalence of (H, o, 0v) and (G, d, T, Tt).

Lemma 13. Let (H, 0, 01) be an instance of NCL RECONFIGURATION and (G, d, T, Tt) be an instance of RST
WITH SMALL MAXIMUM DEGREE obtained by the above construction. Then, (H, os, ov) is a YES-instance if and
only if (G, d, Ts, Tt) is a YES-instance.

Proof. We first show the “if” part. Suppose that there exists a reconfiguration sequence (Ty = Ty, T4, ..., T =
T) from T to Ti, where T; is a spanning tree in G with maximum degree at most d for any i € {0,1, ..., k}
and 7; and T;4, are adjacent for any i € {0,1,...,k — 1}. Then, oy, is an NCL configuration of H for i €
{0,1,..., k} by[lemma 10} and we have either o7, = or,, or o, and o, ,, are adjacent fori € {0,1,...,k—1}
as |E(T;) \ E(Ti+1)| < 1. Since oy, = o, = 05 and o7, = o1, = 0y, there exists a sequence of adjacent NCL
configurations from o, to oy.

To show the “only-if” part, suppose that there exists a reconfiguration sequence (s = 09,01, ..., 0, = 0),
where ¢; is an NCL configuration of H for any i € {0,1,...,k} and o; and 0,4, are adjacent for any
i€{0,1,...,k—1}. Fori e {1,2,... .k — 1}, let T; be a spanning tree in G with maximum degree at most d
such that o7, = 0;, whose existence is guaranteed by Lemma Let Ty := Ty and T}, := T:. Since
shows that there is a reconfiguration sequence from T; to T4, fori € {0,1, ...,k — 1}, T; is reconfigurable to
T:. O

This lemma shows that the above construction gives a polynomial reduction from NCL RECONFIGU-
RATION to RST WITH SMALL MAXIMUM DEGREE. Therefore, RST WITH SMALL MAXIMUM DEGREE is
PSPACE-hard, which completes the proof of theorem 2}

4.2 A Solvable Special Case

In this subsection, we show a sufficient condition for the reconfigurability of instances. The condition is as
follows; at least one of T; and T; has maximum degree at most d — 1. Without loss of generality, we may
assume that T; satisfies the condition. Under this assumption, we have the following lemma.
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Lemma 14. Suppose that (G,d,Ts,T;) is an instance of RST WITH SMALL MAXIMUM DEGREE such that T;
has maximum degree at most d — 1. There exists an edge e = xy € E(T}) \ E(Ts) such that dg,(z) < d — 1 and
dr,(y) < d —1.

Proof. To derive a contradiction, assume that Lemmadoes not hold, that is, for any e = zy € E(T}) \ E(Ts),

we have dy, (z) =dordr(y) =d. Let T := T, — E(Tt) and T} := Ty — E(Ts). Note that |E(T}")| = |E(TY)|,

because both T; and 7; are spanning trees in G. Let S := {v € V | d7;(v) = d, dg»(v) > 1}. With this notation,

the assumption means that S forms a vertex cover of 7;*. In what follows, we compare |E(T7)| and |E(T¢)]|.
Let X; :={v €V |dp:(v) =1} and X>5 := {v € V | dr»(v) > 2}. Then, we see that

1
5 2 dr: (v) = [E(TY)] < | X1 U Xz, 5)
veV

because 7} is a forest. We also see that, for any v € S,
drs(v) = d — [01,(v) N 67, (v) = dr,(v) + 1 — |67y (v) N o7, (V)| = dr= (v) + 1 (6)

holds, and hence S C X>,. With these observations, we obtain

BT = Y dre(0) 5 3 dr ()

veV veV
> dre (v) = [ X1 U Xz (by @)
veV
= > ([ (v) -1
vEX>2
> (dr:(v) — 1) (by S C X9)
veS
> dry(v) (by (@)
veS
> |E(TY)], (because S is a vertex cover of T}")
which is a contradiction to |E(Ty)| = |E(Ty")|. Therefore, Lemma [14]holds. O

Let e € E(Ti) \ E(T) be the edge as in the lemma and let ¢/ € E(T:) \ E(T;) be an edge such that
T, := Ts + e — € is a spanning tree in G. Note that the maximum degree of 7 is at most d. Since
|[E(T)\ E(Tv)| = |E(Ts) \ E(Tv)| — 1, (G,d,T!,T;) is a YES-instance by induction. This implies that T; is
reconfigurable to 7T}, and thus the following theorem holds.

Theorem 15. If at least one of T, and T; has maximum degree at most d — 1, then an instance (G, d, Ty, Tt) of RST
WITH SMALL MAXIMUM DEGREE is a YES-instance.

Note that the above discussion shows that we can find a reconfiguration sequence (T = T, 11, ..., T}, =
Ti) with k = |E(Ts) \ E(T3)|, which is a shortest reconfiguration sequence, in polynomial time. Moreover,

implies the following corollary.

Corollary 16. Let G be a graph and d be a positive integer. If G contains a spanning tree with maximum degree at
most d — 1, then any instance (G, d, Ty, T;) of RST WITH SMALL MAXIMUM DEGREE is a YES-instance.

Proof. Let T* be a spanning tree in G with maximum degree at most d — 1. Then, Theorem [15|shows that T}
is reconfigurable to 7 and 7™ is reconfigurable to 7. Hence, T; is reconfigurable to 7}, which completes the
proof. O

We note that it is not easy to determine whether or not G contains a spanning tree with maximum degree
at most d — 1 even when d = 3, because finding a Hamiltonian path in cubic graphs is NP-hard.
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5 Large Diameter (Proof of Theorem 3]

In this section, we prove which we restate here.

Theorem 3. RST WITH LARGE DIAMETER is NP-hard even restricted to planar graphs.

To prove the theorem, we give a polynomial reduction from HAMILTONIAN PATH problem to RST WITH
LARGE DIAMETER. A Hamiltonian path of a graph G is a path that visits each vertex of G exactly once. Given
a graph G = (V, E) and two vertices s,t € V, the HAMILTONIAN PATH problem asks to determine whether
or not G has a Hamiltonian path whose endpoints are s and ¢, which is known to be NP-hard [14].

Reduction. Let (G',s,t’) be an instance of HAMILTONIAN PATH. We may assume that G’ is connected,
since otherwise (G', ', t') is trivially a NO-instance. We construct a corresponding instance (G, d, T, T;) of
RST WITH LARGE DIAMETER as follows (see Figure|[§).

Let n’ be the number of vertices in G, that is, n’ = |V (G’)|. We first add three vertices t1, t2, and ¢35,
and five edges t't1, t'ty, t1ta, tits, and tots to G'. Let D be the subgraph induced by {#', ¢1,t2,t3}, which
is isomorphic to the so-called diamond graph. We then add three paths P, = (3., Z3n/-1,...,21,5"),
Py = (s, y1,92, ..., Yn—3,t"), and P, = (t3, 21, 22, ..., 23, ), Where all the vertices in P,, Py, and P, except
for s, t, and t3 are distinct new vertices. Note that |E(P,)| = |E(P.)| = 3n’ and |E(P,)| = n’ — 2. Let
G = (V, E) be the obtained graph and setd = 7n’ 4 1.

Let F’ be an arbitrary spanning forest in G’ such that F’ consists of two connected components (trees) of
which one contains s’ and the other contains ¢'. Then, define spanning trees T and T; in G by

E(T,) = E(P,) UE(P,) UE(P,) U E(F") U{t't1, t1t2, tats},
E(Tt) = E(PI) U E(Py) @] E(PZ) @] E(F/) @] {t/t27t1t2, t1t3}.

We notice that E(Ts) \ E(F’) forms a path in T of length d = 7n’ + 1, and hence diam(7;) > d. Similarly,
E(T:) \ E(F’) forms a path in T} of length d, and hence diam(7;) > d. This completes the construction of the
instance (G, d, Ty, T) of RST WITH LARGE DIAMETER.

Correctness. In the following, we show that G’ contains a Hamiltonian path from s’ to ¢’ if and only if
(G,d, Ty, Ty) is a YES-instance. The following lemma shows that the diameter of a spanning tree is dominated
by the distance between x3, and z3,,.

Lemma 17. For any spanning tree T in G, diam(T") = lp(z3n/, Zan/ ).

Proof. Let T be a spanning tree in G and P* be a longest path in T". For z,y € V and for a spanning tree 7" in
G, we denote by T'[z, y] the unique path between x and y in T'. Since T'[3,,/, z3,+] contains all the edges in P,
and P,, the length of T'[x3,/, z3,,/] is at least 6n’, and hence |E(P*)| > |E(T'[x3n/, z3n/])| > 6n/. Since each of

G—{z1,...,x3n }and G — {21, ..., 23, } contains at most 5n’ vertices, we obtain V(P*) N {x1,...,T3n } # 0
and V(P*) N {z1,..., 230 } # 0. This shows that P* = T/[z;, z;] for some 4,5 € {1,2,...,3n"}. Since T'[z;, zj]
is a subpath of T'[x3,/, 23,/], P* must be equal to T'[x3,, z3,/], that is, diam(T) = b1 (z3n/, 2307)- O

Thus, intuitively speaking, to keep the diameter and modify a spanning tree in D, we need to replace P,
with a slightly longer path in G’. Moreover, such a path must be a Hamiltonian path of G’. This observation

yields the following lemma and completes the proof of theorem 3]

Lemma 18. (G',s',t") is a YES-instance of HAMILTONIAN PATH if and only if (G,d, Ts, Tt) is a YES-instance of
RST wWITH LARGE DIAMETER.

Proof. We first prove the “if” direction. Suppose that (G,d,Ts,Ti) is a YES-instance. Then there is a
reconfiguration sequence (T = Ty, T1,...,Ty = Ti) between T, and T; in which all the spanning trees
have diameter at least d. Let T; be the first spanning tree in the sequence such that T; is obtained from
T;_1 by exchanging an edge in D, thatis, E(T;) N E(D) = {t't:, tits, tat3} forall j € {0,1,...,4— 1} and
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Figure 8: The graph G in the corresponding instance.

E(T;) N E(D) # {t't1, t1t, tat3}. Note that such i exists, because E(T)) N E(D) # {t't1,t1t2,t2t3}. Note also
that {7, (t',t3) = 2 by the definition of T;. Then, by Lemma |17 we obtain

' +1 < diam(T3)
= E_Ti (%307, 2307)
= U1, (2307, 8") + br, (8", ') + bp, (', t3) + I1, (t3, 2307)
=30 +1,(s',t') +2+ 30/,

and hence /7, (s',t') > n’ — 1. Since P, contains only n’ — 2 edges, all the edges in T;[s’, '] are contained in
G'. We thus conclude that T;[s’, #'] is a Hamiltonian path between s’ and ¢’ in G’, and hence the “if” direction
follows.

We now prove the “only-if” direction. Suppose that (G’, s',¢') is a YES-instance, that is, G’ contains a
Hamiltonian path P* between s’ and t’. Let e* be any edge in P* and e, be any edge in P,. We define five
spanning trees T3, 15, T3, T4, and T5 in G as follows:

E(Th) = E(P;) UE(P)) UE(P,) UE(P" = e") U {t't1, tita, tats},
E(Ty) = E(P,) UE(P, — e,) UE(P,) U E(P*) U{t't1, t1ts, t2ts},
E(T3) = E(P,) UE(P, — e,) UE(P,) U E(P*) U{t'ts, t1t2, t2ts},
E(Ty) = E(Px) UE(P, —e,) UE(P,) UE(P*)U{t'ta, t1ta, t1t3},
E(T5) = E(P;) UE(Py) UE(P.) UE(P" — €") U {t't, t1t2, t1t3}.

We observe that (T, T5, T3, Ty, T5> is a reconfiguration sequence from 7} and 75 in which all the spanning
trees have diameter at least d = 7n’ + 1. Thus, in order to show that Ty is reconfigurable to T3, it suffices
to show that T is reconfigurable to 77 and T is reconfigurable to T;. Since Ts[xsn/, 23n/] = Ti[T3n/, 2307,
shows that there is a reconfiguration sequence from 7 to T} in which all the spanning trees contain
E(Ti[x3n, z3n/]) € E(Ts) N E(T1). Therefore, every spanning tree in the sequence has diameter at least d,
and hence T is reconfigurable to T}. Similarly, 75 is reconfigurable to 7;. By combining them, we have that
Ty is reconfigurable to T;, which completes the proof of the “only-if” direction. O

6 Small Diameter (Proof of Theorem [4)

In this section, we prove which we restate here.
Theorem 4. RST WITH SMALL DIAMETER is polynomial-time solvable.

After giving some preliminaries for the proof in Section we describe a naive algorithm for the
problem in Section which does not necessarily run in polynomial time. Then, by modifying it, we give a
polynomial-time algorithm in Section[6.3] Some technical parts in the proof are deferred to Sections[7]and
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Algorithm 2: First algorithm for RST WITH SMALL DIAMETER

Input: A graph G and two spanning trees T; and 7; in G with diameter at most d.
Output: Is T; reconfigurable to 7;?

1 Compute center(Ts) and center(T3), and construct G;

2 if there is a path between center(Ts) and center(T;) in G then return YES;

3 else return NO;

6.1 Preliminaries for the Proof

Throughout the proof oftheorem 4} we fix a positive integer d. For each edge e € E, we denote the middle
point of e by p.. We denote R(H) := {p, | ¢ € E(H)} for a subgraph H of G and let R := R(G). Let G be
the graph on V U R that is obtained from G by subdividing each edge. Then, since ¢ (u,v) = %Z@(u, v)
for u,v € V, we can naturally extend the domain of the distance to V' U R by setting {5 (u, v) := 3£ (u,v)
for u,v € V U R. We also define e (v) := max {{g(v,u) | u € V'} for v € R. If no confusion may arise, for
u,v € V U R, a u-v path in G is sometimes called a u-v path in G. We can see that spanning trees with
diameter at most d are characterized as follows (see also [8]).

Lemma 19. For any spanning tree T in G = (V, E), diam(T') < d if and only if there exists r € V U R(T') such that
er (r) < 4.

Proof. To show the “if” part, suppose that there exists r € V U R(T) such that er (r) < 4. Then, for any
u,v € V, br(u,v) < Lp(u,r) + br(r,v) < 2er (r) < d, which shows that diam(T") < d.

To show the “only-if” part, suppose that diam(7') < d. Let d* := diam(T') and let u,v € V be a pair of
vertices such that f7(u,v) = d*. Let 7 € V U R(T) be the middle point of « and v in T, that is, {7 (u,r) =
r(r,v) = 4. Since T is a spanning tree, for any = € V, *- + 07 (r,2) = max{lr(u,z), {r(v,2)} < d*. This
shows that {7 (r, z) < %, thatis, er (r) < 4. O

We say that a subgraph Q) of G is a spanning pseudotree if it is a connected spanning subgraph containing
at most one cycle. In other words, a spanning pseudotree is obtained from a spanning tree by adding at most
one edge. For brevity, a spanning pseudotree is simply called a pseudotree. For a pseudotree @, let Cp denote
the unique cycle in Q) if it exists. We can easily see that, for two spanning trees T} and 7> with diameter at
most d, Ty <+ T if and only if T} U T5 forms a pseudotree. For a pseudotree @, we refer a point r € V U R(Q)
as a center point of Q if e (r) < 4. Note that a center point is not necessarily unique even if @ is a spanning
tree. For a pseudotree @, let center(Q)) C V U R(Q) be the set of all center points of Q.

6.2 Algorithm Using Center Points: First Attempt

In this subsection, as a first step, we give an algorithm for RST WITH SMALL DIAMETER whose running
time is not necessarily polynomial. In the same say as RST WITH LARGE MAXIMUM DEGREE (Section [3),
the proposed algorithm is based on testing the reachability in an auxiliary graph G, which is defined as
follows. The vertex set of G is defined as V' U R, where each vertex v in V (G) corresponds to the set of all the
spanning trees containing v as a center point. For any pair u, v of distinct vertices in V' (G), there is an edge
uv € E(G) if and only if there is a pseudotree Q with u, v € center(Q). As we will see in|proposition 22|later,
for two spanning trees T, and T, having center points « and v, respectively, G contains a u-v path if and only
if Tt, and T, are reconfigurable to each other. Thus, to solve RST WITH SMALL DIAMETER, it is enough to
find a path from a center point of T; to a center point of 7; on G. See Algorithm 2] for a pseudocode of our
algorithm.
To show the correctness of Algorithm 2} we begin with easy but important lemmas.

Lemma 20. Let T and T5 be spanning trees in G with diameter at most d. If there exists a point r € center(T7) N
center(T%), then Ty is reconfigurable to Ts.
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Proof. Let T* be the spanning tree that is obtained by applying the breadth first search from r in G. Here, if
r € R is the middle point of uv € E, then the breadth first search is started from {u,v}. Since {7« (r,v) <
b1, (r,v) < % for any v € V, the diameter of T* is at most d. For v € V, let Pp-(v) (resp. Pr, (v)) denote the
unique path from 7 to v in T (resp. T1). In T, we say that a vertex u € V' is the parent of v if uv € E(T™)
and {7 (r,v) = lp«(r,u) + 1. The parent in T} is defined in the same way.

In order to show that 7} is reconfigurable to T5, it suffices to show that T; is reconfigurable to T for i €
{1,2}. Suppose that T} # T* and let 2y be an edge in E(T*) \ E(T}) that minimizes min{/z- (r, z), {7 (r,y)}.
Without loss of generality, we assume that z is the parent of y in 7. Let w € V be the parent of y in
Ty and define T] := Ty + {zy} — {wy}, which is a spanning tree in G. By the choice of zy, we obtain
Pr,(z) = Pp-(z), and hence Pr;(y) = Pr-(y) and l7y(r,y) = lr-(r,y) < lr,(r,y). Since this shows
that ET{ (r,v) < by, (r,v) < & for any v € V, the diameter of 77 is at most d by lemma 19| We observe that
replacing Ty with 77 increases |[{v € V' | Pr, (v) = Pr«(v)}| by at least one, because Pr, (y) # Pr;(y) = Pr-(y).
Therefore, by applying this procedure at most |V | times, we obtain a reconfiguration sequence from T; to
T*. We can also obtain a reconfiguration sequence from 75 to 7* in the same way. Hence, the statement
holds. O

Lemma 21. Let ri,ro € V U R (possibly r1 = r3). There exists a pseudotree () with 1,72 € center(Q) if and only if
there exist two spanning trees Ty and Ty such that r; € center(T;) for i = 1,2 and Ty <> Ty (possibly Ty = Tb).

Proof. We first consider the “if” part. Suppose that there exist two spanning trees 77 and 7> such that
r; € center(T;) for i = 1,2 and Ty <> T». Then @ := Ty U T} is a desired pseudotree as eq (1;) < e, (r;) < %
fori=1,2.

We next consider the “only-if” part. Suppose that Q is a pseudotree with 71,7 € center(Q). Fori =1, 2,
let T; be the spanning tree that is obtained by applying the breadth first search from r; in Q). Then, we obtain
er, (1;) = €q (r;) < 4. Furthermore, since |E(T}) \ E(T2)| < |E(Q) \ E(Tz)| = 1,itholds that T} +» T». O

By these lemmas, we can show the correctness of Algorithm 2]

Proposition 22. Let T and T be spanning trees with diameter at most d. Then, Ty is reconfigurable to T} if and only
if G contains a path from center(Ty) to center(Tt).

Proof. We first show the “only if” part. Suppose that there exists a reconfiguration sequence (7; =
To, T, ..., Ty, = Ti) from T to T;, where T; is a spanning tree of diameter at most d for any i € {0,1, ..., k}
and T; <> T;41 forany i € {0,1,...,k — 1}. Let r; be a center point of T;, where its existence is guaranteed
by[lemma 19| Fori € {0,1,...,k — 1}, by [lemma 21} there exists a pseudotree Q; having both r; and r;;1
as center points. This means that either r; = r, 41 or G contains an edge r;7;11. Since 7y € center(T;) and
), € center(Ty), G contains a path from center(75) to center(1}).

To show the “if” part, suppose that G contains a path (rg, 1, ..., ) from center(7;) to center(7;). For
i€{0,1,...,k— 1}, since r;7;41 € E(G) implies the existence of a pseudotree Q); with r;, 7,1 € center(Q;),
shows that there exist two spanning trees T, and T, such that r; € center(T;"), riy1 €
center(T;,,), and T;" «» T ,. Let Ty := T, and T := T;. Then, fori € {0,1,...,k}, since T;” and
T;" share r; as a center point, 7}~ is reconfigurable to 7" by This together with 7} <+ T, | shows
that 75 is reconfigurable to 7. O

Although this proposition shows the correctness of Algorithm 2} it does not imply a polynomial-time
algorithm for RST WITH SMALL DIAMETER, because it is not easy to construct G efficiently. Indeed, for
u,v € V(G), we do not know how to decide whether uwv € E(G) or not in polynomial time. To avoid this
problem, we efficiently construct a subgraph G’ of G such that the reachability of G’ is equal to that of G,
which is a key ingredient of our algorithm and discussed in the next subsection.
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6.3 Modified Algorithm

In this subsection, we give a polynomial-time algorithm for RST WITH SMALL DIAMETER. In our algorithm, it
is important to uniquely determine a shortest path between two points. To achieve this, we use a perturbation
technique (see e.g., [3]).

For each edge e in G, we give a unique index i(e) € {1,2,...,|E|} toe. For j € {1,2,...,|E|}, let
Xj € RIZ! be the unit vector such that the jth coordinate is one and the other coordinates are zero. For e € E,
define £(e) == (1, xi()) € R x RIFl. For two vectors z,y € R¥, we denote = < y if z is lexicographically
smaller than y. For two paths P; and P, in G, we say that P, is shorter than Py if L(Py) := ) . B(P) {(e) is
lexicographically smaller than ((P%) := }_ ¢ 5 (p,) £(€). Since the first coordinate of £(;) is [E(F;)| fori = 1,2,
if |[E(P1)| < |E(Py)|, then P, is shorter than P,. When |E(P;)| = |E(P2)|, we use the other coordinates to
break ties. For u,v € V, we define {¢(u,v) := minp ZeeE(P) {(e), where the minimum is taken over all the
u-v paths P. Since P, # P, implies that {(P;) # {(P,), the shortest path between two vertices is uniquely
determined. We note that the unique shortest paths between two given vertices can be computed by using a
standard shortest path algorithm. The running time is increased by the perturbation, but it is still polynomial.

For an edge e = uv € E of length {(e) € R x RIZl, we regard e as a curve connecting u and v. An
interior point p on e is represented by a triplet (u,v,a) with @ € R x RI”l such that 0 < a < /(e), where
< means the lexicographical order. Here, a represents the length between u and p, and hence (u, v, o) and
(v,u, £(e) — a) represent the same point. For two points p; = (u1,v1, 1) and ps = (ug, v2, a2) in G, consider
a curve C connecting p; and p, that consists of a ui-u path P, a curve in u;v; between u; and p;, and a
curve in usv, between us and p,. Such a curve C is called a pi-p2 path in G, and its length is defined as
UC) =Y cepp) te) + a1 + .

For a point r € V U R, the shortest path tree from r is the spanning tree in G that contains the unique
shortest r-v path for any v € V. For a pseudotree @) and for two points x and y on Q, let Q[z, y] denote the
shortest z-y path in ), where we use this notation only when the shortest -y path is uniquely determined.
For a € R x RIZ!, let @ denote the first coordinate of a, that is, & is the length before the perturbation.

We denote 71 &, ro if @ is a pseudotree and 1,2 € center(Q)) with 1 # r,. For any pseudotree ) and
any points r; and o with r; <i> ro, we say that a triplet (r1, 72, Q) is good if
1. label,, »,.0(v) < labely, +, 0 (u) 4+ £(uv) for any wv € E, and

2. Cg contains both ry and r; if Cg exists,

where label,, ,, o(v) := max{ly(r1,v), £g(r2,v)}. Roughly speaking, the first condition means that label,, ., o (v)
can be seen as the distance from a certain point to v in an auxiliary graph. If r and r, are clear from the
context, label,, ,, ¢(v) is simply denoted by labelg (v). We define the graph G’ as follows: V(G’) = V U R and

G’ contains an edge 7172 if and only if there is a pseudotree ) such that & ro and (1,72, Q) is good.
Clearly, G’ is a subgraph of G.

The following theorem shows that we can determine whether r1ry € E(G’) or not in polynomial time,
whose proof is given in Section[7]

Theorem 23. Let ry and 1y be points in V U R with vy # ro. We can find in polynomial time a pseudotree () such
that rq AN ro and (r1,re2, Q) is good if it exists.

The next theorem shows that the reachability of G’ is equal to that of G, which is a key property of G’. A
proof is given in Section [§]

Theorem 24. Foranyry,re € V U Rwith riry € E(G), G’ contains an ry-rq path.

We are now ready to prove|theorem 4] By [proposition 22|and [theorem 24} two spanning trees T; and T;
are reconfigurable to each other if and only if G’ contains a path from center(75) to center(7;). Since we can
construct G’ in polynomial time by this can be tested in polynomial time. Therefore, RST WITH
SMALL DIAMETER can be solved in polynomial time, which completes the proof of A pseudocode
of our algorithm is given in Algorithm[3] Note that all the proofs are constructive, and hence we can find a
desired reconfiguration sequence from T to T; in polynomial time if it exists.
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Algorithm 3: Modified algorithm for RST WITH SMALL DIAMETER

Input: A graph G and two spanning trees T; and 7; in G with diameter at most d.
Output: Is T; reconfigurable to 7;?

Compute center(75) and center(T%), and construct G’ = (V U R, 0);

fOI‘?"hTQ S VURT/UZthT'l 757’2 do

3 if there is a pseudotree Q such that rq <i> ro and (r1,r2, Q) is good then
4 | Add anedge rir; to G';

5 end

6 end
7

8

N =

if there is a path between center(T;) and center(1}) in G’ then return YES;
else return NO;

Vo 72

Figure 9: Construction of Gt.

7 Proof of Theorem

In this section, we give an algorithm for finding a pseudotree Q such that r; s ryand (11,72, Q) is good (if
it exists), and prove Theorem[23] Our algorithm consists of two procedures: one finds a desired spanning tree
@ and the other finds a desired pseudotree () with a cycle. We describe these two procedures in Sections
and respectively. In what follows in this section, we fix r1,r2 € V U R.

7.1 Finding a spanning tree ()

We first consider the case when () is a spanning tree. Suppose that () is a spanning tree such that &y
and (rq,72,Q) is good. Let e = v1v2 € E be the unique edge in @ such that £o(r1,v1) < lo(re,v1) and
lo(r1,v2) > Lo(re,va). That is, e is the edge containing the middle point of 7y and r2. Note that such e
exists, because g (r1,v) # Lg(re,v) for each v € V as { is the perturbed length. Define G* as the graph
obtained from G by adding a new vertex r together with two new edges e; = rv; and ey = rv, (Figure @)
Set £(e1) 1= €g(re,v1) and {(ez) := Lgo(71, v2). We now show the following claim.

Claim 25. For each v € V, it holds that labelg (v) = £g+ (r,v). Furthermore, Q — e + {e1, e2} is the shortest path
tree starting from r in G™.

Proof. Let Q1 and @ be the connected components of ) — e such that v; € V(Q;) for ¢ = 1,2. Then,
labelg(v) = Lo(ra,v1) + lg—e(vi,v) = L(e1) + Lg—c(vi,v) for v € V(Q1) and labelg(v) = lg(ri,v2) +
lo—_e(v2,v) = L(eg) + Lg—c(ve,v) for v € V(Q2). Therefore, for each v € V, Q — e + {e1, €2} contains an r-v
path P, whose length is labelg (v). Furthermore, since (r1, 72, Q) is good, labelg (v) < labelg(u) + ¢(uv) holds
for any uv € E, by the correctness of the Bellman-Ford method (see e.g. [18] Section 8.3], [15} Section 7.1]),
labelg (v) is equal to the shortest path length from r to v in G*. That is P, is the unique shortest r-v path in
G+, which shows the claim. O

Since a subpath of a shortest path is also a shortest path, this claim implies that Q[v;, ;] is the unique
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shortest v;-r; path in G for i = 1, 2. Therefore, we obtain

24(e) if ro = pe,
E = g ) = 2 7
(el) Q(""Q 'Ul) {eG (7’2, 1)2) + E(e) OtherWiSe, ( )

and
1

_ _ ) 3le) ifr1 = pe,
lez) = Lolrzym) = {EG(rl, v1) + £(e) otherwise. ®)
Note that the right-hand sides of (7) and (8) can be computed without @ if we have v; and v, in hand.
Therefore, the following algorithm correctly finds a desired spanning tree (): guess two vertices v; and vy
in V, construct G where ((e1) and (e;) are defined as (7) and (8), compute the shortest path tree T' from r
in GT, define Q := T — {e1, e2} + ¢, and check whether () satisfies the constraints or not. See Algorlthm@for
a pseudocode of our algorithm. Since the number of choices of v; and v, is O(|E|), this algorithm runs in
polynomial time.

Algorithm 4: Algorithm for finding a spanning tree )

Input: A graph G with two distinct points 7 and 73 in V U R.
Output: A spanning tree () such that r; & re and (r1,rz, Q) is good.
1 forvy,ve € V withe = v1v9 € E do
2 Construct G¥;
3 Define ¢(e1) and £(es) as @) and .,
4 | Compute the shortest path tree T’ from r in G;
5 Q=T —{e1,ea} +¢;

6 if Q is a spanning tree such that rq &, ro and (r1,r2, Q) is good then return Q) ;
7 end
8 return no solution exists;

7.2 Finding a pseudotree () with a cycle

We next consider the case when () contains a cycle. Suppose that @ is a pseudotree with a cycle Cg such

that r; <i> ro and (r1,72, Q) is good. Since r; and 7y are on Cg, there exist two edges e = v1v2 and
e = U’ll}é in E(CQ) such that EQ(Tl,’Ul) < éQ('rQ,'Ul), éQ(Tl,Uz) > EQ(TQ,UQ), EQ(T’l,’U/l) < EQ(TQ,’Ull), and
Lg(r1,vy) > Lo(re,vy). That is, each of e and ¢’ is the edge containing the middle point of an r-r, path,
where we note that ) contains two r;-r2 paths. Let Q1 and Q2 be the connected components of @ — {e, ¢’}
such that v;,v] € V(Q;) for i = 1,2. Define G as the graph obtained from G by adding a new vertex r
together with four new edges e; = rv1, e2 = rvg, €] = rv}, and e, = rv) (Figure . Set

Uer) = 30(e) if ry = pe, )
’ ECQ 7"271)2) +4(e) otherwise,

lf 1 = Pe,
écQ r1,v1) + £(e) otherwise,

{ if 1y = per, 1)

(10)

o(r2,v5) +£(e') otherwise,

Lo (
ifr1 = pes,
ECQ r1,v;) +£(e’) otherwise.

(12)
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Figure 11: Paths P, Py, Py,, and Py.

Note that £(eq) (resp. ¢(e}), £(e2), £(e5)) is the length of an 75-v; path (resp. an r2-v] path, an r1-v, path, an
r1-v5 path) in Q. We now show the following claim.

Claim 26. For each v € V, it holds that |labelg (v) = {g+ (r,v). Furthermore, Q — {e, €'} + {e1, ez, €}, €5} contains
the shortest path tree starting from r in G™.

Proof. Since labelg(v) = lg(r2,v) = min{l(e1) +4q, (vi,v), €(e}))+Lg, (v],v)} for v € V(Q1) and labelg (v) =
lg(r1,v) = min{l(es) + Lo, (v2,v), L(ehy) + L(e') + Lg,(vy,v)} for v € V(Q2), foreachv € V, Q — {e, €'} +
{e1, ea, €], €5} contains an r-v path P, whose length is labelg (v). Furthermore, since labelg (v) < labelg(u) +
{(uv) for any uv € E, labelg(v) is equal to the shortest path length from r to v in G¥, that is, P, is the unique
shortest r-v path in G*. Since the shortest path tree is the union of P,’s, it is contained in @ — {e, e’} +
{e1,ea,€], €5}, O

This claim shows that there exist two edges fi = wiu] and fo = usuf in E(Q) U {e1, e2, €], €5} such that
Q + {e1,e2,€},e5} — {e, ¢, f1, f2} is the shortest path tree starting from r in G*. Without loss of generality,
we may assume that f; € E(Q;) U {e;,e}} fori = 1,2, because E(Q;) U {e;, €} } contains a cycle. Furthermore,
for i = 1,2, we may assume that v;, u;, u}, and v} appear in this order along Cy if f; € E(Q;). Fori = 1,2, we
observe the following.

* If fi € {e;, e}, then Q;[v;, v]] is the shortest v;-v; path in G, because it is a subpath of P, or P,;, where
P, is the unique shortest r-v path in G* forv € V.

o If f; € E(Q,), then Q;[v;, u;] is the shortest v;-u; path in G because it is a subpath of P,,,, and Q;[v}, u}]
is the shortest v;-u; path in G because it is a subpath of P,; (Figure .

We are now ready to describe our algorithm. In our algorithm, we first guess four vertices vy, vy, v}, and
vo in V with e = vjv9 € F and ¢’ = v{v}, € E, construct G*, and guess four vertices uy, u}, uz, and u} in V
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with f1 = wqu] € EU{e1, €} } and fo = ugu) € EU {eq, e4}. Fori = 1,2, let J; be the v;-v; walk defined by

P, if i € 164, 6; ,
ji=q . feed J (13)
P;“ui o{fi}o qu,_ o if f; € E,
where P; | denotes the shortest z-y path in G for 2,y € V and o denotes the concatenation of walks. Define
a closed walk C as o
C:=Jyo{e'}oJyo{e}, (14)

where J; is the reverse walk of J,. Note that if a desired pseudotree @) exists and if vy, va, v], v5, u1, U, ug,
and uj, are guessed correctly, then C' = Cg holds by the above arguments. Therefore, it suffices to consider
the case when C is a cycle containing 1 and ro. We define ((e1),{(ez),£(e}), and £(e}) as ©@)—-(12) in
which Cg is replaced with C. Finally, we compute the shortest path tree T from r in G, define Q :=
(T +{e, €, f1, f2}) — {e1, e2, €}, €5}, and check whether Q satisfies the constraints or not. See Algorithmfor
a pseudocode of our algorithm.

By the above arguments, this algorithm finds a desired pseudotree Q if v1, vo, v, vy, u1, u}, ug, and uf
are guessed correctly, which shows the correctness of the algorithm. Since the number of choices of these
vertices is O(| E|*), this algorithm runs in polynomial time.

Algorithm 5: Algorithm for finding a pseudotree @)

Input: A graph G with two distinct points 1 and 7, in V' U R.

Output: A pseudotree () with a cycle such that & ro and (71,72, Q) is good.
1 for vy, vg, v, vy € V withe = v1vg € Eand e/ = v{v}, € E do

2 Construct GT;
3 for uy, uf, ug,uly € Vwith fi = wyu) € EU{ey, e} and fo = uguh € EU{eq,eh} do
4 Define J;, J3, and C as and ;
5 if C is a cycle containing ry and ry then
6 Define ¢(e1), ¢(e2), £(e}), and £(e}) as @)— in which Cy, is replaced with C;
7 Compute the shortest path tree T from r in G+;
8 Q:: (T+{e’€/7f17f2})_{61762’6/176/2};
9 if Q is a pseudotree with a cycle such that r4 & ro and (11,72, Q) is good then return Q) ;
10 end
11 end
12 end

13 return no solution exists;

8 Proof of Theorem

For points r;, 72 € V U R and a pseudotree () with r; & ro, we define f (r1,72,Q) = (((Cq), L(r1,72,Q)),
where L(r1,72,Q) = >,y label,, », ¢(v). Here, we denote £(Cq) := ZQGE(CQ) {(e) if @) contains a cycle and
{(Cq) := 0 otherwise. For two triplets (r1,72, Q) and (r, 5, Q’), we compare f (r1,72, Q) and f (1], r5, Q")
lexicographically, that is, we denote f (r1,72,Q) < f (r],r5, Q") if and only if either ¢(Cg) < ¢(Cq/) or
((Cq) = U(Cqr) and L(ry, 12, Q) < L(r}, 14, Q).

To show Theorem 24} we apply the induction on f (r1, 72, Q) by using the following proposition, which
roughly says that we can reduce to the case with smaller f (-) if (r1, r2, Q) is not good.

Proposition 27. Let r1,r2 € V U R be points and Q) be a pseudotree with rq & ro. If (r1,72, Q) is not good, then
one of the followings holds:
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Figure 12: Case when r; ¢ V(Cg) and 2 € V(Q»,).

B1. there exists a pseudotree Q' such that ry FOAN ro with f (r1,72,Q") < f(r1,72,Q) or

B2. there exist a point ro € V' U R and pseudotrees Q1, Q2 such that

* & ro with f (r1,70, Q1) < f (r1,72,Q) and
o 70 < ry with [ (ro,r2,Q2) < f(r1,72,Q).

Proof. Suppose that (r1, 72, Q) is not good.

We first consider the case when @ is a spanning tree. Let r be the middle point of r; and r» with respect
to £(-). Then, labelg(v) = £g(r1,r) + Lo(r,v) for v € V. Since (71,72, Q) is not good, there exists an edge
uv € E such that labelg (u) + £(uv) < labelg(v). Let e be the unique edge on Q[r, v] that is incident to v. Then,
Q' = Q — {e} + {uv} is a spanning tree such that (g (r, z) < {g(r,z) for any = € V. Therefore,

Loi(ri,ax) < Lgi(ri,r) + Lo (r,z) < Lo(ri, 1) + Lo (r, x) = max{lo(r1, x), Lo(re, x)}

forany z € V and for i = 1, 2. Since r; &y implies that /¢ (r;, 7) < 4, we obtain {¢/ (r;,2) < 4 forz € V

and for ¢ = 1, 2. This shows that r; & ro. Furthermore, since labelg/ (z) < labelg(z) for any z € V and
labelgy/ (v) < labelg(v), we have that L(ry,72, Q") < L(r1,72,Q) and f (r1,r2,Q’) < f(r1,72,Q). Thus, Q’
satisfies the conditions in

We next consider the case when () contains a cycle C and at least one of 7, and r; is not contained
in Cg. Without loss of generality, we assume that r; ¢ V(Cg). Define T as the shortest path tree in @
starting from ;. Let Q,, be the connected component of @ — E(Cq) that contains . If ro € V(Q,,),
then labelr(z) = labelg(z) for any z € V and f (ri,r2,T) < f (r1,72,Q), and hence Q' := T satisfies the
conditions in Otherwise, let 7 be the unique vertex in V(Q,,) N V(Cg), where we note that ry # r; and
ro # T2 (Figu. Since £ (ro,x) < Lg(re,z) forx € V(Q,,) and lg(ro,z) < bg(ri,z) forxz € VA V(Q,,),
it holds that ((ro, z) < max{lq(r1,z), lo(rs, )} = labelg(z) for z € V(Q,,). Therefore, lg(ro,z) < 4

for any z € V, and hence r; <i> ro and 7g <i> ro. Furthermore, since L(rqy,r9, Q) < L(r1,72,Q) and
L(rg,r2,Q) < L(r1,r2,Q), we obtain f (r1,79,Q) < f (r1,72,Q) and f (ro,72,Q) < f (r1,72, Q). This shows
that Q1 := Q2 := @Q and ry satisfy the conditions in

In what follows, we consider the case when () contains a cycle Cg and both r; and 7, are contained in
Cg. Since (r1, 72, () is not good, there exists an edge uwv € E(Q) such that labelg (v) > labelg (u) + £(uv). If
v ¢ V(Cq), then Q' := Q — {e} + {uv} satisfies the conditions in[B1} where ¢ is the unique edge on Q[r1, v]
that is incident to v. This is because C'g = C and labelg/ (z) < labelg(x) for any z € V with v € V(Q[r1, z])
(see Figure[13). Thus, it suffices to consider the case when v € V/(Cq). For i = 1,2, let ¢; be the farthest point
on Cq from r;, that is, £q(r;, ¢;) = 3¢(Cg), and let e; € E(Q) be the edge containing ¢;. Then, Q — e; is the
shortest path tree in @ starting from r;. We may assume that e; # e, since otherwise Q' := Q) — e; satisfies
the conditions in[B1} Let g1 and g, be the points in Cq such that £ (gi, 1) = £o(gs,72) =: £; fori = 1,2
(Figure[14). Then, we observe that

labelg (z) = max{lq(r1,x), lo(re,x)} = min{l; + Lg(g1,x), b2+ Lo(g2,x)} (15)
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Figure 13: Case when v ¢ V(Cq).

g1

g2

Figure 14: Positions of ¢;, e;, and g;.

91

Figure 15: Proof of Claim

for z € V. Let w be the vertex in V(Q,) N V(Cq), where @Q, is the connected component of Q@ — E(Cq)
containing u. Note that if v is in V(Cg), then w = u. We now show the following claim, which is useful in
our case analysis.

Claim 28. Suppose that u, v, e1, and eq are defined as above. If Q' := Q — {e1, ea} + {uv} is connected, thenor
B2l holds.

Proof.

Let Q1 := Q — {e1} + {uv} and Q2 := Q — {ea} + {uv}. It is obvious that ; and (), are pseudotrees.

By changing the roles of g; and g, if necessary, we may assume that v is on the ¢;-¢» path in @ that
contains ¢;. Since Q' = Q — {e1,ea} + {uv} is connected, w is on the ¢;1-¢2 path in @ that contains go
(Figure[15).

We first consider the lengths of Cg, and Cg,. Since {1 +{g(g1,v) = labelg(v) < $4(Cq) = €14 {3, itholds
that £ (g1,v) < ¢s. Since labelg (u) = €3 + £ (g2, w), labelg (v) < €1 + €3, and labelg (u) + ¢(uv) < labelg(v), it
holds that £¢ (g2, u)+£4(uv) < £1. By combining these two inequalities, we obtain £g (g2, u)+£(uv)+£g (g1, v) <
¢y + £5. Let P be the unique ¢;-g2 pathin Q — {e1, ea} + {uv}. Then, this inequality shows that {(P) < ¢; + (5.
Therefore, ((Cq,) < 1+ Uy +4(P) < 2(¢1 + £2) = £(Cgq) for i = 1,2, that is, the lengths of C, and Cg, are
shorter than that of Cg.
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Figure 16: w is on Q[g1, v]. Figure 17: w is on Q[q1, g1]. Figure 18: w is on Q[v, g2].

Recall that ¢, (resp. ¢5) denotes the first coordinate of ¢; (resp. £2), which corresponds to the length before
the perturbation. If ¢(P) > /1, then let ry be the point on P such that £p(r¢,g1) = ¢1. Then, 79 isin V U R,
because /p(rg, v) is equal to £g(r1,v) or £o(ra, v), which is half-integral. If /(P) < /1, then let ry be the point
on P that is closest to g, subject to ry € V' U R. This construction shows that there exists a point 7o € VU R on
P such that {p(rg, 1) < {1 and Zp(rg, g2) < la. Let Vi C V (resp. Vo C V) be the vertex set of the connected
component of  — {e1, ez} that contains v (resp. w). For ¢ = 1,2 and for « € V4, we obtain

o, (ro,z) < Lp(ro, g1) + Lo(gr, ) < 6+ lg(g1, )
= max{lg(r1, ), lo(rz )} < g
where we use in the equality. Similarly, for ¢ = 1,2 and for « € V5, it holds that
o, (ro,z) < Lp(ro, g2) + L (g, x) < la + lg(g2, )
= max{lg(r1,z), lo(r2,x)} < g

The above inequalities show that ry € center(Q);) for i = 1,2. Since r; € center(Q;) for i = 1,2, we obtain
T & ro if rg # r1 and rq &M“g if rg # ro.

Since the lengths of C, and Cg, are shorter than that of C, we have that f (11,70, Q1) < f (r1,72,Q)
and f (rg,72,Q2) < f (r1,72, Q). Therefore, if ro & {r1,72}, then ry, Q1, and @5 satisfy the conditions in
If ro = r1 (resp. ro = ra2), then Q2 (resp. Q1) satisfies the conditions in This completes the proof. O

In what follows, by changing the roles of g, and g if necessary, we may assume that £g(g1,71) > ¢o(g2,71)-
Then, g1, g2, 71, g2, 72, and ¢; appear in this order along C. Let Vo C V be the vertex set of the connected
component of G — {ei, ex} that contains 7y and rp. Let Vi := V' \ V. Then, we see that a vertex z € V' is
in Vy if and only if 41 + £g(g1, ) < €2 + £g(g2, x). By the symmetry of 7 and 72, we may assume that v is
contained in one of Q[g1, ¢2], Qlgz2, 1], and Q[r1, g2]. In the remaining of the proof, we consider each case
separately.

Case 1. Suppose that v appears on Q[g1, g2]. We consider the following cases separately.

a. Suppose that w appears on Q[g1,v] or Q[q1, g1] (Figures [I6|and [I7). Let e be the edge on
Qlg1,v] that is incident to v and let Q' := @ — {e} + {uv}, which is a pseudotree. Since
labelg (u) + £(uv) < labelg(v), labelg(u) = ¢1 +£g (g1, u), and labelg (v) = ¢1 +£g(g1,v), it holds
that £ (g1, u) + £(uv) < €g(g1,v). Hence, ¢(Cq:) < £(Cq) holds. For i = 1,2 and for z € V;, we
obtain

Loi(riyz) < Lo (rig1) + Lo (91, 2)
<l +Lo(g1,x) = max{lg(r1,x), Lo(re, x)}

by , which implies that ¢/ (r;, 7) < %. Similarly, for i = 1,2 and for € V5, we obtain

Lo (ri, @) < Lo (riy g2) + Lo (g2, x)
=0y +Lo(g2,z) = max{lg(r1, ), Lo(re,x)},
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Figure 19: w is on Q[v, 1] Figure 20: w is on Q[r1, g2]
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Figure 21: w is on Q[g2, 2] Figure 22: w is on Q[r2, ¢1]

which implies that fg/ (r;,z) < %. This shows that 7; & ry, and hence Q' satisfies the
conditions in

b. Suppose that w appears on Q|v, ¢] (Figure[18). Then, label (v) < labelg(w) < labelg(u), which
contradicts the assumption that labelg (v) > labelg(u) + ¢(uv).

c. Suppose that w appears on Q[g2, 1], Q[r1, g2, Qlg2,72], or Q[r2, ¢1]. In this case,orholds
by |claim 28

Case 2. Suppose that v appears on on @[g2, 71]. We consider the following cases separately.

a. Suppose that w appears on Q[q1, g1] or Q[g1, ¢2]. In this case, [B1]or [B2|holds by

b. Suppose that w appears on Q|[gz, v]. Then, labelg(v) < labelg(w) < labelg(u), which contradicts
the assumption that labelg (v) > labelg(u) + £(uv).

c. Suppose that w appears on Q[v, 1], Q[r1, g2], Q[g2,72], or Q[r2, ¢1] (Figures[I922). Let e be the
edge on Q[g2, v] that is incident to v. Let Qo := Q — {e} + {uv} and Q; := Q — {e1} + {uv}.
Since labelg (u) + ¢(uv) < labelg(v), labelg(u) = €2 + o (ge, u), and labelg (v) = £y + Lg(g2,v),
it holds that £g(g2,u) + ¢(uv) < £o(gz2,v). Hence, ((Cq,) < ¢(Cg) holds. We also have that
LCq,) < Lo(ge,v) +Lg(g2, u) + L(uv) < 20g(g2,v) < £(Cgq). Therefore, the lengths of C, and
Cq, are shorter than that of Cy,.

Let P be the unique g2-v path in Q — {e, e1} + {uv}. Since |E(P)| < lg(g2,v) = la + Lo (r1,v),
there exists a point 7o € V' U R on P such that £p(rg, g2) < £5 and £p(rg,v) < lo(r1,v). Note
that such rg exists in V' U R, because ZQ (r1,v) is half-integral.

Then, we see that ry € center(Q;) for i = 0,1, ro € center(Qy), and r; € center(Q;) by the
following observations.

e Fori=0,1and forz € V,

lp(ro,v) + Lo(v, 91) + Lo(g1, @)
Q(?“1,’U) +€Q(U791) +€Q(91a$)

gQi (7“0,1‘)

<
<

|

=0 +EQ(g1,x) = maX{ZQ(Tl,x), EQ(TQ,SC)} <
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Figure 23: w is on Q[v, g2]. Figure 24: w is on Q[g2, r2).

e Fori=0,1and forx € V5,

gQi (ro,x) < €p(ro, go) + EQi (g2, )

| QL

< 0, +ZQ(gg,x) = max{ZQ(rh:r), ZQ(Tg,x)} <
e Forz € V; withj € {1,2},

ZQO(T2’ 3?) < ZQo(rQ7.gj) + gQo (gj"r)

IN

[J +€_Q(gj71') - maX{EQ(rla$)7 EQ(TQVT)} <

VIS

e For z € V, it holds that g, (r1,2) < lg_c, (r1,2) = lo(r1,z) < %, because Q — e, is the
shortest path tree starting from r; in Q.

Therefore, if ro & {r1,r2}, then we obtain r; & ro and rg &y r9, and hence rg, Q1, and Qg
satisfy the conditions in If ro = ry (resp. ro = 72), then Qg (resp. )1) satisfies the conditions
in[B1l

Case 3. Suppose that v appears on on Q[r1, g2]. We consider the following cases separately.

a. Suppose that w appears on Q[q1, g1] or Q[g1, ¢2]. In this case, [BT)or [B2/holds by [claim 28|

b. Suppose that w appears on Q[g2, v]. Then, labelg(v) < labelg(w) < labelg(u), which contradicts
the assumption that labelg (v) > labelg(u) + £(uv).

c. Suppose that w appears on Q[v, g2] or Q[gz, 7] (Figures 23] and P4). Let e be the edge on
Qlv, g2] that is incident to v and let Q' := Q — {e} + {uv}. Since labelg(u) + ¢(uv) < labelg(v),
labelg(u) = la + Lo (g2, u), and labelg(v) = £y + €g(g2,v), it holds that (g (ge, u) + ¢(uv) <
Lgo(g2,v). Hence, ¢(Cgr) < ¢(Cq) holds. For ¢ = 1,2 and for « € V;, we obtain

EQ/ (r’iv 1') S eQ’ (riv gl) + gQ’ (glv iE)
=0 +Lg(g1,v) =max{lg(ri,z), lo(re,x)}
by , which implies that EQ/ (ri,x) < %. Similarly, for ¢ = 1,2 and for « € V5, we obtain

gQ’ (Ti’x) < gQ’ (Ti’g2) + EQ’ (gg,.’E)
<ALy +Lo(g2, ) = max{ly(r1,x), Lo(ra, )},

which implies that ZQ/ (riyx) < 4 This shows that r; & 79, and hence @’ satisfies the

2
conditions in Bl

d. Suppose that w appears on Q[rz, ¢1]. Then, labelg(v) < labelg(r1) = labelg(rs) < labelg(w) <
labelg (w), which contradicts the assumption that labelg(v) > labelg(u) + £(uv).
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By the above case analysis, the proposition holds. O
By this proposition, we can derive Theorem

Proof of Theorem It suffices to prove the following statement by the induction on f (1, r2, @Q): for a triplet

(r1,72,Q) with rq & r2, G’ contains an r1-r3 path.

Since f (-) can take only finitely many values, there exists a triplet (r},r3, Q*) with r} &, r5 that

minimizes f (r{,r3, Q). If (r{,r3, Q*) is not good, then we can apply to obtain a tripe with
smaller f (-), which contradicts the minimality of f (r],r3, Q*). Therefore, (r,r;, Q*) is good, and hence
riry € E(G’), which shows the base case of the statement.

To show the induction step, suppose that (71,72, Q) is a triplet with & ro. If (r1, 72, Q) is good,
then r1ry € E(G’), and hence we are done. Otherwise, we apply [proposition 27]to obtain[B1jor[B2} When

we obtain since 71 &, ro and f (r1,72,Q’) < f(r1,72,Q), G’ contains an r;-ro path by the induction
hypothesis. When we obtain the induction hypothesis shows that G’ contains an r;-ry path and an r¢-ro
path, which shows the existence of an r1-r5 path in G'. O

9 Concluding Remarks

In this paper, we have investigated the computational complexity of RST WITH SMALL (or LARGE) MAXIMUM
DEGREE and RST WITH SMALL (or LARGE) DIAMETER.

We have proved in Theorem [2| that RST WITH SMALL MAXIMUM DEGREE is PSPACE-complete for
d > 3. One can naturally ask what happens for the case of maximum degree at most 2. In this case, the
problem becomes the HAMILTONIAN PATH RECONFIGURATION problem, in which a feasible solution is
a Hamiltonian path. We were not able to determine the complexity of this problem and we left it as an
open problem. Note that HAMILTONIAN PATH RECONFIGURATION problem can be also seen as a special
case of RST WITH LARGE DIAMETER in which the lower bound on the diameter is |V (G)| — 1. Note also
that, for the Hamiltonian cycle case, the HAMILTONIAN CYCLE RECONFIGURATION problem is known to be
PSPACE-complete [21], in which two edge flips are executed in one step.

We have proved in Theorem 3|that RST WITH LARGE DIAMETER is NP-hard, but it is unclear whether
this problem belongs to the class NP. We conjecture that the problem is PSPACE-complete, and left this
question as another open problem.
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