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L Definition

Well-nested rules

I(x1y1, Yoxo) = J(x1, x2), K(y1, ¥2)
U7

Yo) < J(x,
L1 1

), K(y1,y2)

A(x121, ZoX2)1, Yo Y3X3) < B(
[ L1

A(Z1

Y1XoZoYa X3, ¥3) <+ B(
| L=———

) C(y1, Y2, ¥3) D(24, 22)

)

) C(y1, Y2, ¥3) D(21, 22)
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Limited cross serial dependencies

S a

» Joshi’s informal notion

al a2 bl b2 ¢l 2

io.al a2 bl b2 oo dd did2dd. ..

1 %3) C(v1, Y2, ¥3) D(21, 22)

2 ..clddided. ..
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Well-nestedness: a formal definition
Given an ordered rule

A(Sts---8n) < Bi(x{, ... xg), - B(X{, . xEL)
Let h; ; be the string homomorphism such that:
» h;j(a) = e, for every letter a
> h,‘yj(X;.,) = X’é and hi,j(X;/;) = X,{,
> hij(x)) =ewhen % iand/# ]
The rule is well-nested iff for every i, jin [1; m] such that j # J:

> either hjj(Sy...8n) = x| ... x)x] .. x{( Xhoqo X
> orhij(s1...8n) = x| ... xhx .. Xé+1 x,f(j

> or hjj(S1...8n) = x| . ..x;’;,_x4 . ..x{(j

> or hjj(S1...8n) = X ...x{(jx{ X
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Well-nested MCFG

Definition

A well-nested m-MCFG(r) is an m-MCFG(r) whose rules are
all well-nested.

m-MCFGy(r) denotes the class of well-nested m-MCFG(r).
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L Definition

Well-nested MCFG

Definition

A well-nested m-MCFG(r) is an m-MCFG(r) whose rules are
all well-nested.

m-MCFGy(r) denotes the class of well-nested m-MCFG(r).

NB: every ordered m-MCFG(1) is well-nested.
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LChomsky normal form

A forest of non-terminals

Given a well-nested rule

A(st,...,8n) < Bi(x{, ... xd), o Bu(X, . xi)
We say that B; dominates B;, B; < B; iff:
» eitheri=j
> or hij(s1...5n) :x{...xl")x{...x{(jxﬁ")+1 - X, withp# 0
and p # k;

Well-nestedness implies that < induces a forest structure on
B‘| TR Bm
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A forest of non-terminals

[BD](V1, Vo, Vg)., C(

), D(z, 223
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A chomsky normal form for m-MCFG,,,

Theorem (Satta et al. 2010, Kanazawa, S. 2010)
Ifr >2, m-MCFGun(r + 1) = m-MCFGyn(r).
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A chomsky normal form for m-MCFG,,,

Theorem (Satta et al. 2010, Kanazawa, S. 2010)
Ifr >2, m-MCFGun(r + 1) = m-MCFGyn(r).

Proof.

A recursive application of the previous transform on minimal
non-terminals of the forest of the rules of the m-MCFGyn(r + 1)
proves the Theorem. O
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LChomsky normal form

A chomsky normal form for m-MCFG,,,,

Theorem (Satta et al. 2010, Kanazawa, S. 2010)
Ifr >2, m-MCFGun(r + 1) = m-MCFGyn(r).

Proof.

A recursive application of the previous transform on minimal
non-terminals of the forest of the rules of the m-MCFGyn(r + 1)
proves the Theorem. O

Theorem
For allr € N, m-MCFGyn(r) € m-MCFGwn(2) € m-MCFG(2).
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LChomsky normal form

Complexity of the membership problems

Corollary (Satta et al. 2010)
m-MCFG,,, have a P-complete universal membership problem.
Theorem (Kaji et al. 1994)

MCFG,, have a PSPACE -complete universal membership
problem.
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I—Yet another point of convergence

The convergences

MCTAG = MCFG = HR

= OUT(DTWT)

— yDT;(REGT) = LUSCG = MG
— A-CFLjn(4) = A-CFLjp

MCFGun = 104y = Olyg
— CCFG = A-CFLjn(3)
TAG = LIG = CCG = HG
2 MCFGn

CFL = 1—MCFL = A-CFLj(2)

u]
o)

I

ul
it
)
»
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Macro languages

» Fischer (1968)

Definition 2.2.7 (Macro Grammar Structure)

A macro grammar structure 1s a g-tuple (2, & V,p,S.P)

where:

A

SeF
P

18 a finite set of terminal symbols;

35 a finite set of non~terminal or function symbols:

15 a finite set of argument or variable symbols;

is a function from # into the non-negative integers
( p(F) 18 the number of arguments whicn ¥ takes);

1s the start or sentence symbol, p(S) = 01

is a finite set of productions or ruies of the form
F(xl, ""x,p(F)) — v where F ¢ F. LSRR Ye Y
are distinct members of Y, and v is a quoted term

over T U{xl,...,xp(Fi}, F.p.
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IO vs. Ol

S — F(G)
F(X) = X#x#x

G — aGbG
G—e
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I—Yet another point of convergence

IO vs. Ol

ol s

Lo and Lo, are incomparable.
Lo, = Indexed languages.

10 and Ol coincide for non-duplicating grammars

«40O0>» «F>» «=)r» «
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I—Yet another point of convergence

IO vs. Ol
S — F(G)

F(X) = X#x#x
G — aGbG

G—e

10 ab#abi#ab
Lio(S) = {w#w#w | w € D;}

Theorem (Fischer 1968)

» L0 and Lo, are incomparable.
» Lo = Indexed languages.

» |0 and Ol coincide for non-duplicating grammars
=} F
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Non-duplicating macro grammars and MCFG,,,
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Non-duplicating macro grammars and MCFG,,,
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I—Yet another point of convergence

Non-duplicating macro grammars and MCFG,,,

ay>bysziezocysdys) < C(yy,
, V3,84, ¥5) — C(V1, Yo,
,bys, Va, dys) < C(y1,

D(z1f,922) + D(21,22)
D(e,€) +
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LYet another point of convergence

Non-duplicating macro grammars and MCFG,,,

» Kato, Seki (2008)
Theorem

m+ 1-MCFL,,, = m-non-duplicating macro languages




Multiple Context-free Grammars

I—Yet another point of convergence

The convergence

» m-MCFL,,, = m — 1-non-duplicating macro languages
(Kato,Seki 08)



Multiple Context-free Grammars

LYet another point of convergence

The convergence

» m-MCFL,, = m — 1-non-duplicating macro languages
(Kato,Seki 08)

» Str(2m-ACGy 3) = m — 1-non-duplicating macro languages
(de Groote, Pogodalla 04, de Groote et. al unpublished)



Multiple Context-free Grammars

LYet another point of convergence

The convergence

» m-MCFL,, = m — 1-non-duplicating macro languages
(Kato,Seki 08)

» Str(2m-ACGy 3) = m — 1-non-duplicating macro languages
(de Groote, Pogodalla 04, de Groote et. al unpublished)

» m-MCFL,, = CCFG(m) (Kanazawa 09)
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MCFL,, and MCFL

MCFLwn

n n =
{af...ap | neN}
{w™ | we {ab}* mel

1
A

«O>» «Fr « > «

>

DA
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MCFL,, and MCFL

{Wi .. WnZnWnzp_1 ... zgwyZowy ... W} |
¢ neNw e {cdt", z,...,2n € D}
Staudacher 1993
Michaelis 2005
MCFLwn

{a]...ap | neN}

{w™' | we {ab}*, me N}

DA
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MCFL,, and MCFL

{Wi .. WnZnWnzp_1 ... zgwyZowy ... W} |
¢ neNw e {cdt", z,...,2n € D}
Staudacher 1993
Michaelis 2005
MCFLwn

"
{a]...a) | ne N} {wstwitw | w € DI}

{w™' | we {ab}*, me N}

Engelfriet, Skyum 1976

DA
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LSeparation from MCFL

A copying theorem for Ol

» Engelfriet, Skyum (1976)
Theorem

The following are equivalent:

» {wH#wH#Hw | we Ly} isinOl

» {wH#Hw#Hw | we Ly} isan EDTOL
» Lgisan EDTOL




Multiple Context-free Grammars
LSeparation from MCFL

7 is not an EDTOL

» Rozoy(master thesis 1984)

Theorem
Dy is not an EDTOL
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The copying power of MCFL

Theorem

For every k and every Lq in m-MCFL, {wkt! | w € Ly} is a
mk-MCFL.

Thus {w#w#w | w € D;} € 3-MCFL — 2-MCFL
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A double copying theorem for MCFL,,

» Kanazawa, S. (2010)

Theorem
The following are equivalent:

» {Ww#w | w e Ly} isin MCFLyp
» {w#w |we Ly} isal-MCFL =1-MCFLy
» Lyisal1-MCFL =1-MCFLy,

Corollary
{w#w | w e Dt} is in 2-MCFL — MCFLyp,
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MCFL,, and MCFL

2'MCFLwn

{afaaja] | n € N}

{w#w | we Dj}
{w? | w e {ab}*, me N}

Kanazawa, S. 2010

«O>» «Fr « > «

>

DA



Multiple Context-free Grammars
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MCFL,, and MCFL

2-MCFLyn

(] | n € N}

{w? | w e {ab}*, me N}

MIX ?

A

MIX = {w € {ab;ic}" |

\ {w#w | we D}

Kanazawa, S. 2010

Wla = [wlp = [wlc}

. 20xx
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