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Genetic Regulatory Networks

2 Regulation of gene expression
2 regulation of DNA transcription (binding sites)

2 RNA processing and transport
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Genetic Regulatory Networks

2 Regulation of gene expression
2 regulation of DNA transcription (binding sites)

2 RNA processing and transport

2 Network of interactions between DNA, RNA, proteins, ...
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Genetic Regulatory Networks

2 Regulation of gene expression
2 regulation of DNA transcription (binding sites)

2 RNA processing and transport

2 Network of interactions between DNA, RNA, proteins, ...

s hard to understand

s Need for formal methods
2 modeling

2 analysis (simulation, model checking)
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Regulatory Diagrams
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Regulatory Diagrams
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a2 Dynamics: differential equations

- %xl = k1 (21,01) + K¢ (223, 01) — 1171

4 (7,¢T : sigmoids
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Objectives

2 Behavioral analysis of regulatory networks
2 stationary states and attraction basins
2 reachability

s finite-state qualitative approximations
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Objectives

2 Behavioral analysis of regulatory networks
2 stationary states and attraction basins
2 reachability

s finite-state qualitative approximations

s Predictions

2 in silico experiments

2 Model checking

2 validation of models w.r.t. in vivo experiments

#4
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Our approach — Outline of the talk

2 Regulatory Networks modeled as hypergraphs

a Continuous semantics given by differential inclusions
a Time-abstract semantics: parametric attractor systems
a2 Symbolic analysis and abstraction

2 Tiny case study

s Conclusion and future work
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Regulatory Networks

2 Directed hypergraph: (V. E,in, out)
s Sign labeling: e : ExV — {—,+}
2 Parameters:

37:V —=Ryo

JKJ:E—>RZO

10:EXxV —Rxg
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Regulatory Networks

2 Directed hypergraph: (V. E,in, out)
s Sign labeling: e : ExV — {—,+}
2 Parameters:

37:V —=Ryo

JKJ:E—>RZO

10:EXxV —Rxg

s state space: RY,

s =T = > ke J[ ST W), 06Ew) - 10T ()

ecout—1(v) wein(e)

as5T,57 : R xR — {0,1} are the partial step functions of Heaviside
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Regulatory Networks

2 Directed hypergraph: (V. E,in, out)
s Sign labeling: e : ExV — {—,+}
2 Parameters:

37:V —=Ryo

JKJ:E—>RZO

10:EXxV —Rxg

s state space: R?,

)
Giv1 = ks (21,02,1) + s (w2, 0.2)s" (23, 0a,3) — 111
3¢ dao = kisT(x1,011) + k3sT (x2,052) — yoxo
\ Fwy = ksst(23,053) — Y313
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Trajectories [d]JGT04]

s RY, partitioned into boxes and walls

2 Dynamics withinabox B: 47" = kg — 7 - 7

—

a limit point o5 with o5 (v) = %%J))

Ve

s when ~ is constant: trajectories are straight lines towards o5
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Trajectories [d]JGT04]

s RY, partitioned into boxes and walls

2 Dynamics withinabox B: 47" = kg — 7 - 7

3l

a limit point o5 with o5 (v) = _F(TU;

s when ~ is constant: trajectories are straight lines towards o5

2 Dynamics within any zone z (box or wall):

%? chull({ig — 7 - 7| B € B(2)})
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Trajectories [d]JGT04]

s RY, partitioned into boxes and walls

—_— = —

2 Dynamics withinabox B: 47" = kg — 7 - 2

3l

a limit point o5 with o5 (v) = _F(TU;

s when ~ is constant: trajectories are straight lines towards ¢z

2 Dynamics within any zone z (box or wall):

%? chull({ig — 7 - 7| B € B(2)})

2 When ~ is constant, the reachable states within zone z are:

z N hull({Z'} U{pE | B € B(2)})
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Parametric attractor systems: syntax

s A= (V,T,th, K,at)
2 V' is a finite set of components
a T is a finite set of threshold parameters
ath:V — P(T) is a threshold mapping

2 K is a finite set of attractor parameters

aat: Z(V,T) — P;(IL(K)") is an attractor mapping
N——

linear expressions over K with coefficients in Q
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Parametric attractor systems: syntax

s A= (V,T,th, K, at)
2 V' is a finite set of components
a T is a finite set of threshold parameters
ath:V — P(T) is a threshold mapping

2 K is a finite set of attractor parameters
aat: Z(V,T) — P;(IL(K)") is an attractor mapping
N——
linear expressions over K with coefficients in Q

a Zones: Z(V,T)

2 location of v € V' : partial mapping [ : T'— {—, 0, +} defined on th(v)
and such that card (171 ({0})) < 1

4 zone: mapping z from V to {—,0,+}! such that z(v) is a location of v
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Parametric attractor systems: semantics

1 S(A) =(Q,X,—) : labeled transition system
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Parametric attractor systems: semantics

1 S(A) =(Q,X,—) : labeled transition system
2 @ : configurations
2 3 : labels

12— CQxXxQ :labeled transition relation
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Parametric attractor systems: semantics

1 S(A) =(Q,X,—) : labeled transition system
a @ : configurations
a X : labels

12— CQxXxQ :labeled transition relation

1 Q={(27,0,5)|2€ Z(V,T),0 e RLy,x € RS, T € [2]0}

a [2]g € RY, : interpretation of zone z w.r.t threshold valuation 6 € RL,
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Parametric attractor systems: semantics

1 S(A) =(Q,X,—) : labeled transition system
a @ : configurations
a X : labels

1 — CQxXxQ : labeled transition relation
1 Q={(27,0,5)|2€ Z(V,T),0 e RLy,x € RS, T € [2]0}

4 Y = AV, T)UAV,T)
S AWV, T) = {5(2)]2 € Z(V,T)}

a A(V,T) : vectors of labels for threshold crosses (e.g. L, — 5 0)
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Parametric attractor systems: semantics

1 S(A) =(Q,X,—) : labeled transition system
a @ : configurations
a X : labels

1 — CQxXxQ : labeled transition relation
1 Q={(27,0,5)|2€ Z(V,T),0 e RLy,x € RS, T € [2]0}
X =AWV, TYUAV,T)

3 (2,7,0,r) 5 (2, 7,0, &) if(0,k) = (', ") and either:
s0=20(z),and z = 2/, and T’ € hull{Z} U [at(2)]x) (C)

a0 AV, T),and z %y 2/, and 7 = T (D)
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Symbolic transition systems [HMO0]

4S8 =(Q,%,—,R)
2 (Q, X, —) labeled transition system
2 R subset of P(Q)
3 @ € R, and R closed under set operations (N, \)

1 R closed under post and pre: post(r,o) € R and pre(r,o) € R

Ve

{¢ €Q|3qer,qg=q}
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Symbolic transition systems [HMO0]

4S8 =(Q,%,—,R)
2 (Q, X, —) labeled transition system
2 R subset of P(Q)
1 @ € R, and R closed under set operations (N, \)

1 R closed under post and pre: post(r,o) € R and pre(r,o) € R

Ve

{¢ €Q|3qer,qg=q}

2 Effectivity:

2 regions are finitely presented

. . ?
2 all operations on regions (N, \, = 0, post and pre) are computable
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Symbolic analysis of param. attr. systems

s Real arithmetic (R, +, x, <) is a decidable theory
s Regions: subsets of @ definable in real arithmetic

u Transition relation — definable in real arithmetic

Theorem

Parametric attractor systems are effective symbolic transition systems
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Symbolic analysis of param. attr. systems

s Real arithmetic (R, +, x, <) is a decidable theory
s Regions: subsets of @ definable in real arithmetic

u Transition relation — definable in real arithmetic

Theorem

Parametric attractor systems are effective symbolic transition systems

2 Regions are linear in V

2 non-linearities may only appear between parameters
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Abstraction of param. attr. systems

2 Objective:
2 conservative finite abstraction of S(.A)

2 without too many spurious traces
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Abstraction of param. attr. systems

2 Objective:
1 conservative finite abstraction of S(.A)

2 without too many spurious traces

a k-precise abstraction S,E(A) = (Qlj L2, —i)
2 Q" : partition of Q induced by
P = {pre(Q,w) | w € A(V,T)(A(V,T)A(V,T))",i < k}

ar Li v’ if pre(r’, o) Nr # ()

BioCONCUR’04 — 30 August 2004



Parametric Analysis and Abstraction of Genetic Regulatory Networks #12

Abstraction of param. attr. systems

2 Objective:
1 conservative finite abstraction of S(.A)

2 without too many spurious traces

a k-precise abstraction S}i(A) = (Qjj L2, —>’;)
2 Q" : partition of Q induced by

P} = {pre(Q,w) | w € A(V, T)(A(V, T)A(V,T))",i < k}

ar Lﬁk r’ if pre(r’,o) Nr # ()

Theorem

S}i (LA) is an abstraction of S(.A) that has the same traces of length at
most k as S(A)
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Case study: simplified example

s Uniform degradation rate (v = 1)

a Simplification:
2 assume that x3 is too low initially

4 we may remove vertex 3
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Case study: simplified example

s state space: R2,

. { 421 = kos™ (z1,02) — 21

d t(x1,01) + K3s

TT2 = K18 T

x2,03) — 2
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Case study: simplified example

n s state space: R2,

Q™ s
O 1O J {— = ka5~ (@1,602) — 71

d
TTy = /@13+(

r1,01) + r3sT (x2,03) — 22

a Parametric attractor system: A = (VT th, K, at) with:
a V= {vy,v2}, T = {t1,t2,t3}, K = {k1, ko, k3}

- th(vl) = {tl,tg}, th(vg) = {tg}

g if 2 ) = {tl — —, 19 — —} and Z(UQ) = {tg —> —|—} then
at(z) = {(k2,k3)}

aat: Z(V,T) — P;(L(K)") defined in the obvious way
(v1
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30 < Ky <6y

10< 603 < k3 <K

/ﬁ_‘/l'-
k1(01 — K
K 10 < 1001 2)+/<:2<92
k1 — 03
93 G -~ /
l

m BioCONCUR'04 — 30 August 2004



Parametric Analysis and Abstraction of Genetic Regulatory Networks #15

O<,_<1— < <

A A
N

V

O<,_<|— < <
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LN, N,
VN N

s Both stationary states reachable from zone (C)
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O | =— < <
A \ A \ ?

AN N
NS

s Stationary state in (A) not reachable from zone (C)
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Conclusion and future work

2 Regulatory networks with a uniform degradation rate

2 time-abstract semantics: parametric attractor systems

2 new class of hybrid systems

a Parametric attractor systems are effective symbolic transition systems
2 decidability of bounded-reachability properties

2 computation of arbitrarily precise abstractions

2 Perspectives:
2 practical feasibility of this approach

2 decidability of reachability for parametric attractor systems
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