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Complete Lattice Z: Extension of Z with —oco and 400

Let Z = ZU{—00, 400} and define the partial order < on Z with:

—0 < e <2< -1<0<1l2< < 40

(Z,<) is a complete lattice

> Least element is —oo and greatest element is +oc.

» Least upper bound sup X and greatest lower bound inf X satisfy:

—00 if X=10 +00 ifX=0
sup X = { max(X) if it exists inf X = < min(X) if it exists
—00 otherwise

+00o otherwise



Abstract Lattice of Intervals

—00 < <2< -1 <0<l <2< s < H00
Int = {1} U {(/,u) e(ZU{—00}) x (ZU{+o0}) | < u}
Define the binary relation C on Int as follows:

1L Cc 1 L C (Lhuy) 2 L

(hyu1) T (hyw) if b<h<u <uw

(Int,C) is a complete lattice

» Least element is L and greatest element is (—o0, +00).
» | | X is either L or (inf{/ | (/,u) € X},sup{u| (/,u) € X}).
» [ ] X is either L or (sup{/ | (/,u) € X},inf{u | (/,u) € X}).



Abstract Lattice of Intervals
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Interpretation of Abstract Intervals: Galois Connection
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() i if S =10
Qjn =
' (inf S,supS) otherwise

’Yint(l—) = Q)
Tine((lv)) = {zeZ|l<z<u}



Range Analysis on Running Example (Round-Robin)
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Range Analysis on Running Example (Round-Robin)

X y

q1 ||—oo|+o0of[—oof+o0
qo L L | L
g3 L] L L
Jde L L L] L
q7 L] L I
gs l | l l
qu || L | L I
qu2 || L | L 1] L

Recall T = (—o00, +00)



Range Analysis on Running Example (Round-Robin)
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Range Analysis on Running Example (Round-Robin)
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Range Analysis on Running Example (Round-Robin)
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Gained from guard y <10



Range Analysis on Running Example (Round-Robin)
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Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Jde 1 1 11 |+o0
q7 L] L I
gs l | l l
qu || L | L I
qu2 || L | L 1] L

Gained from guard y> 10



Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
q7 L] L I
gs l | l l
qu || L | L I
qu2 || L | L 1] L




Range Analysis on Running Example (Round-Robin)

X y

q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
q7 1 1 11 |40
gs l | l l

qu || L | L I
qu2 || L | L 1] L




Range Analysis on Running Example (Round-Robin)

X y

q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
g7 1 1 11 |40
gs l | l l

qui || L | L 1| L
qu2 || L | L 1] L




Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
q7 1 1 11 |40
gs 2 2 11 |4o0
qu || L | L I
qu2 || L | L 1] L




Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
g7 1 1 11 |40
gs 2 2 11 [4o0
qui || L | L 1| L
qu2 || L | L 1] L




Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
q7 1 1 11 |40
gs 2 2 11 [4o0
qi1 1 1 10 | 10
qu2 || L | L 1] L

= (17 1)
(10, 10)




Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
q7 1 1 11 |40
gs 2 2 11 [4o0
qi1 1 1 10 | 10
qu2 || L | L 1] L




Range Analysis on Running Example (Round-Robin)

X y
q1 ||—oo|+o0of[—oof+o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
de 1 1 11 [+o0
q7 1 1 11 |40
gs 2 2 11 |+o0
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 1 11 [+
q7 1 1 11 |40
gs 2 2 11 |+o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

(1,1)
(11,400

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 2 10 |40
q7 1 1 11 |40
gs 2 2 11 |+o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10

U (1,2) = (1,2)
) U (10,+00) = (10,+00)




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 2 10 [+oo
q7 1 1 11 |40
gs 2 2 11 |+o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

(1,1)
(11,400

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 2 10 [+oo
q7 1 2 10 |4+o0
gs 2 2 11 [4o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10

U (1,2) = (1,2)
) U (10,+00) = (10, +00)




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 2 10 [+oo
q7 1 2 10 |+o0
gs 2 2 11 [4o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

(2,2)
(11,400

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 2 10 [+oo
q7 1 2 10 |+o0
gs 2 4 10 [4o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10

U (2,4) = (2,4)
) U (10,+00) = (10, +00)




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 2 10 [+oo
q7 1 2 10 |+o0
gs 2 4 10 [4o0
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Jde 1 4 9 |4+o0
q7 1 2 10 |+o0
gs 2 4 10 [4o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 4 9 |+o0
q7 1 2 10 |+o0
gs 2 4 10 [4o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 4 9 |+o0
q7 1 4 9 |4o00
gs 2 4 10 [4o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 4 9 |+o0
q7 1 4 9 |4+o00
gs 2 4 10 [4o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 4 9 |+o0
q7 1 4 9 |4+o00
gs 2 8 9 |+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 4 9 |+o0
q7 1 4 9 |4+o00
gs 2 8 9 |+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
Je 1 8 8 |[+oo
q7 1 4 9 |4+o00
gs 2 8 9 |+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 8 8 |4o0
q7 1 4 9 |4+o00
gs 2 8 9 |+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
g1 ||—oo|+oo||—o0|+00
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
ds 1] 8 8 |4o0
qr 1 8 8 |+
gs 2 8 9 |+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10

guard x<y

Nothing to be gained from




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
a3 1 1 ||—o0| 10
ds 1] 8 8 |4o0
qr 1 8 8 [+
gs 2 8 9 |+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
a3 1 1 ||—o0| 10
ds 1] 8 8 |4o0
qr 1 8 8 [+
g || 2 |16 ] 8 [+
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
a3 1 1 ||—o0| 10
ds 1] 8 8 |4o0
qr 1 8 8 [+
g || 2 |16 ] 8 [+
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
q2 1 —00|400
g3 1 —oo| 10
Js 1] 16 7 |+4o0
q7 1116 7 |+4o0
gs 2 | 32 7 |+4o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
q2 1 —00|400
g3 1 —oo| 10
Jde 1 |32 6 |+o0
q7 1 |32 6 [+o0
gs || 2 [ 2°|] 6 [+00
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
g || 1 [2°] 5 [+o0
g7 1| 2° 5 |+o0
gs 2 | 2f 5 |+4o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
a6 1|20 4 [+o0
q7 1| 2f 4 |+o00
gs || 2 |28 || 4 [+o00
qi1 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
g3 1 1 ||—o0| 10
g || 1 [2° ] 3 [+o0
g7 1|28 3 |+o0
gs || 2 [ 2° || 3 [+o0
q11 1 1 10 | 10
gz || 11| 11 |} 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|27 2 [4+o0
G 1|22 2 [+
gs || 2 |20 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|22 2 [4+o0
q7 1|20 2 [4+o0
gs || 2 [219]] 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|29 1 [4+00
q7 1|20 2 [4+o0
gs || 2 [219]] 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|29 1 [4+00
q7 1|20 2 [4+o0
gs || 2 [219]] 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|29 1 [4+00
G 1 [29]] 2 [+
gs || 2 [219]] 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10

Gained from guard x<y



Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|29 1 [4+00
q7 1 |29 2 [4+o0
gs || 2 [219]] 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|29 1 [4+00
q7 1 |29 2 [4+o0
gs || 2 |2 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|29 1 [4+00
q7 1 |29 2 [4+o0
gs || 2 |21 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|2 1 [4+00
G 1 [210]] 2 [+
gs || 2 |2 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y
q1 ||—oo|+o0of[—ocof[+0o0
qo 1 1 |[—oo|4
o 1|1 |[—oof 10
ds 1|22 1 |40
G 1 [22]] 2 [+
gs || 2 |22 2 [+o0
gul|l 1 | 1 |[10] 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Running Example (Round-Robin)

Focus on {q67 ar, QS}

X y

q1 ||—oo|+o0of[—ocof[+0o0
q2 1 —00|400
g3 1 —oo| 10
Je 1 1 |4o0
q7 1 2 |[+o0
gs 2 2 |4o0
qi1

qi12

Does not converge!



Dynamic Approximation: Widening Operators

Consider a complete lattice (L, C).

Objective of Widening Operators

Soundly extrapolate “limits” of ascending chains

Definition

A widening operator for (L,C) is a function V : (L x L) — L such that:
1. xUy € xVy (for all x,y € L)
2. for any ascending chain xg C x; C - -+ of elements of L, the

ascending chain yo C y; C - - - defined by

Yo = Xo
Yit1 = y,-Vx,-+1 forall i e N

is not strictly increasing (i.e. yj11 = y; for some i € N).



Correctness of Kleene Iteration with Widening

Consider a complete lattice (L, ) and a monotonic function f : L — L.

Theorem
IfV : (L x L) — L is a widening operator then the ascending chain
yo C y1 C - - defined by
o = 1L
, Yi if f(yi) E yi
Yi+1 .
yiV f(y;) otherwise

is eventually stationary, and its limit satisfies | [{y; | i € N} 3 Ifp(f).



Correctness of Kleene Iteration with Widening

Consider a complete lattice (L, ) and a monotonic function f : L — L.

Theorem

IfV : (L x L) — L is a widening operator then the ascending chain

Yo Cy1 C - defined by
o = L
, Yi if f(yi) E yi
Yi+1 .
yiV f(y;) otherwise

is eventually stationary, and its limit satisfies | [{y; | i € N} 3 Ifp(f).

Application to MFP Approximation
Replacing LI with V in Kleene / round-robin / worklist algorithms
> guarantees termination, but

» at the expense of precision.



Round-Robin Iteration with Widening

Consider a Galois connection (P(X — Z), Q) % (A,C), and a
widening V for (A, C).

Pre-condition:

a(q) C MFP(q) forall g € Q

do
change < false
foreach g€ Q
new « /7L L .. postt, (a[p]) > the. returned a € Q — L
satisfies:

» this algorithm terminates

if new £ alq]
alq] < a[g] V new
change <« true MFP(q) C a(q)
while change
return a for every q € Q.



Widening Operator for Range Analysis: Intuition

Objective of Widening Operators

Soundly extrapolate “limits” of ascending chains

Put oo when the bound is moving towards oo

Examples
- (1,2), (1,3), (1,4) — (1,400)
. (L,2), (-L,2), (-6,2) — (- ,)
(1,2), (-9,3), (-19,4) — (—o0,+0)
oy (1,400), (—9,4), (-19,4+00) — (— oo~|—oo)

V only looks at the last two elements of the sequence



Widening Operator for Range Analysis

Widening Operator on the Complete Lattice (/nt, ) of Intervals

1Vl =

(h, 1)V (k, up)

1 1LVl u)

= (Iv,uv)

where

= (LuVv.Ll

Iy

uv

(1, u)

if h <h
otherwise

if up > U
otherwise



Widening Operator for Range Analysis

Widening Operator on the Complete Lattice (/nt, ) of Intervals

1vl = 1 LV(lu)y = (LuyvVLyi = (l,u)
—0 if /2 < /1

kv = .
h otherwise

(/1,U1)V(/2,U2) = (/V,UV) Where

{-l—oo if up > uq
uy =

uy otherwise

Widening Operator on the Complete Lattice (X — Int,C)

Component-wise extension V of the above widening V, defined by:

(a1 Va)(x) = a1(x)Vaxx)



Range Analysis on Example with Widening

Show that x > 0 at gi1»




Range Analysis on Example with Widening

Show that x > 0 at gi1»

qi1

a2

a3

g6

qar

ds

ai1

I I I
ot
I I

qi12
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Range Analysis on Example with Widening

1V (l,u)

Show that x > 0 at gi1»

X y
q1 ||—0o0|+oof|—ocof+00
go 1 1 ||—oo|4o0
q3 1 1 |[—oc0] 10
Jde 1 1 11 [+o0
q7 1 1 11 |+o0
gs 2 2 11 |+o0
q11 1 1 10 | 10
gre || 11 | 11 || 10 | 10

1L u (lu)

Same as without V since

(1, u)




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Je 1 1 11 [+o0
q7 1 1 11 [+
gs 2 2 11 |+o0
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
q2 1 —00|+00
q3 1 1 —oof 10
Jde 1 |4oo||—0co|4+o0
q7 1 1 11 [+
gs 2 2 11 |+o0
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10

VvV (1,2) = (1,+00)
V (10,400) = (—o00,+0)




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 1 11 [+
gs 2 2 11 |40
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—oc|+00
gs 2 2 11 |40
qi1 1 1 10 | 10

g2 || 11 | 11 || 10 | 10

(1,400) = (1,+00)
(2?+OO) = (—OO./—FOO)




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 2 11 |40
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
q2 1 —00|+00
g3 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4oo||—oco|+
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10

(2, 4+00) = (2,4)
(—OO,+OO) = (_OO=+OO)




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4ool||—oco|+x
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
q2 1 —00|+00
y=y-1 q3 1 —oo| 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4ool||—oco|+x
qi11 1 [+oof|—oo|+oco
gip || 11| 11 || 10 | 10
V (1,+00) = (1,4)
(10,10) V (—o00,+00) = (—00,+00)




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4ool||—oco|+x
qi11 1 |4+oo||—oco|+oo
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4ool||—oco|+x
qi11 1 |4+oo||—oco|+oo
q12 || —o0|+oo||—ocof+00
—00,+00) = (—00,+00)
—00,4+0) = (—o00,+00)




Range Analysis on Example with Widening

Show that x > 0 at gi1»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4ool||—oco|+x
qi11 1 |4+oo||—oco|+oo
gi2 ||—00|+00||—0o0|+00

Too coarsel!




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

Delayed Widening

y<10 @ y>10 1. Keep LI for the first
yi=y-1 iterations

2. Track number of
“updates” for each
yi=10 location

3. Switch to V after a
x =y+1 suitable “delay”



Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

qi1

a2

a3

g6

qar

ds

ai1

I I I
ot
I I

qi12

I




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—0o0|+oof|—ocof+00
go 1 1 ||—oo|4o0
q3 1 1 |[—oc0] 10
Jde 1 1 11 [+o0
q7 1 1 11 |4o0
gs 2 2 11 |+o0
q11 1 1 10 | 10
gre || 11 | 11 || 10 | 10

Same as without V




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 1 11 [+o0
q7 1 1 11 [4o0
gs 2 2 11 |40
qi11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 2 10 [+o0
q7 1 1 11 [+
gs 2 2 11 |+o0
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10

U (1,2) = (1,2)
U (10,400) = (10, +00)




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 2 10 [+o0
q7 1 1 11 [4o0
gs 2 2 11 |40
qi11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 2 10 |40
q7 1 2 10 [+o0
gs 2 2 11 |+o0
gi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10

U (1,2) = (1,2)
U (10,400) = (10, +00)




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 2 10 [+o0
q7 1 2 10 [4o0
gs 2 2 11 |40
qi11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 2 10 |40
q7 1 2 10 [+o0
gs 2 4 10 |4+o0
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10
U (2,4) = (2,4)
U (10,400) = (10,+00)




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 2 10 [+o0
q7 1 2 10 [4o0
gs 2 4 10 |+o0
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 4 9 |4o00
qr 1 4 9 |4o0
ds 2 8 9 [+
qi11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Je 1 8 8 [+
qr 1 8 8 |4o0
gs 2 | 16 8 |+o0
qi11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X ¥
q1 ||—oo|+oof[—ocof[+0o0
q2 1 —00|+00
g3 1 —oof 10
Jde 1 |16 7 |+o00
q7 1 16| 7 [+
gs 2 |32 7 |4o0
gui || 1 1 10 | 10
gip || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
q2 1 —00|+00
g3 1 —oof 10
Je 1|32 6 [+o0
q7 1 |132( 6 [+
qs8 2 [2° ] 6 [+
qur || 1 1 10 | 10
gip || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X ¥
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
d6 1 [2°] 5 [+o00
g7 || 1 [2° ] 5 [+
qs8 2 [ 27| 5 [+
qur || 1 1 10 | 10
gip || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
g6 1 27 4 400
q7 1| 2f 4 |4o00
gs 2 | 28 4 |40
qi1 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X ¥
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
d6 1 [ 28] 3 [+o00
g7 || 1 [2° || 3 [+
qs8 2 [ 22| 3 [+
qur || 1 1 10 | 10
gip || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
a6 1|22 2 [+
g || 1 [2° ]| 2 [+o0
qs 2 [2190] 2 [4+00
giu |l 1| 1 |10] 10
gio || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1|20 2 |+
q7 1 [29] 2 |[+o00
gs || 2 [219]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
a6 1 [29]] 1 [+
q7 1 [29] 2 |[+o00
gs || 2 [219]] 2 [+o0
gu|| 1| 1 ][10] 10
go|[11]11][10] 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 [20] 1 [4+o00
q7 1 [29] 2 |[+o00
gs || 2 [219]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |29 1 [4+00
q7 1 [29]] 2 [+
as 2 |20 2 [4+o0
q11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10

Gained from guard x<y




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 [20] 1 [4+o00
q7 1 [219] 2 [+00
gs || 2 [219]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 [20] 1 [4+o00
q7 1 [219] 2 [+00
qs 2 |22 2 [+
q11 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 [20] 1 [4+o00
q7 1 [219] 2 [+00
gs || 2 [211]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 [20] 1 [4+o00
q7 1 [219] 2 [+00
gs || 2 [211]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Jde 1 [+oo|l 1 |40
q7 1 [219] 2 [+00
gs || 2 [211]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10
)




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 |4o0|l 1 |+o0
q7 1 [219] 2 [+00
gs || 2 [211]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|+oo|[—o0o|+00
q2 1|1 [|—oo|+0c0
q3 1 1 —oof 10
g6 1 [+oco|| 1 |+o0
q7 1 |+oo +o0
gs || 2 [211]] 2 [+o0
quu |l 1 | 1 (10| 10
g2 || 11 | 11 || 10 | 10

V (1,400) = (1,+00)
V (2,400) = (2,+00)




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 |4o0|l 1 |+o0
q7 1 |4oofl 2 [+
gs || 2 [211]] 2 [+o0
qur || 1 1 10 | 10
g2 || 11| 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 |4o0|l 1 |+o0
q7 1 |4oofl 2 [+
gs 2 |+ool|l 2 |40
q11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 |4o0|l 1 |+o0
q7 1 |4oofl 2 [+
gs 2 |4ool| 2 |40
q11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Delay V for
q & {96, 97, g8}

Show that x > 0 at gi»

X ¥
q1 ||—oo|+oof[—ocof[+0o0
g2 1 —00|+o00
g3 1 —oof 10
Jde 1 |4o0|| 1 |40
q7 1 [+o0 400
gs 2 |+oo +00
q11 1 [+oofl 1 |+o0
gip || 11| 11 || 10 | 10

U (1,400) = (1,+00)
U (1,400) = (1,+00)




Range Analysis on Example with Delayed Widening

Delay V for
q & {96, 97, g8}

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
g2 1 —00|+o00
g3 1 —oof 10
Jde 1 |4o0|| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool| 2 |40
q11 1 |+ool|l 1 |+o0
g2 || 11 | 11 || 10 | 10




Range Analysis on Example with Delayed Widening

Delay V for
q & {96, 97, g8}

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4o0|| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool| 2 |40
q11 1 |+ool|l 1 |+o0
gi2 2 |+oofl 1 |+o0

U (2,400) = (2,+00)
U (1,400) = (1,+00)




Range Analysis on Example with Delayed Widening

@ Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4
q3 1 1 —oof 10
Jde 1 |4o0f| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool|] 2 |40
q11 1 [+oo|l 1 |40
qi2 || 2 |+oofl 1 [0




Range Analysis on Example with Delayed Widening

@ Show that x > 0 at gi»

X y

g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 |4oo|l 1 |+o0
q7 1 |4oofl 2 [+
gs 2 |4ool|] 2 |40

1 |4oo|l 1 |+o0
ofd / '~ofl 1 [+oo

e a_J/




Precision Improvement with Narrowing

Consider a complete lattice (L, C).

Objective of Narrowing Operators

Soundly improve the precision of an approximation obtained with V

Definition
A narrowing operator for (L,C) is a function A : (L x L) — L such that:
1. x Jy = x Jd (xAy) Jdy (for all x,y € L)

2. for any descending chain xg J x; O --- of elements of L, the
descending chain yo J y; 3 --- defined by

Yo = Xo
Yit1 = y,'AX,'_H_ forallieN

is not strictly decreasing (i.e. yj+1 = y; for some i € N).



Correctness of Decreasing Iteration with Narrowing

Consider a complete lattice (L,C) and a monotonic function f : L — L.

A post-fixpoint of f is any element a € L satisfying a 1 f(a).

Theorem
If A (Lx L)— L isa narrowing operator then for any post-fixpoint a
of f, the descending chain yop J y1 3 --- defined by
Yo = a
Yivr = yiAf(y)
is eventually stationary, and its limit satisfies [ |{y; | i € N} 2 Ifp(f).



Correctness of Decreasing lteration with Narrowing

Consider a complete lattice (L,C) and a monotonic function f : L — L.

A post-fixpoint of f is any element a € L satisfying a 1 f(a).

Theorem
If A (Lx L)— L isa narrowing operator then for any post-fixpoint a
of f, the descending chain yop J y1 3 --- defined by
Yo = a
Yivr = yiAf(y)
is eventually stationary, and its limit satisfies [ |{y; | i € N} 2 Ifp(f).

Application to Precision Improvement of MFP Approximations
1. Compute an approximation of MFP by Kleene iteration with V.

2. Then perform a decreasing iteration with A to regain precision.



Round-Robin Iteration with Narrowing

Consider a Galois connection (P(X — Z), Q) % (A,C), and a
narrowing A for (A, C).

Pre-condition:

a(q) 2 /}} L |—|p2>q postcj,p(a(p)) forall g € Q

do
change < false
foreach g€ @
new ¢+ /} U L, =, post!,(a[p]) > the. returned a € @ — L
satisfies:

» this algorithm terminates

if new Z alq]
alq] < a[g] A new
change <« true MFP(q) C a(q)
while change
return a for every g € Q.



Narrowing Operator for Range Analysis: Intuition

Objective of Narrowing Operators

Soundly improve the precision of an approximation obtained with V

V may have introduced infinite bounds to accelerate convergence.

Improve infinite bounds when possible (leave the non-infinite ones)

Examples
(1,400) A (1,4) = (1,4)
(1,10) A (1,4) = (1,10)
(—00,10) A (1,4) = (1,10)



Narrowing Operator for Range Analysis

Narrowing Operator on the Complete Lattice (/nt,C) of Intervals

1AL = 1 LA(Lu) = (Luyal = 1

/2 If /1 = —OQ
In = .
h  otherwise

(/1,U1)A(/2,U2) = (IA;UA) Where

u if uy =+
upn = .
u; otherwise



Narrowing Operator for Range Analysis

Narrowing Operator on the Complete Lattice (/nt,C) of Intervals

1AL = 1 LA(Lu) = (Luyal = 1

/2 If /1 = —OQ
In = .
h  otherwise

(/1,U1)A(/2,U2) = (IA;UA) Where

u if uy =+
upn = .
u; otherwise

Narrowing Operator on the Complete Lattice (X — Int,C)

Component-wise extension A of the above narrowing A, defined by:

(a1 A ap)(x) = a1(x)Aax(x)



Range Analysis on Example with V and A

Show that x > 0 at gi»




Range Analysis on Example with V and A

Increasing Show that x > 0 at gi»
[teration

with V

s<t0 () . [e

a3

g6

qar

y:=10 ds

ai1

I I I
ot
I I

qi12

I




Range Analysis on Example with V and A

Increasing
[teration
with V

Show that x > 0 at gi»

X y
g1 ||—oo|too||—oo|+0o0
g2 1 1 ||—oo|40o0
g3 1 1 [|—o0| 10
Jde 1 1 11 |40
g7 1 1 11 |4o0
gs 2 2 11 |40
q11 1 1 10 | 10
g2 || 11 | 11 || 10 | 10

Same as with non-delayed

widening




Range Analysis on Example with V and A

Increasing
Iteration
with V

Show that x > 0 at gi»

X y
g1 ||—oo|+o0o||—oo|+00
Q> 1 1 |[—oo|4o00
q3 1 1 —oof 10
Je 1 1 11 [+o0
g7 1 1 11 |+o0
gs 2 2 11 |40
qi1 1 1 10 | 10
g2 || 11| 11 || 10 | 10

Same as with non-delayed

widening




Range Analysis on Example with V and A

Increasing Show that x > 0 at gi»

Iteration

with V X y
@ q1 |[|—oo|+oo||—0o0|+00
y<10 go 1 1 [|—occ|4o0
V=YL T T [T ([—oo] 10
Jde 1 |4oo||—o0|+0o0
q7 1 1 11 [+
y =10 gs 2 2 11 [+o0
gui || 1 1 10 | 10
gip || 11| 11 || 10 | 10

Same as with non-delayed
widening




Range Analysis on Example with V and A

Increasing Show that x > 0 at gi»

Iteration

with V

X y
@ q1 |[|—oo|+oo||—0o0|+00
y=<10 Q2 1 ||—oo|400
y=y-1 3 —oo| 10
de +00|| —0o0| 400

y:=10 gs 11 [+o0

1
1
1
q7 1 |4oo||—00|+0o0
2
1

qi11 1 10 10

g || 11| 11 |[ 10 | 10

Same as with non-delayed
widening




Range Analysis on Example with V and A

Increasing Show that x > 0 at gi»

Iteration

with V

X y
@ q1 |[|—oo|+oo||—0o0|+00
y=<10 Q2 1 ||—oo|400
y=y-1 3 —oo| 10
de +00|| —0o0| 400

y:=10 gs +00||—oo|+00

1
1
1
q7 1 |4oo||—00|+00
2
1

qi11 1 10 10

g || 11| 11 |[ 10 | 10

Same as with non-delayed
widening




Range Analysis on Example with V and A

Increasing Show that x > 0 at gi»

Iteration

with V

X y
@ q1 |[|—oo|+oo||—0o0|+00
y=<10 Q2 1 ||—oo|400
y=y-1 3 —oo| 10
de +00|| —0o0| 400

y:=10 gs +oo||—oo|+0o0

1
1
1
q7 1 |4oo||—00|+00
2
1

qu1 +oo|[—oo]+o0

g || 11| 11 |[ 10 | 10

Same as with non-delayed
widening




Range Analysis on Example with V and A

Increasing
Iteration
with V

Show that x > 0 at gi»

X y
q1 |[|—oo|+oo||—0o0|+00
go 1 1 ||—oo|400
q3 1 1 —oof 10
Jde 1 |4oo||—00|+0o0
q7 1 |4oo||—00|+00
gs 2 |4oo||—oo|+o0
qii || 1 |+oo||—oo|40o0
q12 || —o0|+oo||—ocof+00

Same as with non-delayed

widening




Range Analysis on Example with V and A

Increasing
Iteration
with V

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo||—o0|+00
gs 2 |4ool||—oco|+x
qi11 1 |4+oo||—oco|+oo
gi2 ||—00|+00||—0o0|+00




Range Analysis on Example with V and A

Decreasing
Iteration

Show that x > 0 at gi»

X y

q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10

Jde 1 |4oo||—o0|4o0
q7 1 [+oo|l 2 |40
gs 2 |4ool||—oco|+x
qi11 1 |4+oo||—oco|+oo
gi2 ||—00|+00||—0o0|+00
A (2,4+00) = (2,+400) J
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Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
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gs 2 |4ool||—oco|+x
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gi2 ||—00|+00||—0o0|+00
A (2,4+00) = (2,+oo)J
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Decreasing
Iteration

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4oo||—o0|4o0
q7 1 [+oo|l 2 |40
gs 2 |4ool| 2 |40
qi11 1 |4+oo||—oco|+oo
gi2 ||—00|+00||—0o0|+00




Range Analysis on Example with V and A

Decreasing
Iteration

Show that x > 0 at gi»

X ¥
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Jde 1 [+oo|l 1 |40
g7 1 |4+ 400
gs 2 |4ool| 2 |40
qii || 1 |+oo||—oo|40o0
gi2 ||—oo|+oo||—o0|+00

((11, +o00) U (1, +00))

(1,400) = (1,+400)




Range Analysis on Example with V and A

Decreasing
Iteration

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4o0|| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool| 2 |40
qi11 1 |4+oo||—oco|+oo
gi2 ||—00|+00||—0o0|+00




Range Analysis on Example with V and A

Decreasing
Iteration

Show that x > 0 at gi»

X ¥
g1 ||—oo|too||—oo|+0o0
g2 1 1 [|—oo|4o0
a3 1 1 —oo| 10
Je 1 |4o0|l 1 |+o0
g7 1 |4+ 400
gs 2 |+oo +00
q11 1 |4o0o|| 1 |40
gi2 ||—oo|+oo||—o0|+00

((10,10) LI (1, +00))

(1,400) = (1,400)




Range Analysis on Example with V and A

Decreasing
Iteration

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4o0|| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool| 2 |40
q11 1 |+ool|l 1 |+o0
gi2 ||—00|+00||—0o0|+00




Range Analysis on Example with V and A

Decreasing
Iteration

Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4+
q3 1 1 —oof 10
Jde 1 |4o0|| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool| 2 |40
q11 1 |+ool|l 1 |+o0
qi2 || 2 |+oo|| 1 |4o0
A (2,4+00) = (2,+400)
A (1,400) = (1,+00)




Range Analysis on Example with V and A

@ Show that x > 0 at gi»

X y
q1 ||—oo|+oof[—ocof[+0o0
go 1 1 |[—oo|4
q3 1 1 —oof 10
Jde 1 |4o0f| 1 |40
q7 1 [+oo|l 2 |40
gs 2 |4ool|] 2 |40
q11 1 [+oo|l 1 |40
qi2 || 2 |+oofl 1 [0




Selective Application of Widening

Widening introduces imprecision that often cannot be regained by
narrowing.

To ensure convergence it is enough to only apply widening at cut points

Cut points: set of locations that cut each loop (in the control flow
automaton's graph)



Selective Application of Widening

Widening introduces imprecision that often cannot be regained by
narrowing.

To ensure convergence it is enough to only apply widening at cut points

Cut points: set of locations that cut each loop (in the control flow
automaton's graph)

Other Methods to Reduce Precision Loss of Widening
» Delayed widening
» Widening “up to”
Given a finite set M C L, use (xVy) N[ ]{me M | xUy C m}.
» Look-ahead widening
> ..



