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—— Abstract

We consider group languages, which are those recognized by a finite group, or equivalently by a
permutation automaton (i.e., each letter induces a permutation on the set of states). We investigate
the separation problem for this class: given two regular languages as input, decide whether there
exists a group language containing the first, while being disjoint from the second. We prove that
covering, which generalizes separation, is decidable. So far, this result could only be obtained as a
corollary of an independent algebraic theorem by Ash, whose proof relies on involved algebraic notions.
In contrast, our algorithm and its proof rely exclusively on standard notions from automata theory.
Additionally, we prove that covering is also decidable for two strict subclasses: languages
recognized by commutative groups, and modulo languages. Both algorithms rely on the construction
made for group languages, but the proof for commutative groups builds on independent ideas.
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1 Introduction

Context. A prominent question in automata theory is to understand natural classes
of languages defined by restricting standard definitions of the regular languages (such as
regular expressions, automata, monadic second-order logic or finite monoids). Naturally,
“understanding a class” is an informal goal. The standard approach is to show that the
class under investigation is recursive by looking for membership algorithms: given a regular
language as input, decide whether it belongs to the class. Rather than the procedure itself,
the motivation is that formulating such an algorithm often requires a deep understanding of
the class. This approach was initiated in the 60s by Schiitzenberger [24], who provided a
membership algorithm for the class of star-free languages (those defined by a regular expression
without Kleene star but with complement instead). This theorem started a fruitful line of
research, which is now supported by a wealth of results. In fact, some of the most famous
open problems in automata theory are membership questions (see [25, 13, 12] for surveys).
In the paper, we look at two problems, which both generalize membership. The first one
is separation: given two regular languages L, and Lo as input, decide whether there exists a
third language that belongs to the investigated class, includes L; and is disjoint from Ls. The
second one is covering. It generalizes separation to an arbitrary number of input languages.
These problems have been getting a lot of attention recently, and one could even argue
that they have replaced membership as the central question. The motivation is twofold.
First, it has recently been shown [18] that separation and covering are key ingredients for
solving some of the most difficult membership questions (see [17] for a survey). Yet, the main
motivation is tied to our original goal: “understanding classes”. In this respect, separation
and covering are more rewarding than membership (albeit more difficult). Intuitively, a
membership algorithm for a class € can only detect the languages in €, while a covering
algorithm provides information on how arbitrary regular languages interact with C.
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Group separation strikes back

Group languages. In the paper, we look at three specific classes. The main one is the
class of group languages GR. While natural, this class is rather unique since its only known
definition is based on machines: group languages are those recognized by a finite group,
or equivalently, by a permutation automaton (a deterministic finite automaton in which
every letter induces a permutation on the set of states). On the other hand, no “descriptive”
definition of GR is known (e.g, based on regular expressions or on logic). This makes
it difficult to get an intuitive grasp about group languages, which may explain why this
class remains poorly understood. We also consider two more intuitive subclasses: the first,
AMT, consists of all languages recognized by Abelian (i.e., commutative) groups. From a
language theoretic point of view, these are the languages that can be defined by counting
the occurrences of each letter modulo some fixed integer. The second is a subclass of AMT
named MOD. A language is in MOD if membership of a word in the language only depends
on its length modulo some fixed integer. Like all classes of group languages, these three
classes are orthogonal and complementary to the classes for which separation and covering
have been recently investigated (i.e., subclasses of the star-free languages, see [17]). Indeed,
only the empty and the universal languages are simultaneously star-free and group languages.
Let us point out that separation and covering are known to be decidable for group
languages. This can be deduced from an algebraic theorem by Ash [1]. However, Ash’s
motivations were purely algebraic and independent from ours (see [6, 11, 10]). Ash does not
mention separation nor even regular languages. More importantly, while there exist several
proofs of Ash’s theorem, they all rely on involved algebraic concepts and machinery outside
of automata theory. Some proofs [1, 2] are based on the theory of inverse semigroups while
others rely on topological arguments [14, 9, 22]. The situation is similar for the languages of
Abelian groups: the decidability of separation can be deduced from results of Delgado [3]
which are formulated and proved using topology. This means that these results (and their
proofs) are not satisfying with respect to our primary goal: “understanding classes”.

Motivations. GR and its sub-classes often serve as ingredients for building more complex
classes. Let us illustrate using logic. One may associate several classes to a fixed fragment
of first-order logic. Every such class corresponds to a choice of signature (i.e., the allowed
predicates). For each class of languages C, we define a signature Pe as follows: each language L
in C gives rise to a predicate P, (z), which selects all positions = in a word w such that the
prefix of w up to position z (excluded) belongs to L. For € = AMT and € = MOD, we
obtain in this way two natural signatures: the predicates of PayT allow one to test, for each
letter a of the alphabet, the number of a’s before position £ modulo some integer. Likewise,
the predicates of Pyjop make it possible to test the value of positions modulo some integer.
More generally, given an arbitrary class of group languages § with mild properties, it
is natural to consider the signatures {<} UPg and {<,+1} UPg (where “+1” denotes the
successor). It was recently shown that for many fragments of first-order logic ¥, membership
and sometimes even separation and covering are decidable for the classes F(<,Pg) and
F(<,+1,Pg) as soon as separation is decidable for §. Prominent examples include the whole
first-order logic [19] (FO), the first levels of the well-known quantifier alternation hierarchy
of FO [20, 21] (namely, the levels 31, BY;, Xs and X3), and finally two variable first-order
logic (FO?) and its whole quantifier alternation hierarchy [15]. The proofs are based on
language theoretic definitions of these classes: they can be built by applying operators to G.
Consequently, it is desirable to have accessible language theoretic proofs that separation is
decidable for the most prominent classes of group languages: GR, AMT and MOD.

Contribution. We present new self-contained proofs that covering and separation are
decidable for GR, AMT and MOD. The algorithms and their proofs rely exclusively on
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basic notions of automata theory, making them accessible to computer scientists. We work
with non-deterministic finite automata (NFA), and our arguments use non-determinism in
a crucial way. Ironically, we use very few algebraic notions beyond the standard definition
of groups. Essentially, the proof arguments are based on word combinatorics for GR and
arithmetic for AMT, while MOD boils down to the other two for unary alphabets. Finally,
while Ash did not formulate his theorem as a separation result, it is simple to deduce the
NFA-based algorithm from his work, and vice-versa. The value of the present paper lies in
the elementary proof rather than on the algorithm itself.

The algorithms themselves are simple. Let us consider GR-separation. We present a
simple construction that takes an NFA A as input and outputs a new one |A].. Then, we
show that the languages recognized by two NFAs A; and As can be separated by a group
language if and only if the languages recognized by [A;]. and |Az|. do not intersect. Since
|A1]e and | Az |. can be computed in polynomial time, this shows that GR-separation is in P
(this goes up to PSPACE for covering as the question boils down to deciding intersection
between an arbitrary number of NFAs). The approach for AMT is similar with one key
difference: we consider Parikh images. More precisely, we show that whether the languages
recognized by two NFAs A; and As can be separated by AMT boils down to some specific
condition on the Parikh images of |A; . and |As].. Using standard results (namely that
existential Presburger arithmetic is in NP [23]), this implies that AMT-separation is in
co-NP. Actually, we show that both AMT-separation and AMT-covering are co-NP-complete.
Finally, we show that in the much simpler case of MOD, separation is NL-complete.

I N

MOD AMT GR
Separation NL-complete co-NP-complete P-complete
Covering In co-NP co-NP-complete In PSPACE

Figure 1 Covering and separation for MOD, AMT and GR (inputs represented by NFAs).

Organization. In Section 2, we introduce preliminary definitions and an automata construc-
tion, which we use as a key ingredient in all algorithms. Section 3 is devoted to separation
and covering for the class GR of all group languages. Section 4 is devoted to AMT. Finally,
Section 5 is devoted to MOD. Due to space limitations, some results are proved in appendix.

2 Preliminaries

2.1 Words, languages, separation and covering

Languages and automata. In the paper, we fix a finite alphabet A. As usual, A* denotes
the set of all finite words over A, including the empty word . We let AT = A*\ {¢}. For
u,v € A*, we write uv the word obtained by concatenating v and v. A language (over A)
is a subset of A*. Finally, a class of languages C is a set of languages, i.e., a subset of 24”.
Additionally, we say that € is a Boolean algebra when it is closed under union, intersection
and complement: for every K,L € C, we have K UL € C KNLeCand A*\ K € C.

We consider regular languages: those that can be equivalently defined by finite automata,
finite monoids or monadic second-order logic. We work with automata. A non-deterministic
finite automaton (NFA) over A is a tuple A = (Q, I, F,d) where Q is a finite set of states,
I C @Q and F C @ are sets of initial and final states, and § C @Q x A x Q is a set of
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transitions. The language recognized by A is defined as follows. Given ¢,r € Q and w € A*,
we say that there exists a run labeled by w from g to r (in A) if there exist qo,...,q, € @
and ay,...,a, € A such that w = a1+ -an , o = ¢, ¢ = v and (gi—1,0a;,¢;) € § for
every 1 < i < n. Moreover, we write §* C @ x A* x QQ for the set consisting of all triples
(g, w,r) € Q x A* x @ such that there exists a run labeled by w from ¢ to r (note that
(g,e,q) € 6* for every g € Q: this is the case n = 0). The language recognized by A, denoted
by L(A) C A*, consists of all w € A* such that there exist ¢ € I and r € F satisfying
(g, w,r) € 6*. A language is regular if and only if it is recognized by an NFA.

We also use NFAs with e-transitions. In such an NFA A = (Q, I, F, ), a transition may
also be labeled by the empty word “e” (that is, 6 C Q x (AU {e}) x Q). We use the standard
semantics: an e-transition can be taken without consuming an input letter. Note that unless
otherwise specified, the NFAs that we consider are assumed to be without e-transitions.

Separation and covering. These decision problems depend on an arbitrary fixed class C.
They are used as mathematical tools for investigating €. They both take finitely many
regular languages as input (which we represent with NFAs in the paper).

Given two languages L1 and Lo, we say that L; is C-separable from Lo if there exists
K € Csuch that L; C K and Ly N K = (). The C-separation problem takes two regular
languages L, and Ly as input and asks whether Ly is C-separable from Ls.

Covering was introduced in [16] as a generalization of separation. Given a language L, a C-
cover of L is a finite set of languages K such that every K € K belongs to Cand L C (Jyxcx K.
Given a pair (L1, Ls) where L is a language and Lo a finite set of languages, we say that
(L1,Ls) is C-coverable when there exists a C-cover K of L; such that for every K € K,
there exists L € Ly satisfying K N L = (). The C-covering problem takes as input a regular
language L; and a finite set of regular languages Lo and asks whether (L1, Ly) is C-coverable.

Covering generalizes separation when C is closed under union: in this case, one may verify
that L is C-separable from Lo, if and only if (L, {L2}) is C-coverable. Additionally, the
definition of covering may be simplified when C is a Boolean algebra: it suffices to consider
the case when the language L; that needs to be covered is A*. Indeed, in that case, (L1, L2)
is C-coverable if and only if (A*,{L;1} ULsy) is C-coverable (the proof is simple, see [16]).

Since we only consider Boolean algebras, we only look at this special case. Given a finite
set of languages L, we say that L is C-coverable if and only if (A* L) is C-coverable. For the
classes C that we consider, C-covering boils down to deciding whether an input finite set L of
regular languages is C-coverable. Additionally, C-separation is the special case when |L| = 2.

» Remark 1. When discussing complexity, we consider the alphabet A as part of the input.

Group languages. We first recall the algebraic definition of regular languages. A monoid
is a set M endowed with an associative multiplication (s,t) — s -t (also denoted by st)
having a neutral element 1,4, i.e., such that 13,8 = s1p; = s for every s € M. Clearly, A* is
a monoid whose multiplication is concatenation (the neutral element is €). Thus, we may
consider monoid morphisms « : A* — M where M is an arbitrary monoid. Given such a
morphism and some language L C A*, we say that L is recognized by o when there exists a
set I C M such that L = a=}(F). It is well-known and simple to verify that the regular
languages are also those which can be recognized by a morphism into a finite monoid.

A group is a monoid G such that every element g € G has an inverse g~ ! € G, i.e.,
g9~ ' = g7'g = 1g. We write GR for the class of all group languages, i.e., which are
recognized by a morphism into a finite group. One can verify that GR is a Boolean algebra.

» Remark 2. No language theoretic definition of GR is known. There is however a definition
based on automata: the group languages are those which can be recognized by a permutation
automaton (i.e., which is simultaneously deterministic, co-deterministic and complete).
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We also look at two sub-classes of GR. The first one is the class MOD of modulo languages.

For w € A*, we write |w| € N for the length of w (its number of letters). For all ¢,r € N such
that r < ¢, we let L, , = {w € A* | |lw| = r mod ¢}. The class MOD counsists of all finite
unions of languages L, . The following simple lemma is proved in Appendix C.

» Lemma 3. Let L C A*. Then, L € MOD if and only if L is recognized by a morphism
a: A" — G into a finite group G such that o(a) = a(b) for all a,b € A.

We turn to the class AMT of alphabet modulo testable languages. If w € A* and a € A,
let |w|, € N be the number of copies of “a” in w. For all ¢, € N such that r < ¢ and all
a€ A let Ly, ={we A" | |w[, =7 mod q}. We define AMT as the least class containing all

languages Lg , and closed under union and intersection. The lemma is proved in Appendix B.

» Lemma 4. Let L C A*. Then, L € AMT if and only if L is recognized by a morphism
a: A* — G into a finite commutative group G.

One may verify that both MOD and AMT are Boolean algebras and MOD C AMT C GR.
In the paper, we prove that covering and separation are decidable for GR, AMT and MOD.

The proofs are based exclusively on elementary arguments from automata theory. We rely
on a common automata-based construction, which we describe now.

2.2 Automata-based construction

First, we define an extension of A as a larger alphabet denoted by A. For each a € A, we

create a fresh letter a=! (by “fresh”, we mean that a=! ¢ A) and define A=! = {a7! | a € A}.

We let A be the disjoint union A = AU A~'. Observe that we have a bijection a — a~' from
A to A7, We extend it as an involution of A*: for every a € A, we let (a™!)~! = a. Then,
for every w = byby - -+ b, € A* (with by,...,b, € A), we define w™ = b1 ---by b, (we let

=1 =¢). The map w — w~! is an involution of A*: (w™)~! = w for every w € A*.

Every morphism « : A* — G into a group G can be extended as morphism « : A* - G.

For alla=! € A7, we let a(a™!) = (a(a))™! (the inverse of a(a)). One may verify that the
definition implies a(w™") = (a(w))~! for every w € A*. We shall use this fact implicitly.

» Remark 5. This construction is standard, and used to introduce the free group over A
(which is a quotient of A*). We do not need this notion. We use A as a syntactic tool: we
build auxiliary NFAs over A from NFAs over A. We shall never consider arbitrary objects
over A: all arbitrary NFAs that we encounter are implicitly assumed to be over A.

We now present the construction on automata. Consider an arbitrary NFA A = (Q, I, F, §)
over the original alphabet A (6 C @ x A x Q). We build a new NFA |A] over the extended
alphabet A. We say that two states ¢, € Q are strongly connected if there exist u,v € A*
such that (g, u,r) € 6* and (r,v,q) € §* (i.e., ¢ and r are in the same strongly connected
component of the graph representation of A). Clearly, this is an equivalence relation. We
define |§] € Q x A x Q as the following extended set of transitions:

6] =6U{(r,a™t,q) | (¢,a,7) € § and g,r are strongly connected}.

We let |A] = (Q,I,F,[d]), so that L(|A]) € A*. Note that for all ¢,r € Q which are

strongly connected and u € A*, we have (q,u,r) € |6]* if and only if (r,u=',q) € [§]*.

Observe that |A] may be computed from A in polynomial time: this boils down to computing

the pairs of states which are strongly connected, which is a graph reachability problem.

Finally, we use the following lemma to “simulate” the runs in |A] into the original NFA A.
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» Lemma 6. Let A =(Q,I,F,)) be an NFA and a: A* — G be a morphism into a finite
group. For every ¢, € Q and w € A* such that (q,w,r) € |5|*, there exists w' € A* such
that (g, w',r) € §* and a(w) = a(w’).

Proof. By definition of |§], it suffices to show that every new transition (s,a™',t) € |J]
with @ € A can be “simulated” in A with a word x € A* (i.e., such that (s,z,t) € §*) such
that a(z) = a(a™1) = (a(a)) L. By definition of 4], if (s,a™1,t) € |§], we have (¢t,a,s) € §
and s,t are strongly connected. Hence, we have y € A* such that (s,y,t) € 6*. Since G is a
finite group, it is standard that there exists a number p > 1 such that g = 14 for all g € G.
Therefore, a((ay)?) = 1g. Let = y(ay)P~*. Clearly, we have (s, z,t) € §* by hypothesis on
a and y. Moreover, a(az) = a((ay)?) = 1g. Therefore, a(z) = (a(a))~!, as desired. <

3 Covering and separation for group languages

We prove that separation and covering are decidable for GR. Historically, this result follows
from a theorem of Ash [1]. Yet, Ash’s results are purely algebraic and do not mention
separation. This makes it difficult to compare them with what we do. In particular, Ash
relies heavily on the theory of inverse semigroups. Here, we bypass this notion entirely: the
algorithm and its proof rely on elementary notions from automata theory only.

3.1 Statement

The procedure is based on a theorem characterizing the finite sets of regular languages which
are GR~coverable. To present it, we first extend the automata-based construction A +— | A]
introduced in the previous section (this extended construction is specific to GR-covering).
Given an arbitrary NFA A, we further modify the NFA | A] and construct a new NFA
with e-transitions |A|. (these are the only NFAs with e-transitions that we consider). The
definition is based on a language L. C A* that we define first. We introduce a standard
rewriting rule that one may apply to words in A*. If w € A* contains an infix of the form
aa™! or a'a for some a € A, one may delete it. More precisely, given w,w’ € A*, we write
w — w' if there exist #,y € A* and a € A such that either w = zaa 'y or w = za 'ay, and
w' = zy. We write “5” for the reflexive transitive closure of “—”. That is, given w, w’ € A*,
we have w = w’ if w = w’ or there exist words wo,...,w, € A* with n > 1 such that
w=wy — w; — Wy — -+ — wy, =w'. Welet L. = {w € A* | w = ¢}. This is a variant of
the well-known Dyck language. In particular, L. is not regular (it is only context-free).
Consider an NFA A = (Q, I, F,0) and the associated NFA [A| = (Q,I,F,[5]). We
extend the set |§] by adding e-transitions. We define |6]. € Q x (AU {e}) U Q as follows:

[0]c = [6] U{(q,e,) | there exists w € L. such that (¢, w,r) € |§]*}.

Moreover, we let |A]. = (Q, I, F,|d].). Note that one may compute |A|. from |A]| (hence
from A) in polynomial time. Indeed, the construction creates a new e-transition (g, ,7r) if
and only if {w € A* | (¢,w,r) € [§]*} (which is regular) intersects L. (which is context-free).
It is standard that this problem is decidable in polynomial time. We complete the definition
with two simple but useful properties (see Appendix A for the proofs).

» Fact 7. Let A = (Q, I, F,8) be an NFA. Let ¢, € Q and w € A* such that (¢, w,r) € J]
If w € L., then (q,e,7) € |8].. Also, if g, are strongly connected, then (r,w=1,q) € |§]

*
e

*
€

Moreover, it is straightforward to extend Lemma 6 to this new automaton [A|..
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» Lemma 8. Let A = (Q, 1, F,d) be an NFA and let o : A* — G be a morphism into a finite
group. For every ¢, € Q and w € A* such that (q,w,r) € |5]|*, there exists w' € A* such
that (g, w’,r) € §* and a(w) = a(w’).

We may now state the main theorem of this section. It characterizes the finite sets of
regular languages that are GR-coverable using the construction A — [A]..

» Theorem 9. Let k > 1 and let k NFAs A4, ..., Ax. The following conditions are equivalent:
1. The set {L(A1),---,L(Ax)} is GR-coverable.
2. We have ;< L([Ailc) = 0.

Clearly, the second condition in Theorem 9 can be decided. Indeed, for every i < k, we
are able to compute |A;|. from A; in polynomial time. Moreover, it is well-known that one
may decide whether an arbitrary number of NFAs intersect (in polynomial space). Hence,
we obtain as desired that GR-covering is decidable and in PSPACE. Additionally, when the
number k of inputs is fixed, intersection can be decided in polynomial ¢time. In particular, we
obtain that GR-separation (the case k = 2) is decidable and in P. We prove in Appendix A
that the problem is actually P-complete by reducing the monotone circuit value problem.

3.2 Proof of Theorem 9

We fix a number k& > 1 and for every j < k an NFA A; = (Qj, I;, F},d;). The two implications
in the theorem are handled independently. Let us start with 1) = 2).

Implication 1) = 2). Assume that {L(A),- -, L(Ag)} is GR-coverable. We show that
Ni<x L([Ai]c) = 0. By contradiction, assume that there exists w € [, L([Ai]<).

By hypothesis, we have a GR-cover K of A* such that for every K € K, there exists j < k
such that K N L(A;) =0. Let K = {K3,..., K,}. By hypothesis, K; € GR for every i < n:
it is recognized by a morphism «; : A* — G; into a finite group. Clearly, G = G; X --- x G,
is a finite group for the componentwise multiplication and the morphism « : A* — G defined
by a(w) = (a1(w),...,an(w)) recognizes all languages K;. Since w € L(|A;].) for every
j < k, Lemma 8 yields w; € A* such that w; € L(A;) and a(w;) = a(w). Since K is a
cover of A*, there exists K € K such that w; € K. Hence, since K is recognized by «
and a(wy) = - = a(w,) = a(w), it follows that wy,...,w, € K. We have shown that
K N L(A;) # 0 for every j < k which contradicts the definition of K.

Implication 2) = 1). This is the technical core of the proof. We start with preliminary
terminology. Let A = (Q, I, F,d) be an NFA. We say that (q,a,r) € § is a frontier transition
if the states ¢ and r are not strongly connected. Moreover, given ¢, € Q and w € A*, we
associate a number d(q,w,r) € NU {oco}. If (¢, w,r) & 6*, we let d(q,w,r) = oco. Otherwise,
(¢, w,r) € 6* and d(g,w,r) is the least number n € N such there exists a run from ¢ to r
labeled by w in A which uses exactly n frontier transitions. Note that d(g,w,r) = 0 if and

only if (¢,w,r) € §* and ¢, r are strongly connected. We have the following immediate fact.

» Fact 10. Let q,r € Q and w € A* be such that (q¢,w,r) € §*. Then, d(q,w,r) < |Q|.
Moreover, if w = uv with u,v € A*, we have s € Q such that d(q,u, s)+d(s,v,r) = d(q,w,r).

We turn to a key definition. Let A = (Q, I, F,d) be a NFA and ¢ € N. An {-synchronizer
(for A) is a morphism « : A* — G into a finite group G satisfying the two following properties:

1. forallg,r € Q and w € A* such that d(q, w,r) < £ and a(w) = 1g, we have (¢,e,r) € [0]?.

2. forall ¢1,...,q%,71,...,7% € Q and wy,...,w, € A* such that Zigkd(qi,wi,ri) </{-1

and a(w;) = --- = a(wy), there exists u € A* such that (g;,u,r;) € [§]* for every i < k.
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» Remark 11. There is a subtle difference between these two properties. The first one requires
that d(g,w,r) < ¢ while the second requires that >, d(g;, w;,7;) < ¢ —1. This will be
important when proving Proposition 12 below. In particular, when ¢ = 0, the second property
is trivially satisfied since ), . d(g;, w;, ;) cannot be smaller than —1.

» Proposition 12. Let A be an NFA. For every ¢ € N, there exists an (-synchronizer for A.

Let us first apply Proposition 12 to prove the implication 2) = 1) in Theorem 9. Assuming
that (;<; L([A;]c) = 0, we show that {L(A1), -, L(Ak)} is GR-coverable. Recall that
A; =(Qy,I;, F;,6;). We may assume without loss of generality that the sets (); are pairwise
disjoint. We define Q@ = J;<, Qj, d = U, <, 0; and A = (4,Q,0,0,0). Let £ = k|Q| + 1. By
Proposition 12, there exists an ¢-synchronizer o : A* — G for A. Consider the GR-cover
{a7Y(g) | g € G} of A*. We show that for every g € G, there exists j < k such that
aY(g) N L(A;) =0, which means that {L(A1), -, L(A)} is GR-coverable, as desired.

Let g € G and by contradiction, assume that a~'(g) N L(A;) # 0 for every j < k. This
yields w; € L(A;) for each j < k such that a(w;) = g. Since w; € L(A,;), there are two states
g; € I; and r; € F} such that (g;,w;,r;) € 6*. By Fact 10, this implies d(g;, w;,7;) < |Q].
We get >, d(qj, wj, ;) < k|Q| = € — 1. Thus, since a(w1) = -+ = a(wy) = g and a is an
(-synchronizer, the second property yields u € A* such that (gj,u,7;) € [0]% for every j < k.
Since g; € I; and r;j € Fj, it follows that u € L(|.A,|.) for every j < k. This contradicts the
hypothesis that ;- L([A;]:) = 0, concluding the main argument.

We turn to the proof of Proposition 12, which we develop in the remainder of the section.
We fix an NFA A = (Q, I, F, ). Using induction on ¢ € N, we build an ¢-synchronizer for A.

Base case: ¢ = 0. The definition of our O-synchronizer is based on an equivalence. Let

*

q,r € Q. We write ¢ ~ r when ¢ and r are strongly connected and (g,&,7) € [§]%.

» Lemma 13. The relation ~ is an equivalence. Moreover, let q,7,q', 7" € Q with q,q' and
r,1r’ strongly connected. If (q,a,q") € § and (r,a,r’) € fora € A, thenq~r & ¢ ~7r'.

Proof. Clearly, ~ is reflexive: (¢,e,q) € |d]f for every ¢ € Q. Moreover, if ¢ ~ r, then ¢
and r are strongly connected and (gq,e,7) € [6]%. Since € = &1, Fact 7 yields (r,e,q) € [6]
and we get r ~ ¢, meaning that ~ is symmetric. Finally, let ¢,r,s € Q such that ¢ ~ r
and r ~ s. By definition, ¢,r, s are strongly connected, (q,¢,r) € [d|f and (r,e,s) € [d]%.
Clearly, (¢,¢,s) € [6]* which yields ¢ ~ s and we conclude that ~ is transitive.

Let now ¢,7,q',7" € Q and a € A be as in the statement. We prove that ¢ ~r < ¢’ ~r'.
By definition, (¢’,a™!,q) € |&] and (r',a=t,7) € |§]. If ¢ ~ r, then ¢/,7 are strongly
connected, and (g,e,7) € |§]%, so that (¢/,a™ a,r’) € |6]¢. Since a~'a = ¢, Fact 7 yields
(¢ e,7") € |6]%: we get ¢’ ~ r'. Conversely, if ¢ ~ r’, we have (¢',&,7") € [d]|*. Hence,

(q,aa=",7) € |6]* and since aa~" = ¢, Fact 7 yields (¢,e,7) € |6]*: we obtain g ~ r. <

g

For every ¢ € @, we write [g]~ € @/~ for the ~-class of q. Moreover, we let G be the
group of permutations of Q/~. That is, G consists of all bijections g : Q/~ — @/~ and the
multiplication is composition (the neutral element is identity). We have the following fact.

» Fact 14. For every a € A, there exists an element g, € G such that for every q,q' € Q
which are strongly connected and such that (q,a,q") € 6, we have g,([q]~) = [¢']~.

Proof. Consider ¢ € Q. By Lemma 13, if there exists ¢ € @ such that ¢,q" are strongly
connected and (g, a,¢’) € §, we know that for every 7,7’ € @ which are strongly connected
and such that (r,a,r’) € 0, we have ¢ ~ r < ¢’ ~ r’. Hence, we may define g,([q]~) = [¢']~.
This yields a partial function g, : @/~ — @/~ which satisfies the condition described in the
fact and is injective. Hence, we may complete g, into a bijection, concluding the proof. =
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We define o : A* — G as the morphism defined by a(a) = g, for every a € A and show
that « is a 0-synchronizer. We prove the first property in the definition (the second one
is trivially satisfied when ¢ = 0). Let ¢,r € Q and w € A*, such that d(¢,w,r) = 0 and
a(w) = 1g. By definition, a(w) is a permutation of Q/~. Moreover, since d(q,w,r) = 0,
we have (q,w,r) € 6* and g, r are strongly connected. By definition of « from Fact 14 this

implies that a(w)([¢]~) = [r]~. Finally, since a(w) = 1, we also have a(w)([¢]~) = [¢]~.
Hence, ¢ ~ r and the definition yields (g,&,7) € [4]%. We conclude that « is a 0-synchronizer.

Inductive step: ¢ > 1. Induction on ¢ yields a (¢ — 1)-synchronizer 8 : A* — H. We define
a new morphism « : A* — G from 8 and then prove that it is the desired ¢-synchronizer.

For every pair (h,a) € H x A and every w € A*, we define #, ,(w) € N as the number
of pairs (z,y) € A* x A* such that f(z) = h and w = xay. We choose « so that for
every w € A*, the image a(w) € G determines B(w) € H and, for every (h,a) € H x A,
whether the number #j, ,(w) € N is even or odd. The definition is inspired from the work
of Auinger [2]. Let G = H x {0,1}1*A. Every g € G is a pair g = (h, f) where h € H and
f:+HxA— {0,1} is a function. We define a multiplication on G. If g1 = (h1, f1) € G
and go = (ha, f2) € G, we define g192 = (hihe, f) where f: H x A — {0,1} is the function
f:(hya) = (fi(h,a) + f2(hy*h,a)) mod 2. One may verify that G is indeed a group for
this multiplication. For every w € A*, let f, : H x A — {0,1} be the function defined
by fw(h,a) = #ne(w) mod 2. One may now verify that the map a : A* — G defined by
a(w) = (B(w), fv) is a monoid morphism. We show that it is an ¢-synchronizer.

Let us first explain how to exploit the definition of a. A key point is that we are mainly
interested in special pairs (h,a) € H x A. Given a subset F C H, we say that such a pair
(h,a) is F-alternating when h € F < hf(a) ¢ F. Moreover, we say that a word w € A*
is F-safe if #, o(w) is even for every F-alternating pair (h,a) € H x A. By definition,
the image a(w) € G determines whether w is F-safe or not. In the latter case, we get an
F-alternating pair (h,a) such that #j, .(w) is odd (and thus, #p 4(w) > 1). In the former
case, we shall use the following lemma.

» Lemma 15. Let F C H such that 1y € F. For every w € A* which is F-safe, f(w) € F.

Proof. For w € A*, let #r(w) € N be the sum of all numbers #, o(w) where (h,a) € H x A
is F-alternating. We prove that for every w € A*, we have f(w) € F < #p(w) is even. This

clearly implies the lemma: if w is F-safe, then #p(w) is even which implies that f(w) € F.
We use induction on the length of w € A*. When w = ¢, f(w) =1y € F and #p(w) = 0.

Hence, the property is trivially satisfied. Assume now that w € AT. This yields v € A* and
a € A such that w = va. Clearly, we have |v| < |w| and we get S(v) € F < #r(v) is even
by induction. Note that this implies 3(v) € F < #p(v) is odd. There are two cases. First,
assume that (8(v),a) is F-alternating. Since w = va, it follows that S(w) € F & B(v) € F
and #p(w) = #r(v) +1 (i.e., #r(w) is even & #p(v) is odd). Combining the equivalences,

we get B(w) € F < #p(w) is even, as desired. Assume now that (5(v), a) is not F-alternating.

Since w = va, it follows that S(w) € F < S(v) € F and #p(w) = #r(v) (i.e., #p(w) is
even < #r(v) is even). Again, we may combine the equivalences to get S(w) € F < #p(w)
is even, as desired. This concludes the proof. |

It remains to prove that « is an f-synchronizer. There are two conditions to verify. We
first present preliminary results that will be useful in both arguments. In particular, we
describe the sets F' C H for which we shall consider F-alternating pairs.

Preliminary results. For every ¢ € Q, we define a set L(q) C A*. Given v € A*, we
let v € L(q) if and only if there exists ¢’ € @ such that ¢,¢’ are strongly connected and

(¢,v,q") € [0]%. The next key lemma follows from the fact that 8 is an (¢ — 1)-synchronizer.
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» Lemma 16. Let s,t € Q and w € A* such that d(s,w,t) < £ —1. The following holds:
1. for every v € L(s) such that f(w) = B(v), we have (s,v,t) € [0]%.
2. for every v € L(t) such that B(w) = (B(v)) !, we have (s,v™1,t) € |§]%.

Proof. Since both assertions can be proved similarly, we only prove the first (a pr
the second one is available in Appendix A). Consider v € L(s) such that S(w) = (v
definition, we have s’ € @ such that s,s’ are strongly connected and (s,v,s’) € [J]Z.

Fact 7, we have (s',v7!,s) € [§]f. Lemma 8 yields # € A* such that (s/,z,s) € ¢* and
B(z) = B(v™1). Since d(s,w,t) < £ —1 and s, s are strongly connected, it follows that
d(s',zw,t) < £ — 1. Moreover, since S(w) = B(v) and f(z) = B(v™!), we have f(zw) = 15.
Altogether, since 8 is an (¢ — 1)-synchronizer, we get (s',¢,t) € |§]%. Since (s,v,s’) € |§]%,

it follows that (s,v,t) € |d]% as desired. <

)

roof of
)

Let ¢ € Q and (h,a) € H x A. We say that (h,a) stabilizes q if there exist w € A* and
s € @ such that d(g,w, s) = 0 and #j, 4(w) > 1. The next lemma follows from Lemma 16.

» Lemma 17. Let g € Q and (h,a) € H x A which stabilizes q. The following holds:
for every v € L(q) such that B(v) = h, we have va € L(q).
for every v € L(q) such that 3(v) = hf3(a), we have va~! € L(q).

Proof. By hypothesis, we have w € A* and s € ) such that d(q,w,s) =0 and #p, o(w) > 1.
The latter yields z,y € A* such that w = zay and f(z) = h. Hence, since d(g,w,s) = 0,
Fact 10 yields ¢/, ¢” € @ such that d(q,z,¢') = d(¢’,a,q") = d(q",y,s) =0 < £ —1.

Let v € L(q) such that S(v) = h = B(x). Since d(¢,z,q’) = 0, Lemma 16 yields
(¢,v,q') € |6]%. Since (¢',a,q") € &, we get (g,va,q") € |§]%. This yields va € L(q) since
q,q" are strongly connected. We now consider v € L(q) such that S(v) = hf(a) = B(za).
Since d(q, za,q") = 0, Lemma 16 yields (¢, v,q”) € [J]%. Moreover, since (¢’,a,q"”) € § and
q',q" are strongly connected, we have (¢”,a~',q’) € |§] by definition. Therefore, we have
(q,va=t,q') € |§]%. Since q,q" are strongly connected , this yields va=t € L(q) as desired. <

We may now present the sets F' C H to which we shall apply Lemma 15. For every
S C @, we associate a set Fig C H. We define,

Fs={Bw) [ve LW}

qeSs

A simple yet crucial observation is that for every S C @, we have 1y € Fs. Indeed, € € L(q)
for every ¢ € Q since (g,¢,q) € [6]*. This property means that we can apply Lemma 15 for
the sets Fs. Finally, we have the following corollary of Lemma 17.

» Corollary 18. Let S C @ and (h,a) € H x A which is Fg-alternating. There exists ¢ € S
such that (h,a) does not stabilize q.

Proof. We proceed by contradiction. Assume that (h,a) stabilizes g for every ¢ € S. We
show that h € Fg < hf(a) € Fg, contradicting the hypothesis that (h,a) is Fs-alternating.
Assume first that h € Fs. By definition, this yields v € () . L(g) such that S(v) = h. Since
(h, a) stabilizes ¢ for every g € S, the first assertion in Lemma 17 yields va € mqu L(g). Thus,
hf(a) € Fg. Conversely assume that h3(a) € Fg. By definition, this yields v € A* such that
v’ € L(q) and B(v") = hB(a). Since (h,a) stabilizes ¢ for every g € S, the second assertion in
Lemma 17 yields v'a™" € () ¢g L(g). Thus, h € Fs which concludes the proof. <
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First condition. Let ¢,r € Q and w € A* with d(q, w,r) < ¢ and a(w) = 1¢. We show that
(g,e,7) € |0]%. By definition of a, have S(w) = 1. Hence, since 8 is a (¢ — 1)-synchronizer,
the result is immediate when d(q,w,r) < ¢ — 1. Thus, we assume that d(q, w,r) = ¢.

Since ¢ > 1, w must be nonempty. Let a1,...,a, € A such that w = a1 - - - a,. By Fact 10,
we have qg, ..., q, € @ such that ¢o = ¢, ¢, = r and Zlgkgn d(gr—1,ak, qx) = d(g,w,r) = L.
Hence, there are exactly ¢ indices k < n such that (qx—1,ax,qx) € 0 is a frontier transition.
For every 0 < k <mn, we let z, = a; -+ - ay and yi = agy1 - - an (we let 29 = y, = €). Clearly,
w = zRyr. We let hy = f(xy) for every k < n. Since S(w) = 1, we also have B(yx) = h,;l.

We let ¢ < n be the least index such that (¢;—1,a;, g;) is a frontier transition. Symmet-
rically, we let j < n be the greatest index such that (g;_1,a;,¢;) is a frontier transition.
Clearly, 1 <i < j <n (we have ¢ = j when £ = 1). By definition, we have the following fact.

» Fact 19. Let k <n. Ifi <k, then d(qr,yx,7) <L —1. If k < j, then d(q, xg, qr) < £ — 1.
We use the hypothesis that a(w) = 1¢ and a case analysis to prove the following lemma.

» Lemma 20. One of the three following properties holds:
1. there exists k such that i <k < j and hy € Fy,y, o,
2. hi—1 € Fiqry and (hi—1,a;) stabilizes r, or,

3. hj € Fyyry and (hj_1,a;) stabilizes q.

Proof. We start with a preliminary definition. Since w = z;y; and a(w) = 1g, we know
that a(z;) = a(y;l). Moreover, (gj,y;j,r) € 0* which yields (r, y;17qj) € |0]* since
gj,r are strongly connected by definition of j. Thus, Lemma 6 yields z € A* such that
a(z) = a(y{l) = a(z;) and (r,z,q;) € 6*. For every (h,a) € H x A, we have the following
two properties:

By definition of ¢, d(q, x;—1,¢i—1) = 0. Thus, if #p, o(2;—1) > 1, then (h, a) stabilizes q.

By definition of j, d(r, 2z, ¢q;) = 0. Thus, if # (z) > 1, then (h, a) stabilizes r.
We shall use these two properties and their contrapositives repeatedly in the proof. We
consider two cases depending on whether x; is F, .,-safe.
First case: x; is Fiq,y-safe. Lemma 15, yields h; = B(x;) € Fyq . Thus, if i < j, Assertion 1
in the lemma holds for k = 4. We now assume that i = j. Let (h,a) = (hi—1,a;) = (hj—1, a;).
The argument differs depending on whether #j, o (z;—1) > 1 or not. If #, o(z;—1) > 1, then
(h,a) = (hj_1,a;) stabilizes q. Hence, Assertion 3 in the lemma holds since h; = h; € Fyq ).
Otherwise, #j,q(x;—1) = 0. Since x; = z;_1a; and (h,a) = (h;—1,0q;), it follows that
#n,a(x;) = 1. In particular, #4 ,(2;) is odd and since z; is Fy4 .y-safe, it follows that (h,a)
is not Fy, y-alternating. Hence, since hf3(a) = h; € Fyq ), we also have h;_1 = h € Fig,y.
Finally, since z; = xj, we have a(x;) = a(z;) = a(z). Thus, since #pq(x;) = 1, we
know that #j, 4(2) is odd by definition of «. In particular, #j 4(z) > 1 which implies that
(hi—1,a;) = (h,a) stabilizes r. Since h;_1 € Fy4 1, we conclude that Assertion 2 holds.

Second case: x; is not Fyq, -safe. The argument differs depending on whether z;_; is
Fyq.ry-safe or not. Assume first that z; 1 is Fy, . -safe. By Lemma 15, we have h; ; =
B(xi—1) € Figry. Thus, if there exists k such that i <k < j and hy = h;_1, Assertion 1
in the lemma holds. Otherwise, we have #n, ,.4,(%;) = #n, ,.qa;(z;). By hypothesis,
Ty = x;_10; is not Fy, y-safe while x;_ is Fyg y-safe. Thus, (hi_1,a;) is Fiqry-alternating
and #n, ,.a; (Ti) = #Fhi_1,0:(x;) 18 odd. Since a(z) = a(z;), it follows that #p,, , 4, (%) is odd
as well by definition of a. Thus, #p, , ;(z) > 1 which implies that (h;_1,a;) stabilizes r.
Since h;—1 € Fyqr}, Assertion 2 in the lemma holds.

Finally, assume that x;_; is not Fy, y-safe: we have (h,a) which is F, ,y-alternating
and such that #p, o(2;—1) is odd. Observe that since x; = x;_1a; is not Fy, ,.)-safe as well,
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we may choose (h,a) so that (h,a) # (h;—1,a;). Thus, #p4(x;) is odd as well. Since
#n,a(xi—1) > 1, we know that (h,a) stabilizes g. By Corollary 18 it follows that (h,a) does
not stabilize r. This implies #, (2) = 0 and since a(z) = a(x;), it follows that #p 4(z;) is
even. Since #j, 4(x;) is odd, this yields k such that i < k < j and (hy,ag41) = (h,a). Since
(h,a) is Fyqy-alternating either hy € Fyqy or hpyr = hpf(ags1) € Figry- If hp € Figry,
Assertion 1 in the lemma holds. If hxy1 € Fy y, then either i < k < j—1 and Assertion 1 in
the lemma holds, or k = j — 1 which means that h; = hxy1 € Fiq,y and (hj_1,a;) = (h,a)
which stabilizes ¢: Assertion 2 in the lemma holds. |

By Lemma 20, there are three cases. First assume that we have k such that : < k < j
and hy € Fiq 3. The definition of Fy,,y yields v € L(q) N L(r) such that 3(v) = hy. Fact 19
yields d(q, x, qr) < £ — 1. Thus, since v € L(q) and S(zx) = hy = S(v), Lemma 16 yields
(¢,v,qr) € |0]%. Symmetrically, Fact 19 yields d(qx,yx,r) < £ — 1. Thus, since v € L(r)
and B(yx) = byt = (B(v))~! Lemma 16 yields (gy,v~',7) € |§]5. Altogether, we obtain
(g,ov=1,7) € |3]%. Since vo~t 5 ¢, we get (¢,¢,7) € |8 by Fact 7, concluding this case.

In the second case, h;—1 € F,} and (hi—1,a;) stabilizes r. By definition of Fyq,ry, there
exists v € L(q) N L(r) such that S(v) = h;—;. We have d(q,2;-1,¢;—1) = 0 by definition of 1.
Thus, since v € L(q) and f(z;—1) = B(v), Lemma 16 yields (¢, v,q;—1) € |§]%. Moreover, since
(hi—1,a;) stabilizes r, v € L(r) and B(v) = h;_1, Lemma 17 implies that va; € L(r). Fact 19
yields d(gi, yi,r) < £ — 1. Thus, since va; € F(r) and S(y;) = h; ' = (B(va;)) ™", Lemma 16
yvields (g;, (va;)~t,7) € |5]%. Hence, since (¢;—1,4a:,q;) € 5, we get (q,va;(va;)~1,r) € [§]%.
Since va;(va;) =t 5 ¢, it follows that (¢,e,7) € |6]. by Fact 7, concluding this case.

In the last case, h; € Fyq ) and (hj—1,a;) stabilizes g. By definition of Fy, -y, there exists
v € L(g)NL(r) such that 5(v) = h;. We have d(g;,y;,7) = 0 by definition of j. Consequently,
since v € F(r) and B(y;) = hj_1 = (B(v))~!, Lemma 16 yields (gj,v~',r) € [§]Z. Moreover,
we know that (h;_1,a;) stabilizes ¢, v € L(g) and §(v) = h; = h;j_16(a;). Thus, Lemma 17
yields vaj_l € L(q). We have d(q,z;-1,¢;—1) < £—1 by Fact 19. Thus, since vaj_l € L(q) and
B(zj—1) =hj_1 = B(vaj_l), Lemma 16 yields (q,vaj_l,qj_ﬂ € |d]. Since (gj-1,a4,¢;) € 9,
we obtain (g, va;lajv’l,r) € |0]%. Finally, since va;lajftf1 5 ¢, we obtain from Fact 7
that (¢,e,7) € [0]c as desired. This concludes the proof for the first condition.

Second condition. Consider ¢1,...,qk,71,-..,7x € @ and wy,...,wr € A* such that
Siend(qi,wiyr) < £ —1 and a(w;) = -+ = a(wy). We need to exhibit u € A* such that
(gi,u,7;) € |8 for every i < k. By definition of a, we have f(w;) = --- = f(wy). Let
S={q,...,qr}. There are two cases depending on whether w; is Fg-safe.

Assume first that wy is Fg-safe. By Lemma 15, it follows that S(w;) € Fs. We get u € A*
such that v € (), L(¢;) and f(u) = B(w1) = --- = B(wy). Thus, since d(g;, w;,r;) <€ —1
by hypothesis, Lemma 16 yields (g;,u,;) € [§]* for every i < k, concluding this case.

Assume now that wq is not Fg-safe: we have an Fg-alternating pair (h, a) such #p, o (w1)
is odd. Since a(wy) = -+ - = a(wy), we know that #j, ,(w;) is odd for every i < k. Therefore,
#no(w;) > 1: we have z;,y; € A* such that w; = x;ay; and B(x;) = h. Fact 10 yields
si,t; € @ such that d(q;,x;,s;) + d(ss,a,t;) + d(ti,yi,7m) = d(gi,w;,r;). In particular,
we have d(t;,y;,7;) < d(q;, w;, ;) for every i < k. Moreover, (h,a) is Fg-alternating and
S ={aq1,...,qx}. Hence, Corollary 18 yields j < k such that (h, a) does not stabilize ¢;. Since
#n.o(zja) > 1, this implies d(g;, z;a;,t;) > 1. Consequently, we have the strict inequality
d(tj,y;,rj) < d(gj,wj,rj). Altogether, we obtain Y, d(ti, yi,ri) < Y ;<p d(qi,wi, ;). By
hypothesis, this implies that >, d(t;, yi,7:) < (£ — 1) — 1. Moreover, B(w;) = - - - = B(wg),
B(x1a) = - - = B(zka) = hB(a) and H is a group. Hence, we have B(y1) = --- = B(yx) and
since (3 is a (¢ — 1)-synchronizer, we obtain z € A* such that (t;, z,7;) € |§]* for every i < k.
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We now consider two subcases. Since (h, a) is Fg-alternating, either h € Fs or hf(a) € Fs.
Assume first that h € Fs. We get v € (), L(¢;) such that S(v) = h = B(z1) = --- = B(xn).
Since d(q;, x;, ;) < d(qi, wi, ;) < € — 1, Lemma 16 yields (g;, v, s;) € [6]% for every i < k.

Moreover, we have (s;,a,t;) € §. Altogether, it follows that (g;,vaz,r;) € |§]* for every
i < k. This concludes the first subcase. Finally, assume that h3(a) € Fs. This yields
v" € ;< L(g;) such that B(v") = hf(a) = B(z1a) = --- = B(xpa). Since d(g;, xia;,t;) <
d(qi,ws, ;) < £ — 1, Lemma 16 yields (g;,v',t;) € |]* for every i < k. Altogether, it follows
that (g;,v'z,r;) € |§]% for every ¢ < k. This concludes the proof of Proposition 12.

4 Covering and separation for alphabet modulo testable languages

We prove that covering is decidable for AMT as well. Let us point out that this can be
obtained from an algebraic theorem of Delgado [3]. Yet, this approach is indirect: Delgado’s
results are purely algebraic and do not mention separation. Formulating them would require
a lot of groundwork. We use a direct approach based on standard arithmetical and automata
theoretic arguments. As for GR, the procedure is based on a theorem characterizing the finite
sets of regular languages which are AMT-coverable. We reuse the construction A +— |[A]
defined in Section 2. We start with terminology that we need to formulate the result.

Let n = |A|. We fix an arbitrary linear order A and let A = {a1,...,a,}. We use this
order to define a map ¢ : A* — Z" (where Z is the set of integers). Given, w € A*, we define,

C(w) = (Jwla, — |w|a1_1, s [wla, = wl,-1) €27

For a language L C A* over A, we shall consider the direct image ¢(L) = {¢(w) | w € L} C Z™.
We may now present the characterization theorem.

» Theorem 21. Let k> 1 and k NFAs Aq,..., Ax. The following conditions are equivalent:
1. The set {L(A1), -+, L(Ag)} is AMT-coverable.
2. We have ;< C(L(|A:])) = 0.

We first explain why Theorem 21 implies the decidability of AMT-covering. This follows
from standard results and the decidability of Presburger arithmetic. Let us present a sketch.
The definition of the map ¢ : A* — Z" is a variation on a standard notion. Given a word
w e A*, its Parikh image (also called commutative image) is defined as the following vector,

m(w) = (|wlayy -, |w

QAn

W, 1) € NPT,

Clearly, 7(w) determines ¢(w) and for every L C A*, w(L) C N?* determines (L) C Z".
Consider k NFAs Ay, ..., Ai. We know that |A;| can be computed from A; in polynomial
time for every ¢ < k. Moreover, it is known [5] that an ezistential Presburger formula ¢;
describing the set w(L(|.A;])) € N?" can be computed from A; in polynomial time. It is then
straightforward to combine the formulas ¢; into a single ezistential Presburger sentence which
is equivalent to ();., C((L([A;:])) # 0. Finally, it is known [23] that the existential fragment of
Presburger arithmetic can be decided in NP. Hence, deciding whether (), ., C(L(|A;])) # 0
can be achieved in NP. It then follows from Theorem 21 that AMT-covering (and therefore
AMT-separation as well) can be decided in co-NP. It turns out that this complexity upper
bound is optimal: AMT-covering and AMT-separation are both co-NP-complete (we present
a simple proof for the lower bound in Appendix B using a reduction from 3-SAT).

We prove the implication 2) = 1) in Theorem 21. The converse is shown in Appendix B
(the proof is similar to what we did for GR in Section 3). We use standard arithmetical
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tools. We consider the componentwise addition on Z™. Moreover, we abuse terminology and
write “0” for the neutral element (i.e., the vector whose entries are all equal to zero). Given
a single vector ¥ € Z™ and a finite set of vectors V = {o7,...,0} C Z", we write,

Lo, V)={v+ ko1 + -+ keUg | k1,..., ke €Z} CZ".

The sets £(v,V) are called the linear subsets of Z". Finally, the semi-linear subsets of Z"
are the finite unions of linear sets (note that this includes (J, which is the empty union). We
need two results about these sets. The first one is a variation on Parikh’s theorem (which
states that the Parikh images of regular languages are semi-linear subsets of N™). Yet, it is
specific to the automata built with A — |A]. The proof is presented in Appendix B.

» Lemma 22. Let A be a NFA. Then, ((L(|.A])) is a semi-linear subset of Z™.

The second result is more general. We prove it in Appendix B as a corollary of a standard
theorem concerning the bases of subgroups of free commutative groups (i.e., the groups Z").
See [7, Theorem 1.6] for example. The statement is as follows.

» Proposition 23. Let n > 1 and S a semi-linear subset of Z™. Assume that for every d > 1,
there exists u € Z™ such that du € S. Then, 0 € S.

Proof of 2) = 1) in Theorem 21. We actually prove the contrapositive. More precisely, we
Assume that {L(A1), -, L(Ag)} is not AMT-coverable and prove that (), ((L([Ai])) # 0.
First, we use our hypothesis to prove the following lemma.

» Lemma 24. For every d > 1, there exist T,91,...,Jr € Z™ such that T + dy; € ((L(|A;]))
for every i <k.

Proof. Given two words w,w’ € A*, we write w ~4 w’ if and only if |w|, = |w'|, mod d for
every a € A. Clearly, ~4 is an equivalence of finite index on A* and one may verify that every
~g-class belongs to AMT. Hence, the partition K of A* into ~g-classes is an AMT-cover
of A*. Therefore, since {L(A4), -+, L(Ay)} is not AMT-coverable, there exists a ~4-class
which intersects all languages L(A;) for i < k. We get wy € L(Aq),...,w; € L(Ag) such
that wy ~g -+ ~q wy,. Let T = {(w1) € N”. Counsider ¢ < k. Since w; ~4 wy, one may verify
that there exists g; € Z™ such that ((w;) = T + dg;. Finally, since w; € L(A;) C L([A;]), we
have {(w;) € ((L(|.A:])) which concludes the proof. <

By Lemma 22, the sets ((L(|A;])) C Z" are semi-linear for all i < k. We use them to
build a semi-linear subset of Z*". We use vector concatenation: given i,j > 1, # € Z* and
y € Z7, we write T -y € Z'J for the vector obtained by concatenating Z with 7. We define,

S ={u---u; + 7" | @ € C(L(|Ai])) for every i < k and T € Z"} C ZF".

Since the sets ((L(|.A;])) € Z" are semi-linear, one may verify that S C Z*" is semi-linear
as well. Lemma 24 implies that for every d > 1, there exist Z,y71,...,5x € Z™ such that
T+dy; € C(L(|A;i])) for all i < k. By definition of S, this implies d(77 - - - 7x) € S. Altogether,
it follows that for all d > 1, there exists 7 € Z*™ such that dj € S. Since S is semi-linear, this
yields 0 € S by Proposition 23. By definition of S, we get Z € Z™ such that Z € ((L(|A;]))
for every i < k. Thus, (1,2, C(L([A:])) # @ which completes the proof. <
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5 Covering and separation for modulo languages

Getting a “naive” direct algorithm for MOD-covering is fairly straightforward. Here, we
prove that MOD-covering reduces to both GR-covering and AMT-covering (in logarithmic
space). This approach provides much better complexity upper bounds than the naive one.

The reduction is based on a simple construction which takes a language L C A* as input
and builds a new one over a unary alphabet (i.e., which contains a unique letter). We let
U = {38} and write v : A* — U* for the morphism defined by v(a) = $ for every a € A. Given
a regular language L C A*, is standard that v(L) C U* is also regular. Moreover, given an
NFA A recognizing L as input, one may compute an NFA recognizing v(L) in logarithmic
space (this amounts to relabeling every transition with “$”).

» Theorem 25. Let k> 1 and Lq,..., Ly C A*. The following conditions are equivalent:
1. The set {L1,---, Ly} is MOD-coverable.

2. The set {v(Ly), - ,v(Lk)} is AMT-coverable.

3. The set {v(Ly), - ,v(Lk)} is GR-coverable.

In view of Theorem 25, we have a logarithmic space reduction from MOD-covering to
AMT-covering. By the results of Section 4, this implies that MOD-covering is decidable and
in co-NP. Moreover, Theorem 25 also provides a logarithmic space reduction from MOD-
separation to GR-separation. By the results of Section 3, it follows that MOD-separation is
decidable and in P. We prove in Appendix C that MOD-separation is in NL (this is based
on a simple analysis of the GR-separation procedure for unary alphabets). This implies that
MOD-separation is NL-complete as NL is a generic lower bound for separation. There exists
a reduction from NFA emptiness (which is NL-complete) to C-separation for an arbitrary
Boolean algebra C: given an NFA A, L(A) = 0 if and only if L(A) is C-separable from A*.

Proof of Theorem 25. We prove that 1) = 2) = 3) = 1). Let us start with 1) = 2).
Assume that {Lq,- -, Ly} is MOD-coverable: there exists a MOD-cover K of A* such that for
every K € K, there exists i < k satisfying KNL; = (). Consider the set H = {v(K) | K € K}.
Since K is a cover of A* and v is surjective, H must be a cover of U*. It is also simple to
verify that every H € H belongs to MOD since this is the case for every K € K. Hence,
since MOD C AMT, we obtain that H is an AMT-cover of U*. It remains to verify for
every H € H, there exists ¢ < k such that H Nv(L;) = 0. We fix H € H for the proof.
By definition, H = v(K) for some K € K. By hypothesis on K, we get i < k such that
KnNL;=0. We show that H Nv(L;) = . By contradiction, assume that there exists
uw € HNu(L;) =0. Since H = v(K), we get w € K and w’ € L; such that v(w) = v(w') = u.
By definition of v, this implies |w| = |w’| = |u|. Since w € K and K € MOD, one may verify
that this implies w’ € K. Thus, w’ € K N L;, contradicting the hypothesis that K N L; = 0.

The implication 2) = 3) is trivial since AMT C GR. Hence, it remains to show that
3) = 1). Assume that {v(Lq1),---,v(Lg)} is GR-coverable. This yields a GR-cover H
of U* such that for every H € H, there exists i < k satisfying H Nv(L;) = . We let
K = {v=}(H) | H € H}. By definition of H, one may verify that K is a cover of A* and
that for every K € K, there exist ¢ < k such that K N L; = (). We show that K is actually a
MOD-cover, which implies, as desired, that {L1,--, Ly} is MOD-coverable. Given H € H,
we have to verify that v=1(H) € MOD. By hypothesis, we have H € GR. Therefore, there
exists a morphism « : U* — @ into a finite group G recognizing H. Hence, v !(H) is
recognized by the morphism aov : A* — G. By definition of v, it is immediate that
a(v(a)) = a(v(b)) for every a,b € A. This yields v=*(H) € MOD by Lemma 3, concluding
the proof. <
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6

Conclusion

We proved simple separation and covering algorithms for the classes GR, AMT and MOD

using only standard notions from automata theory. For GR and AMT, the algorithms are

based on the automata-theoretic construction “A — |A]”. In particular, the statements

behind the two algorithms (i.e., Theorem 9 and Theorem 21) are quite similar. Hence, a

natural question is whether their proofs can be unified (as of now, they are independent).
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A Appendix: Group languages

This appendix presents the missing proofs in Section 3. We also present a proof that
GR-separation is P-hard.

A.1 Missing proofs

We first present the proof of Fact 7. Let us recall the statement.

» Fact 7. Let A = (Q, I, F,8) be an NFA. Let ¢, € Q and w € A* such that (¢, w,r) € [5]?.
If w e Le, then (q,e,7) € |8].. Also, if q,r are strongly connected, then (r,w=1,q) € [5]%.

Proof. Since (q,w,r) € [d]%, one may verify from the definition of |d]. that there exist
U, ..., u, € A* and vy,...,v, € L. such that w = ug---u, and (q,z,r) € |§]* where
T = ugUiuy---Vpl,. We may now prove the fact. Assume first that w € L.. Since
V1,...,0n € L., we have v; — ¢ for every i < n. Hence, z = w and since w € L., we
get © = e. Thus, since (q,z,7) € [0]*, we get (¢,e,7) € |§]. by definition. Assume now
that q,r are strongly connected. Since (q,x,r) € |§]*, this implies (r,z71,q) € [6]* by
definition of |§]. Moreover, 27! = uy vyt -+ uy 'y tug ! and since v; = ¢ for every i < n,
we also have vi_l % ¢ for every i < n. Thus, since (r,z~ ', q) € |6]*, it is immediate
that (r,u;'---uy',q) € [d]F by definition of |§].. Since u;'---uy' = w™! (recall that
W =g - Uy), this concludes the proof <

We turn to Lemma 8. The statement is as follows.

» Lemma 8. Let A =(Q, I, F,0) be an NFA and let o : A* — G be a morphism into a finite
group. For every ¢, € Q and w € A* such that (q,w,r) € [5]|*, there exists w' € A* such
that (g, w’,r) € §* and a(w) = a(w’).

Proof. Since (¢, w,r) € [4]%, one may verify from the definition of |§]. that there exist

e

Ugy - Uy € A* and vy,...,v, € L. such that w = ug---u, and (¢, z,r) € |§]* where
T = ugv1uy - - Vplt,. By Lemma 6, there exists w’ € A* such that (¢, w’,r) € §* and
a(z) = a(w’). Moreover, since vy, ...,v, € L., we have v; - ¢ for every i < n. Clearly, this
implies a(v;) = 1 for every i < n. Therefore, a(w) = a(z) = a(w’) which concludes the
proof. <

Finally, we complete the proof of Lemma 16.

» Lemma 16. Let s,t € Q and w € A* such that d(s,w,t) < £ —1. The following holds:
1. for every v € L(s) such that f(w) = B(v), we have (s,v,t) € [0]%.
2. for every v € L(t) such that B(w) = (B(v)) ™, we have (s,v~1,t) € |§]%.

g

Proof. First, consider v € L(s) such that S(w) = f(v). By definition, we have s’ € @ such
that s, s’ are strongly connected and (s,v,s’) € [§]*. By Fact 7, we have (s',v71,s) € |§]*.
Lemma 8 yields # € A* such that (s',z,s) € §* and 8(z) = B(v™1). Since d(s,w,t) < {—1 and
s', s are strongly connected, it follows that d(s’, zw,t) < £ — 1. Moreover, since S(w) = 5(v)
and B(x) = B(v™!), we have B(zw) = 1. Altogether, since 3 is an (£ — 1)-synchronizer, we
get (¢',e,t) € |d]%. Since (s,v,s") € [0]%, it follows that (s,v,t) € |0]% as desired.

We now consider v € L(t) such that f(w) = (B(v))~!. By definition, we have ¢’ € Q
such that t,¢' are strongly connected and (¢,v,t') € [§]%. Lemma 8 yields y € A* such
that (¢,y,t') € 6* and B(y) = B(v). Since d(s,w,t) < £ —1 and ¢,t' are strongly connected,
it follows that d(s,wy,t) < £ — 1. Moreover, since S(w) = (B(v))~! and B(y) = B(v), we
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have f(wy) = 1g. Altogether, since § is an (¢ — 1)-synchronizer, we get (s,e,t’) € |]%.
Finally, since (t,v,t') € [§|Z and ¢,t' are strongly connected, Fact 7 yields (¢,v=1,t) € [§]Z.

€

Altogether, we get (s,v™1,t) € [6]F as desired. <

A.2 Complexity of GR-separation

We prove that GR-separation is P-complete. We already presented the upper bound in the
main text: GR-separation is in P. Here, we concentrate on the lower bound: we show that the
problem is P-hard. In fact, we show this lower bound for the special case of GR-separation
when one of the two inputs is the singleton {e}.

We present a logarithmic space reduction from the Circuit Value problem. We use
the variant in which all gates are either a disjunction (V) or a conjunction (A), which is
P-complete [4]. A Boolean circuit is a finite directed acyclic graph such that:

There are arbitrarily many input vertices with no incoming edge. There must all be

labeled by truth value (0 for false, 1 for true).

The other vertices have exactly two incoming edges. They are called gates and are labeled

by a logical connective: “V” or “A”. They may have arbitrarily many outgoing edges.

There is a single gate with no outgoing edge. It is called the output vertex.

We present an Example of Boolean circuit in Figure 2 below:

Figure 2 An example of Boolean circuit which evaluates to 0.

Clearly, a Boolean circuit computes a truth value for each gate. The decision problem
takes as input a Boolean circuit C' and asks whether the logical value computed by the output
vertex is true. We present a logarithmic space reduction from this problem to non-separability
by GR. More precisely, given as input a Boolean circuit C, we construct an NFA A¢s such
that C' evaluates to true if and only if {¢} is not GR~separable from L(A¢). This implies

that GR-separation is P-hard, as desired. Note that we only present the construction of A¢.

That it can be implemented in logarithmic space is straightforward and left to the reader.

We fix the Boolean circuit C for the construction and describe the NFA Ax = (Q, I, F, 9).

We let n be the number of vertices in C' and {v1,...,v,} be the set of all these vertices,
with v, as the output vertex. The NFA A uses an alphabet A = {aq,...,a,} of size n. For
each i < n, the set of states () contains three states ¢;,r; and s; associated to the vertex v;
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(note that while g; and r; are always used, s; is only used when v; is a gate labeled by “A”).
Moreover, we also associate several transitions in § connecting these three states to those
associated to other vertices. There are several cases depending on v;.

First, we consider the case when v; is an input vertex. If v; is labeled by “0” (false), we
add the following states and transition to Ac¢:

@——()

Ifv; is labeled by “1”. In that case, we add the following states and transitions to A¢:
Q;

o-b

We now consider the case when v; is a gate. Let j,k < n be the two indices such that
there are edges from v; to v; and from vy, to v; in C. If v; is labeled by “V”, we add the

following states and transitions to A¢:
a;
;

Finally, when v; is labeled by “A”, we add the following states and transitions to A¢:

a;

O——® OO

Recall that v, is the output vertex of C. We let Ac = (Q, {¢n}, {rn},d). One may now
verify from the definition that the output vertex of C evaluates to 1 if and only if {e} is not
GR-separable from L(A¢). Let us point out that the proof argument should not consider
GR-separation directly: we use Theorem 9 instead. Indeed, Theorem 9 implies that {e} is
not GR-separable from L(A¢) if and only if € € L(|Ac].). It is straightforward to verify
that the latter property is equivalent to the the output vertex of C evaluating to 1. This
completes the presentation of our reduction.

B Appendix: Alphabet modulo testable languages

This appendix is devoted to the alphabet modulo testable languages. We first provide a
proof for Lemma 4. Then we turn to the missing parts in the proof of followed by the proof
of Theorem 21 (which we partially presented in the main text. Finally, we prove that both
AMT-separation and AMT-covering are co-NP-complete.

B.1 Proof of Lemma 4

For the proof, we shall need an equivalence on A* that we already encountered in the proof
of Lemma 24. We first recall it and prove the correspondence with AMT properly. For every
number d > 1, we associate an equivalence ~4 over A* and use it to characterize the languages
in AMT. Let d > 1 and w,w’ € A*, we write w ~g w’ if and only if |w|, = |w’|, mod d for
every a € A. It is immediate from the definition that ~4 is an equivalent of finite index. We
have the following lemma.
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» Lemma 26. For every language L C A*, we have L € AMT if and only if there exists
d > 1 such that L is a union of ~g4-classes.

Proof. Assume first that L € AMT. By definition, L is built from finitely many languages
Lg, (with a € A and ¢,r € N such that r < ¢) using only unions and intersections. Let
d be the least common multiplier of all numbers ¢ > 1 used in these languages. We show
that L is a union of ~g4-classes. Given w,w’ € A* such that w ~4 w’, we have to show that
w € L < w' € L. By hypothesis, it suffices to show that each language L ,. in the definition
of L satisfies w € L], <> w' € Ly .. Since d is a multiple of ¢ (by choice of d), the hypothesis
that w ~g w' yields |w|, = [w'[, mod ¢. Hence, since Lj , = {w € A* | |w|, = mod q} by
definition, we have w € L, < w’ € L], as desired.

Conversely, assume that L is a union of ~g4-classes for some d > 1 and show that L € AMT.
Since ~4 has finite index and AMT is closed under union, it suffices to show that every
~g-class belongs to AMT. Let w € A* and consider its ~4-class. For every a € A, let r, < d
by the remainder of the Euclidean division of |w|, by d. By definition, for every w’ € A*, we
have w' ~4 w if and only if |w'|, = r, mod d for every a € A. It follows that the ~g4-class of

w is the language (¢ 4 L§,, which belongs to AMT by definition. <

We turn to Lemma 4 itself. Let us first recall the statement.

» Lemma 4. Let L C A*. Then, L € AMT if and only if L is recognized by a morphism
a: A* — G into a finite commutative group G.

Proof. Assume first that L € MOD. We show that L is recognized by a morphism « : A* — G
into a finite commutative group G. By definition of MOD, it suffices to prove that this

property is true for all basic languages Lg ,. and that it is preserved by union and intersection.

We first look at the language Ly, = {w € A* | |w|, = r mod ¢} for a € A and ¢, € N
such that r < ¢q. Clearly, Lg . is recognized by the morphism a : A* — Z/qZ defined
by a(a) = 1 and «a(b) = 0 for b € A\ {a} (where Z/qZ = {0,...,q — 1} is the standard
cyclic group): we have Lg . = a~t(r). Now, let L, Ly C A* such that for i = 1,2, L;
is recognized by a morphism «; : A* — G; into a finite commutative group G; such that
ai(a) = a;(b) for all a,b € A. Clearly, L1 U Ly and L; N Ly are both recognized by the
morphism « : A* — G7 — G2 (where G; X G2 is the commutative group equipped with the
componentwise multiplication). This completes the proof for this direction.

Conversely, assume that L is recognized by a morphism « : A* — G into a finite
commutative group G. We show that L € AMT. Since G is a finite group, it is standard
that there exists a number ¢ > 1 such that g? = 1¢ for every g € G. We use ¢ to define an
equivalence ~, over A*. We prove that L is a union of ~4-classes which yields L € AMT
by Lemma 26. Let u,v € A*. We show that u € L < v € L. Since L is recognized by «
it suffices to show that a(u) = a(v). We write A = {a1,...,a,}. As G is commutative,
reorganizing the letters in u and v does not change their image under . Thus, we have,

alu) = oz(allu‘“1 . ~a|#‘”") and alv) = oz(allvla1 . -alfla").
Moreover, since u ~4 v, we have |ul,, = |v]q, mod ¢ for every i < n. We get r; < ¢ and

hi, k; € N such that |ul,, = 7; + h; X g and |v|,, = r; + k; x d. Therefore, since g¢ = 1¢ for
every g € G, we obtain that for every ¢ < n,

Altogether, it follows that a(u) = a(v) = a(a]' - - - alr), which concludes the proof. <
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B.2 Proof of Theorem 21

Recall that we write n = |A|. Moreover, an arbitrary linear order on A is fixed and we write
A ={ay,...,a,}. We used this linear order to define the map ¢ : A* — Z". Let us now
recall the statement of Theorem 21.

» Theorem 21. Let k > 1 and k NFAs Ay, ..., Ax. The following conditions are equivalent:
1. The set {L(A1), -+, L(Ag)} is AMT-coverable.
2. We have ;< C(L([A:])) = 0.

We already proved the implication 2) = 1) in the main text. Yet, we still need to provide
proofs for Lemma 22 and Proposition 23. We start with the former.

» Lemma 22. Let A be a NFA. Then, ((L(|A])) is a semi-linear subset of Z™.

Proof. The argument is based on standard ideas which are typically used to prove the
automata variant of Parikh’s theorem. However, let us point out that we do require a specific
property of the automaton |A]| at some point (the lemma is not true for an arbitrary NFA
over the extended alphabet fl) For all ¢ € @, we associate a finite set V; C Z™. We define,

Vo = {¢(w) [w e A%, Jw| < |Q| and (g, w.q) € [8]"}.

Observe that if (¢,w,q) € |§]* for some w € A*, the states encountered on this run are
strongly connected. Hence, in that case, we also have (q,w™!, q) € |§]* by definition of [A].
Moreover, we have ((w™!) = —((w) by definition of ¢. Consequently, for every v € V, the
opposite vector also belongs to V,: we have —v € V. This property is where we need the
hypothesis that are considering an automata built with the construction A — |[A| (it fails
for an arbitrary NFA over A). For every P C Q, we write Vp = qup Vg

Finally, we associate a second finite set Xp C Z" to every P C Q). Let w € A*. We say
that w is a P-witness if there exist ¢ € I and r € F such that there is a run from ¢ to r
labeled by w such that P is exactly the set of all states encountered in that run (in particular,
this means that w € L(A)). We define,

Xp = {¢(w) | wis a P-witness and |w| < |Q|*}.
We now prove the following,

LA =U U c@ve).

PCQuveXp

This equality concludes the proof: ((L(|A])) is a semi-linear subset of Z™, as desired. We start
with the right to left inclusion. Let P C Q and v € Xp. We show that £(v,Vp) C ((L([A])).

Let @ € L(v,Vp). By definition, we have v1,...,5; € Vp and ky,...,k¢ € Z such
that w = v + ko1 + - - + kevg. Moreover, recall that by construction, for every v;, the
opposite vector —v; belongs to Vp as well. Therefore, we may assume without loss of
generality that kq,...,k; € N: they are positive integers. By definition of Vp, we know
that for every ¢ < ¢, we have v; € V,, for some ¢; € P. Hence, there exists x; € A* such
that ¢(w;) = ©; and (q;,y:,q;) € |6]*. Let y; = (w;)* (this is well-defined since k; € N).
Clearly, ¢(y;) = k;v; and (qi,vi,¢;) € [6]*. Moreover, o € Xp which yields a P-witness
w € A* such that ¢(w) = 7. Since qi,...,q € P and w is a P-witness, we have q € I
and r € F such that there exists a run from g to r labeled by w which encounters all
states qi,...,q¢. Therefore, we have a permutation o of {1,...,¢} and wy,...,w; € A*
such that w = wq -+~ we, (¢, w0, qs(1)) € 101", (4@, Wi, Go(iv1)) € [0] for 1 <i <n—1
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and (go(s), we,r) € [6]*. Consider the word w' = woy,(1yw1 - - - Yo(pywe. It is clear from the
definitions that (¢, w’,r) € [6]* which yields w’ € L(|A]) and ¢(w’) € ((L(|A])). Moreover,
C(w') = C(w)+C(y1) +---+C(ye) = 0+ K107 + - - -+ keOg = G. Thus, we obtain @ € ((L([A]))
as desired.

We turn to the converse inclusion which is based on pumping arguments. Given a word
w € L(|A]), we need to prove that ((w) € Upcg Uzex, £(0,Vp). Since w € L(|A]), there
exists ¢ € I and r € F such that (q,w,r) € §*. We let P C @ be the set of all states which are
encountered in the corresponding run: w is a P-witness. We use induction on the length of w

to show that there exists o € Xp such that ((w) € £(, Vp) (which concludes the argument).

There are two cases. First assume that |w| < |Q|?. This implies ((w) € Xp by definition and
we have ((w) € £(¢(w), Vp), concluding this case. Assume now that |w| > |Q|?>. One may
verify with a pumping argument that there exist z1, 9 € A* and y € AT such that w = z1yx,,

the word w’' = x124 remains a P-witness, |y| < |Q| and (¢,y,q) € [§]* for some ¢ € P.

Since y € AT and w = z1yw2, we have |w’| < |w|. Thus, since w’ is a P-witness, induction
yields © € Xp such that {(w') € £(7,Vp). Moreover, since |y| < |Q| and (q,y,q) € [4]*
for some q € P, we have ((y) € Vp by definition. Thus, ¢(w’) + ((y) € £(v,Vp). Finally,
since w = x1ywy and w’ = w19, it is clear that ((w) = {(w’) + ((y). Altogether, we obtain
¢(w) € L(v, Vp) which concludes the proof. <

We turn to Proposition 23. As we explained in the main text this is a corollary of a
standard theorem about free abelian groups. We first introduce terminology that we need
to state this theorem. Clearly, Z™ is a commutative group for addition (called “free abelian
group of rank n”). We consider the subgroups of Z" (the subsets which are closed under
addition and inverses). Additionally, we need the notion of basis. Given a subgroup G of

Z", a basis of G is a finite set of vectors {71, ...,Tn} C G which satisfies the two following
conditions:

1. G is generated by {71,...,0,}. That is, G = {k101 + - - - + kO | k1, - .., km € Z}.

2. For every ki, ..., ky € Z such that k101 + -+ + kU, = 0, we have ky = --- =k, = 0.
We need the following standard theorem (see for example Theorem 1.6 in [7]).

» Theorem 27. Let G be a nontrivial subgroup of Z"™. There exist a basis {Z1,...,Tn} of Z",
a number m < n and dy,...,d, > 1 such that d; divides d;11 for every i < m — 1 and

{171, ..., dnTm} s a basis of G.
We are now ready to prove Proposition 23. Let us first recall the statement.

» Proposition 23. Let n > 1 and S a semi-linear subset of Z"™. Assume that for every d > 1,
there exists u € Z™ such that du € S. Then, 0 € S.

Proof. Observe first that we may assume without loss of generality that S is a linear subset
of Z™. Indeed, by definition S is a finite union of linear subsets. Hence, by hypothesis, for
every d > 1, there exists u € Z™ and a linear set S’ in this union such that du € S’. In
particular, this is true when d = h! for some h > 1. Hence, since the union is finite, it
contains a fixed linear set S’ such that there exists infinitely many d such that d = h! for
some h > 1 and du € S’. It then follows that for every d > 1, there exists 4 € Z™ such that
du € S’. Therefore, we may replace S with S”.

We assume from now on that S is linear: we have v € Z™ and a finite set V' C Z" such
that S = L(7,V). £V =0 or V = {0}, we have £(9,V) = {o}. Thus, for every d > 1, there
exists u € Z™ such that v = du. In particular, this holds for a number d which is strictly
larger than the absolute values of all entries in . Clearly, this implies v = 0 and we get
0 € £(7,V). We now assume that V' contains a non-zero vector.
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Let G C Z™ be the subgroup of Z™ generated by the set V' C Z™. By hypothesis on V', G
is nontrivial. Therefore, Theorem 27 yields a basis {Z7, ..., Z,} of Z", a number m < n and
dy,...,dm > 1such that {d177,...,dnTn} is a basis of G.

Since {77, ..., T, } is a basis of Z", we have hq, ..., h, € Z such that © = hiZ1+-- -+ h,T,,.
Let d be the least common multiplier of |hi|+1,...,|hy| + 1,d1,...,d, > 1. By hypothesis,
there exists 4 € Z"™ such that du € £(v, V). Thus, since G is the subgroup generated by V,
there exists § € G such that du = v + y. Since {Z1,...,T,} is a basis of Z", we have
k1,...,k, € Z such that & = k1T7 + - - - + knT,,. Moreover, since {d1771, ..., dmTn } is a basis
of G, we have ¢1,...,4,, € Z such that §y = {1d177 + -+ - + Lind;Tr,. Altogether, we obtain,

hzi + -+ hpTp + LdiT1 + -+ + b dn Ty, = dknT1 + -+ + dkn T

Since {77, ..., T, } is a basis, this implies that for every ¢ > m, we have h; = dk;. By definition
d > |h;| (it is a nonzero multiple of |h;| 4+ 1). Thus, dk; = h; implies that k; = h; = 0. Since
this holds for every i > m, we obtain

hazi + -+ hnZy + ldiZ1 + -+ U din Ty = dka Ty + - + dky Ty
This yields the following,
v+ (b1dy — dk)T1 + -+ + (Uppdyy, — dkpy) T, = 0.

By definition d is a multiple of d; for every ¢ < m. Therefore, there exists ¢; € Z such that
¢;d; — dk; = ld;. Thus, we obtain,

v+ 0 dT 4+, d T, = 0.

Since {d1Z7,...,dmTm} is a basis of G which is the subgroup generated by V', we obtain
0 € F(9,V) which concludes the proof. <

Finally, it remains to prove the implication 1) = 2) in Theorem 21. This is straightforward.

Proof of 1) = 2) in Theorem 21. We fix £ > 1 and k NFAs A,4,..., Ay for the proof.
We actually prove the contrapositive of 1) = 2). Assuming that there exists a vector
U € ;< C(L([Ai])), we show that {L(A4),---,L(Ax)} is not AMT-coverable. We write
(vl,...:vn) = v € Z" for the proof. By definition, it suffices to prove that if K is an
arbitrary AMT-cover of A*, then there exists K € K such that K N L(A;) # 0 for every
j <k Let K={Ki,...,K¢}. By hypothesis K; € AMT for every i < ¢ and Lemma 4
yields a morphism «; : A* — G; into a finite commutative group recognizing G;. Clearly,
G = Gy X -+ x Gy is a finite commutative group for the componentwise multiplication and the
morphism « : A* — G defined by a(w) = (ay(w), ..., a,(w)) recognizes all languages K.
Let w = (a;)" ---(a,)"" € A* (note that when v; is negative, (a;)% is defined as
(a;Hlvil). Clearly, we have ((w) = ©. Moreover, since o € ;< C(L(|A;])), we have
w; € L(|A;]) such that ¢(w;) = @ for every i < k. Since G is a commutative group, it is
straightforward to verify that this implies a(w) = a(wy) = -+ = a(wy). Finally, since K
is a cover of A*, there exists K € K such that w; € K. Hence, since K is recognized by «
and a(wr) = -+ = a(wg) = a(w), it follows that wy,...,w, € K. Thus, K N L(A;) # 0 for
every j < k which completes the proof. <
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B.3 Complexity lower bound

We prove that AMT-covering and AMT-separation are co-NP-complete. As we explained in
the main text, the upper bound follows from Theorem 21. Here, we prove the lower bound:
both problems are co-NP-hard. Actually since separation is a special case of covering, it
suffices to show that AMT-separation is co-NP-hard. Let us start with an important remark.

» Remark 28. When considering complexity, it is important to distinguish the case when
the alphabet is fixed from the one when it is a parameter of the problem. Here, we consider
the latter case: we show that given an alphabet A and two NFAs over A, deciding whether
the recognized languages are AMT-separable is co-NP-hard. Actually, when the alphabet is
fixed, one may show that the problem is in P (roughly, this boils down to disjointedness of
Parikh images for NFAs which is known to be in P when the alphabet is fixed [8]).

We actually show that non AMT-separability is NP-hard. More precisely, we present a
logarithmic space reduction from 3-satisfiability (3-SAT) to this problem. Given a 3-SAT
formula ¢, we explain how to construct two regular languages L1, Lo and show that they are
not AMT-separable if and only if ¢ is satisfiable. We only describe the construction: that
NFAs for the regular languages L; and Ly can be computed from ¢ in logarithmic space is
straightforward and left to the reader.

Let C1,...,C} be the 3-clauses such that ¢ = A,_, C; and let z1,..., 2, be the pro-
positional variables in p. We construct two finite languages Ly and L, over the alphabet
A={x1,...,2,,T1,...,Tn}. Intuitively, we code assignments of truth values for the vari-
ables {z1,...,2,} by words in A*. Given w € A*, we say that w is an encoding if for all
1 < n, w contains either the letter x; or the letter Z;, but not both. It is immediate that an
assignment of truth values for the variables {z1,...,z,} can be uniquely defined from any
such encoding.

For every i < n, we let H; be the language H; = {2 | 1 <p < k}U{z:? |1 < p < k}.
We may now define L; C A*. We let,

L,=HHy-- H,.

Clearly L; is finite and all the words in L; are encodings. We turn to the definition of Ls.
For every j < k, we associate a language T} to the 3-clause C;. Assume that C; = £V lyV {3
where ¢1,05,03 € {x1,T71,..., 2Ty, Ty} are literals. We define,

Tj = {61,82763}.
Finally, we define,
Lo=T--Tpy({e}UHy) - ({e} U Hy).

Clearly, Ly is finite as well. Observe that the words in Ls need not be encodings. On the
other hand, all encodings within Lo (if any) correspond to an assignment of truth values
which satisfies {C1,...,Cy}.

It remains to show that L, Lo are not AMT-separable if and only if the ¢ is satisfiable.
We start with the right to left implication. Assume that there exists a truth assignment
satisfying . By definition of L1 and Lo, one may verify that there exists w; € L; and
wy € Lo which are both encodings of this assignment. Moreover, one may verify that we can
choose wy and wy so that for every letter a € A, we have |wq|q = |wa|,. This clearly implies
that for every morphism a : A* — G into an commutative group G, we have a(wy) = a(ws).
Hence, in view of Lemma 4, every language K € AMT which contains w; must contain ws
as well. Since wy € Ly and ws € Lo, it follows that L; and Lo are not AMT-separable.
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Conversely, assume that L, and Lo are not AMT-separable. By definition, L; and Lo are
finite. Thus, there exists d € N such that |w| < d for every w € Ly U Ly. We consider the
equivalence ~4 over A*. By Lemma 26, every union of ~4-classes belongs to AMT. Hence,
since L1 and Lo are not AMT-separable, there exists a ~g4-class which intersects both L
and Ly. We obtain wy € Ly and ws € Ly such that wy ~4 wa: we have |wy|, = |wh|, mod d
for every a € A. Moreover, since |w1| < d and |ws| < d by definition of d, this yields
|wi ], = |wal, for every a € A. By definition of Ly, the word wy € L; encodes an assignment
of truth values. Moreover, since |w|, = |wa|, for every a € A, the word ws encodes the
same assignment of truth values. Finally, since wy € Lo, this assignment satisfies ¢ which
completes the proof.

C Appendix: Modulo testable languages

This appendix is devoted to the class MOD of modulo languages. We present the missing
proofs for the statements in the main paper and look more closely at the complexity of
MOD-separation.

C.1 Proof of Lemma 3

Let us first recall the statement of Lemma 3.

» Lemma 3. Let L C A*. Then, L € MOD if and only if L is recognized by a morphism
a: A* — G into a finite group G such that a(a) = a(b) for all a,b € A.

Proof. Assume first that L € MOD. We show that L is recognized by a morphism « : A* — G
into a finite group G such that a(a) = a(b) for every a,b € A. By definition of MOD, it
suffices to prove that this property is true for all basic languages L, and that it is preserved
by union. We first look at the language L,, = {w € A* | |Jw| = r mod ¢} for ¢,7 € N
such that r < ¢. Clearly, L, is recognized by the morphism « : A* — Z/qZ defined by
afa) =1 for every a € A (where Z/qZ = {0, ...,q— 1} is the standard cyclic group): we have
Ly, =a (r). Now, let L1, Ly C A* such that for i = 1,2, L; is recognized by a morphism
a; + A* — G, into a finite group G; such that «;(a) = «;(b) for all a,b € A. Clearly, L1 U Lo
is recognized by the morphism « : A* — G; — G5 (where G; x G» is the group equipped
with the componentwise multiplication). This completes the proof for this direction.

We now assume that L is recognized by a morphism « : A* — G into a finite group G
such that a(a) = a(b) for every a,b € A. We show that L € MOD. By hypothesis, there
exists s € M such that a(a) = s for all a € A. Since G is a finite group, it is standard that
there exists ¢ > 1 such that s = 1. We prove that L is a finite union of languages L, 4
for r such that 0 < r < ¢. This implies that L € MOD, as desired. Since « is recognized by
«, it suffices to prove that for all r such that 0 <r < ¢, if w,w’ € L, 4, then a(w) = a(w’).
We fix r for the proof and show that for every w € L, 4, we have a(w) = s". By hypothesis,
there exists k € N such that |w| = kq + r. Hence, since all letters have image s under a by
hypothesis, we get a(w) = s¥4s". Moreover, we have s¥¢ = 15 by definition of ¢. Altogether,
this yields a(w) = s”, which concludes the proof. <

C.2 Complexity of MOD-separation

We prove that MOD-separation is in NL. Theorem 25 presents a logarithmic space reduction
from MOD-separation to GR-separation for languages over unary alphabets. Hence, it suffices
to prove that the latter problem is in NL. We fix an alphabet A = {a} containing a single
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letter “a” and prove that given as input two NFAs A; and As over A, one may decide in
NL whether L(A;) is not GR-separable from L(Aj3). Since NL = co-NL by the Immerman-
Szelepcsényi theorem, this implies as desired that GR-separation is in NL for languages over
unary alphabets. By Theorem 9, the two following conditions are equivalent:

1. L(A,) is not GR-separable from L(A3).

2. L(|A12) N L(|As]2) # 0.

Therefore, we have to prove that the second condition can be decided in NL. For j = 1,2, we
write A; = (Qj;,1;, F;,6;). By definition, |A;]. is built from A; by adding new transitions
labeled by @' (this is the construction of |A; | = (Q;, I;, F;, [§;]) from A;) and e-transitions
(this is the construction of | A;]. = (Qj,1;, F}, |0;]c) from |A;]). It is standard that if we
have |A1]. and |Az]. in hand, deciding whether L(|A1]:) N L(|Az2]:) # 0 can be achieved
in NL since this boils down to graph reachability (in the product of A; and Ay whose set
of states is Q1 X Q2). Therefore, we have to prove that one may decide whether a given
transition belongs to |01 e or |d2]. in NL.

This is immediate for the transitions labeled by a € A as they already belong to d; and 0.
Let us now consider the transitions labeled by a=! € A~! which belong to |§;] and |d2]. By
definition, for j = 1,2, and q,r € @}, we have (r,a™',q) € |§;] if and only if (¢,a,r) € §;
and ¢,r are strongly connected. Clearly, this can be checked in NL since testing whether
g, are strongly connected boils down to a graph reachability problem (which is in NL). It
remains to consider the e-transitions in |d1]. and |d2].. We treat this case in the following
lemma (this is where we use the hypothesis that the alphabet is unary).

» Lemma 29. Let j € {1,2} and ¢, € Q;, one may decide in NL whether (g,e,r) € [0;]..

Proof. By definition, we have (g,e,r) € [§;]. if and only if there exists w € A* such
that w € L. C A* such that (¢,w,r) € |§;]*. Observe that since A = {a}, we have
L. = {w € A* | |wls = |w|,-1}. We use this property to prove that deciding whether
(g,e,7) € [9;]c boils down to a graph reachability problem that can be decided in NL.

We let U = Q; X Z be a set of vertices and write V = {(¢,k) € U | |k| < |Q;*}. We
consider the following set of edges:

E={((q,k), (¢, k+1) | (g.a,q") € [5;]}U{((¢, k), (¢",k = 1)) | (¢;a" ", ¢') € [5;]}-

Consider the graph G = (U, E). One may verify from the definitions that (g,e,7r) € [d;].,
if and only if there exists a path from (g,0) to (r,0) in G. Hence, it suffices to prove that
the latter condition can be checked in NL. We show that there exists a path (¢,0) to (r,0)
in G if and only if there exists a path from (g,0) to (r,0) in G using only states in V. It is
then straightforward to verify that this can can be tested in NL (this is a graph reachability
problem over a graph with |V| =|Q;| x (2|Q,| + 1) vertices whose edges can be computed
from A; in NL).

The right to left implication is immediate. For the converse one, we consider a path from
(¢,0) to (r,0) in G. We prove that if this path contains a vertex in U \ V, then there exists a
strictly shorter path from (g,0) to (r,0). One may then iterate the result to build a path
which only contains states in V', completing the proof. Let (sq, ko), .., (Sn,kn) € U be the
vertices along our path: we have (sg, ko) = (¢,0), (sn, kn) = (r,0), and for every ¢ < n, we
have ((s;, ki), (Si+1, ki+1)) € E. Moreover, we know that there exits some index h < n such
that (sp,kp) € V, i.e. such that |k,| > |Q;]?. By symmetry, we assume that ky > |Q;|?
and leave the case kj, < |Q;|? to the reader. We write m = kj, for the proof. By definition
of E and since kg = k,,, = 0, there exists 0 < i1 < -+ < iy <h <i,_ |, <---<ij <n
such that k;, = kii =1,...,k = ki;kl =m — 1. We also write ig = 0 and i(, = n. By
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hypothesis, we have k;, = k;; = 0. Since m > |Q;]?, it now follows from the pigeon-hole
principle that there exists 0 < 1 < £y < m — 1 such that Siy, = Siy, and Si, = i), . Let

{ = /{1 = {5. One may verify from the definition of E that the following paths exist in G-

(So,ko) — s — (Sill’kifl) — (5i52+17ki52+1 — é) — s —> (S}“kh 76)

(Sh,k'h — 5) — = (8%271’]%2271 —K) — (S%l,k‘iél) — s = (Sn,kn).

Altogether, we get a strictly shorter path from (g,0) to (r,0) which completes the proof. <
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