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Rotations

Recall that for rotation we have:

Theorem
Let «v be irrational, and X, be the Sturmian shift associated to the
rotation T,. Then:

» px.,(n) =n+1, in particular X, has 0 entropy;
> the shift X, is minimal (all orbits are dense);

> (Hecke (1922), Ostrowski (1922)) any clopen Y C X, has
bounded remainder: there exists uy and Cy so that

n

> Gev(Tax) = py)

k=0

Vx € X,,Vn >0, < Cy.

In particular, the shift X, is uniquely ergodic.
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The above interval exchage can be defined from:

ABCD
CADB )’

> a length vector A = (A\a, A, Ac, Ap).

» a "permutation” T = (



Main motivation: rational billiards

(...Sage...)
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As we did for rotations, we could code orbits in {A, B, C, D}*
(except the singular ones). We obtain a shift X y and a factor
map p: Xz — [
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As we did for rotations, we could code orbits in {A, B, C, D}?
(except the singular ones). We obtain a shift X y and a factor
map p: Xz — [

All orbits of the iet T ) has one preimage in X, \ except the
singular ones that have two (| e. the future orbits of a?°t ... a5t

and the past orbits of ai,..., ab%).
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Connections

ytor = {a;®,...,alP} (singularities of T)
yhot .= fabot . abot } (singularities of T71).

A connection is a triple (m, a, ) where m > 0, o € P,
B exbot and T™3 = a.

» A rotation has a connection if and only if the angle is rational.
» If the length data A is rational
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dimg (Q)\;Jr@)\er...JrQ ;dl) —1

then there are d — 1 connections (and all orbits are periodic).

> If the length data A is maximally irrational

. A1 A2 Ad—1
— — 4 ... =d-1
dImQ <Q)\d+Q)\d+ +Q g > d

then there are no connection.
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Theorem
Let X ) be the shift associated to an interval exchange

transformation T, \ on d intervals with 7 irreducible. Then the
following are equivalent

> pea(n) = (d —1)n+1,
» Tr . has no connection.



Coding

Theorem

Let X ) be the shift associated to an interval exchange

transformation T, \ on d intervals with 7 irreducible. Then the
following are equivalent

> pea(n) = (d — )+ 1,
» Tr . has no connection.
In general

lim Lr’/\(n)

= (d — 1) — #connections.
n—oo n
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Minimality: Keane theorem

Theorem
If Tx x has no connection then X » is minimal. In other words, all
infinite orbits of T \ are dense.

Corollary

Let w be a primitive substitution. Then for almost every A with
respect to the Lebesgue measure, the interval exchange
transformation T  is minimal.

Corollary

In a rational billiard, excepted countably many directions the flow
is minimal.
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