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VAS

(-1,2)
A = {(-1,2),(2,-1)} an fl
Cimit = (1,1) U
2 -1)
A trace is a sequence ay, ..., a, such that:
Vi<n,Cpit+a+---+a >0
(-1,2) . (2,-1) : (2,-1) . is a trace
(L1) (0.3) (22) (41)
- (-1,2)(2,-1) . (-1,2)(-1,2) . (-L,2) . is not a trace
(L1) (22) 06  (-18)
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Overview of VAS

VAS ~ VAS with states ~ Petri nets

@ Prove theorems on VAS

@ Model systems with Petri nets

Many decidable problems:
e Coverability [Karp and Miller 69]
@ Reachability [Mayr 81, Kosaraju 82]

@ Regularity of trace languages [Ginzburg and Yoeli 80, Valk and
Vidal-Naquet 81]

o Context-freeness of trace languages [Schwer 92]

J. Leroux, V. Penelle, G. Sutre () Context-freeness for VAS LICS 2013 5/ 23




Overview of VAS

VAS ~ VAS with states ~ Petri nets

@ Prove theorems on VAS

@ Model systems with Petri nets

Many decidable problems:
e Coverability [Karp and Miller 69] ExpSpPACE-complete

@ Reachability [Mayr 81, Kosaraju 82] ExpPSpACE-hard & Decidable

@ Regularity of trace languages [Ginzburg and Yoeli 80, Valk and
Vidal-Naquet 81] ExpSpPACE-complete

o Context-freeness of trace languages [Schwer 92] Decidable

J. Leroux, V. Penelle, G. Sutre () Context-freeness for VAS LICS 2013 5/ 23




Overview of VAS

VAS ~ VAS with states ~ Petri nets

@ Prove theorems on VAS

@ Model systems with Petri nets

Many decidable problems:

e Coverability [Karp and Miller 69] ExpSpPACE-complete
@ Reachability [Mayr 81, Kosaraju 82] ExpPSpACE-hard & Decidable

@ Regularity of trace languages [Ginzburg and Yoeli 80, Valk and
Vidal-Naquet 81] ExpSpPACE-complete
o Context-freeness of trace languages [Schwer 92] Decidable
» intricate proof with flaws

J. Leroux, V. Penelle, G. Sutre () Context-freeness for VAS LICS 2013 5/ 23




Table of Contents

© The Context-Freeness Problem for VAS: Small Quiz

J. Leroux, V. Penelle, G. Sutre () Context-freeness for VAS LICS 2013 6 /23




ldea

Stack: store the value of the counters

Positive vector = Push it onto the stack

Non-positive vector = Match it with the stack

Problem: some components may be lost
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a=(1) b=(1,0) c=(-1,-1)
ool 0o 1 0o 0
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Example

a=(1,1) b=(1,0) c=(-1,-1)

(0,0) Q (0,0) Q (0,0) Q

It is context-free.

L = {a"b"c? |n>pAm>0}
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Example

a=(0,1)
Ll b=(1,0) c=(-1,-1)

eoll w0y 0 wy 0
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Example

a=(0,1)
Ll b=(1,0) c=(-1,-1)

eoll w0y 0 wy 0

[t is not context-free.

m2p

L = {a"b™"cP|n>p N HIHW}
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Example

a=(1,2) b=(2,1) c=(-2,-1) d=(-1,-2)

(0,0) Q (0,0) Q (0,0 Q (0,0 Q
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Example

a=(1,2) b=(2,1) c=(-2,-1) d=(-1,-2)

(0,0) Q (0,0) Q (0,0 Q (0,0 Q

It is context-free.

d, pop(BB) ©.0 d, pop(A)
a, push(A) b, push(B) c.pop(B) o O) ~_
(0,0), pop(B)
Q (0,0) Q (0,0) Q e
= . . .
(o, 0
(0,0)

v

c, pop(AA) d, pop(A)
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a=(-12)

()

b= (2,-1)

«O> «Fr o« N



Example

It is not context-free.

LN (ab)*a*b*

{(ab)"a™b? |n+1>mAn+1+2m> p}
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Vector Pushdown Automata

A vector pushdown automaton (VPDA) contains:
@ A set of states Q
@ A counter vector r € ng
@ A stack containing vectors in ng

@ A set of transitions T:

» actions on stack: push and pop
» addition of positive vectors to r
» tests: boolean combinations of

(i) + A(stack)(i) # z (i) # z

where # € {<, >}
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Vector Pushdown Automata and context-freeness

Proposition
The language of a VPDA with finitely many states and transitions is
context-free

Idea:

Finite set of transitions

= Finite set of tests, finite stack alphabet

= Above a given value of r and A(stack), a test is always satisfied
(or not)

= We can abstract their values and encode r is the states and
A(stack) in stack
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Match and Remainder

u>0, v #0, and X the greatest rational such that u+ Av > 0,

B (1_)\)V if A<1
mat(u, v) = {( ~Lyw ifa>1

rem(u,v) = u+v—mat(u,v) >0

push(mat(u,p))

@

read(u) push(u) read(v) p+v pop(u)
>
_/
N

p+mat(u,p)
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Match and Remainder: Example with A < 1

Take u=(1,2,1) and v = (—1,-3,2)
: 2
The greatest A such that u+ A v >0is A = 3

After matching u and v, we are left with

1 2
t — (1=N\-v = (—=.-1.2
mat(u,v) = (1-X)-v = (-3,-1.3)
The remainder is
1 7
= A = (2.0 =
rem(u,v) = u+Av (3, ,3)
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From VAS to VPDA: Example

0,0
a=(—-1,2) ( ] )
(1,1) Q
.
b=(2,-1)
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From VAS to VPDA: Example

€ read(a) a
0,0 E— 0,0
a=(-1.2) 4’ “p”
ay (0
i
b=(2,-1)
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From VAS to VPDA: Example

€ read(a) a read(b) ab
(0,0) (0,0) (0,0)
a=(-1.2) 0 0 i

a0

(@?
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From VAS to VPDA: Example

€ read(a) a read(b) ab

(0,0) (0,0) (0,0)
a=(-1.2) 0 0 i
(1,1) Q
5.
b=(2,-1)
read(b)
a ab
@
(eaé stack
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢

(0,0) (0,0) (0,00 —— " (0,0)
a=(-1,2) 1 i i i(1,1)]
(1,1) (
R
b=(2,-1)
read(b)
a ab
a0
(@? A(ab) + r + A(stack) > 0
_ ((1,1),¢)
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢

(0,0) (0,0) (0,00 —— (0,0
a=(-1,2) 1] I I [(1,1)]
ay O ‘
. read(a)
b= o'
[(1,1)]
read(b)
ab

A(ab) + r + A(stack) > 0

push(1,1)
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢
(0,0) (0,0) (0,00 —— (0,0
a=(-12 0 0 i [(1,1)]
(1,1) Q
. read(a)
b=(2,-1) (030)
[(1,1)]
stack read(b)
a ab
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From VAS to VPDA: Example

read(b) ab push(A(ab)) ¢

(0,0) (0,0) (0,00 —— (0,0
a=(-12 0 0 i [(1,1)]
(1,1) Q
. read(a)
b=(2,-1) £ pop(1,1) a
(0,3) «—— (0,0
I [(1,1)]
A(a) + r + A(stack) > 0 read(b)
((=1,2),¢) a ab
)
(@? A(ab) + r + A(stack) > 0
push(1,1)
 — ((1,1),¢)
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢
(0,0) (0,0) (0,00 —— (0,0
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(1,1) Q
. read(a)

b=(2,-1) b read(b) € pop(1,1) a
(0,3) «—— (0,3) «—— (0,0
I [(1,1)]

A(a) + r + A(stack) > 0 read(b)
((=1,2),¢) ab
\2
ZZZE(I): ;g (e"a A(ab) + r + A(stack) > 0
— € ((1,1),¢)
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢
(0,0) (0,0) (0,00 —— (0,0
a=(-12 0 0 i [(1,1)]

(1,1) Q
. read(a)

b=(2,-1) b read(b) € pop(1,1) a
(0,3) «—— (0,3) «—— (0,0
I [(1,1)]

A(a) + r + A(stack) > 0 read(b)
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\2
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’Geo,(é 5)

stack
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢

(0,0) (0,0) (0,00 —— " (0,0)
B 0 0 f (2, 1)
(1,1) Q
. read(a)
b=(2,-1) A(stack) =0 b read(b) e pop(1,1) a
fail (0,3) (0,3) «——  (0,0)
r+ A(b) >0 1] i [(1,1)]
A(a) + r + A(stack) > 0 read(b)
((=1,2),¢) a ab
AN stac!
ZdZ(o, 3) A(ab) + r + A(stack) > 0
€ ((1,1),¢)
stack

’Geo,(é 5)

((2,-1),¢)

A(b) + r + A(stack) > 0
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From VAS to VPDA: Example

€ read(a) a read(b) ab push(A(ab)) ¢

(0,0) (0,0) (0,00 —— (0,0
a=(-12) 0 0 i [(1,1)]
(1,1) Q
. read(a)
b= (2, -1) A(stack) =0 b read(b) € pop(1,1) a
fail (0,3) (0,3) «—— (0,0
r+A(b) =0 I [(1,1)]
A(a) + r + A(stack) > 0 read(b)
((=1,2),¢) a ab
A\
A(stack) =0 ’:ZZE;’ ;g @ A(ab) + r + A(stack) > 0
push(1,1)
fail — € ((1,1),¢)
add(1,1)
A(stack) =0 ZZZE;: é; A(ba) + r + A(stack) > 0
read(a)
((2,-1),¢) b ba

A(b) + r + A(stack) > 0
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From VAS to VPDA: Properties

Proposition
The constructed VPDA has a finite set of states and transitions

Proposition
If fail is not reachable, the VPDA recognises the same language as the
VAS

Corollary
If fail is not reachable, the VAS is context-free
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Witnesses of Non-Context-Freeness

- ~ - ~

(270) (272) (07 1) (_27_1) (_17_1)
Definition
A witness of non-context-freeness is a tuple (o1, ...,0k, U) such that:

@ 0o1---0) Is a trace
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Witnesses and Vector Pushdown Automata

Proposition

If a VAS admits a witness of non-context-freeness, it is not context free

Proof based on Ginsburg characterisation of bounded context-free
languages
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Witnesses and Vector Pushdown Automata

Proposition

If a VAS admits a witness of non-context-freeness, it is not context free
Proof based on Ginsburg characterisation of bounded context-free
languages

Proposition

If fail is reachable in the vector pushdown automaton of a VAS, it
admits a witness of non-context-freeness

Corollary

If fail is reachable in the vector pushdown automaton of a VAS, it is
not context-free
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Witnesses and Vector Pushdown Automata: Example

a=(—1,2)

(1,1) Q

b=(2,-1)

J. Leroux, V. Penelle, G. Sutre ()

€ read(a) a read(b) ab push(A(ab)) ¢
(0,0) (0,0) (0,00 —— (0,0
I I I [(1,1)]

read(a)

( ,
r+A(b) =20 I [(1,2)]
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Witnesses and Vector Pushdown Automata: Example

€ read(a) a read(b)
0,0 0,0
a=(-1,2) (u) ([1)
(1,1) Q
- 5.
b=(2,-1) A(stack) =0 b read(b)
fail »3)
crAB) >0 ]
a; a b
(1,1) (=1,2) (2,-1)

J. Leroux, V. Penelle, G. Sutre () Context-freeness for VAS

ab push(A(ab)) ¢
(0,00 —— (0,0
I [(1,1)]

read(a)

,3) (0,0)
I [(1,2)]
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Witnesses and Vector Pushdown Automata: Example

€ read(a) a read(b) ab push(A(ab)) ¢

(0,0) (0,0) (0,00 ——  (0,0)
a=(-12) i i i (1, 1)]
(1,1) Q
. read(a)
b=(2,-1) A(stack) =0 b read(b) € pop(1,1) a
fail (0,3) (0,3) «—— (0,0)
r+A(b) >0 i} [(1,1)]
o rem(ab, b) = (0, 3)
S A(b) = (2.-1)
ab a b .
1) (-1,2) @, -1) All negative components of b are

lost.
It is a witness of non-context-freeness.
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Conclusion

@ New proof, simpler than the one of Schwer
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Conclusion

@ New proof, simpler than the one of Schwer

@ Simpler characterisation of context-freeness:

Theorem 5.1. Let A=(1..a) be a k-VAS and L(A) be its associated language. Let

G(A)=(T,0.0,a) be its covering automaton. L(A) is context-free if and only if the The |a nguage Of traces Of a VAS iS

Jollowing conditions hold:

(PO For everyitrating system . = s sy das g1 b 0 relatod context-free if and only if it has a
to an elementary loop (q.u), C1(F.(q.u)) is satisfied.
P2 For no (.0, (¢'.0") in &=, (p, ), (p'sw’) in 2* C2((p,ul, (p'. '), (g, 1), (g, v')) i H - H
B g e G (P02 b 0 context-free intersection with every
(P3)  Forall classes [i] of states C3(label(%)) and C3(label(X,)} are satisfied.
(P4)  For all je[1,m], the set W= Wjs;, satisfies CA(W). bou nded regular Ia nguage
(PS)  For all je[L.m). if W) has a dominating coordinate, then there is one in
ZEROU)

(0. 2)=0"and
isnotincluded

» clmeatary
¢ decomposiion o reduction

Proposition 4.5. Let A=(T,0.a) be a k-VAS and 6(4)=(T,0,5,a) be its covering
e s corering automaton such that (P1),(P2),(P3) and (P4) hold. If L(A) is contextofree, then the
condion Joliowing condition holds:

0)=(T.Q.5.0) be is corering Proposiion 22, Let A~(1.0.a) be a k-VAS and ¢(
automaton such thas (P) hobds. If L(A) i contest

condition holds :

sty 3 related

2 Forno (M@0 in ™. b P 7, C2(h ("0 (40D (PS)  For all je[1,m), if Wye) has a dominating coordinate, then there is one in
e ZEROU),

denote 4, the st 4, = (xeH 3,5 9, and
ton: the st 4 is

Defnition 41, For any set W of ktupes,
6. are not colinear and xeK,r K, . We note CA(W), the

a sratfed set
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Conclusion

@ New proof, simpler than the one of Schwer

@ Simpler characterisation of context-freeness:

Theorem 5.1. Let A=(1,¢,a) be a k-VAS and L{A) be its associated language. Let
€(A4)=(T,Q.0,a) be its covering automaton. L(A4) is context-free if and only if the
Jollowing conditions hold:

(P1) For every iterating system .5 = (%o, qy, U1, %1, G2, -+ %p— 1, dp Ups Xps ) related
t0 an elementary loop (q.u), C1(%.4q, 1)) is satisfied.

(P2)  Forno (g.0), (g'e') in 2™, (p,u), (p'sw’) in £* C2((p,u), (p', '), (g, B}, (q', ")) is
sarisfied.

(P3)  For all classes [i] of states C3(label(#7)) and C3(label(Z)) are satisfied.

(P4} For all je[1,m), the set W= Wjs;, satisfies CA(W).

(PS)  For all je[L.m). if W) has a dominating coordinate, then there is one in
ZEROU)

Perspectives:

J. Leroux, V. Penelle, G. Sutre ()

The language of traces of a VAS is
context-free if and only if it has a
context-free intersection with every
bounded regular language

@ The complexity is shown to be EXPSPACE by J. Leroux, M.
Praveen, and G. Sutre in an upcoming paper to CONCUR'13
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