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1 Introduction

Due to the constant growth of networks, it becomes necessary to find new techniques
to handle related global information, to maintain and to update this information in an
efficient way. A Locality-Preserving (LP) network representation [36] can be consid-
ered as an efficient data structure that captures topological properties of the underly-
ing network and helps to design distributed algorithms for many fundamental prob-
lems: synchronization [6, 34, 41], Maximal Independent Set (MIS) [4], routing [7],
mobile users [8], coloring [35] and other related applications [1, 13, 24, 25, 28]. In
order to provide efficient solutions for these problems, it is important to construct
LP-representations in a distributed way while maintaining good complexity mea-
sures.

The main purpose of this paper is to give an overview of some LP-representations
of special interest and to show how to construct them efficiently in the distributed
setting. More precisely, we focus on one important type of LP-representations called
clustered representations. The main idea of a clustered representation is to decom-
pose the nodes of a graph into many possibly overlapping regions called clusters.
This decomposition allows us to organize the graph in a particular way that satisfies
some desired properties. In general, the clusters satisfy two types of qualitative cri-
teria. The first criterion attempts to measure the locality level of the clusters. Some
parameters like the radius or the size of a cluster are usually used to measure the
locality level of a clustered representation. The second criterion attempts to measure
the sparsity level. This criterion gives an idea about how the clusters are connected to
each others. For instance, in the case of disjoint clusters, the number of intercluster
edges is usually used to express the sparsity level. In the case of overlapping clusters,
the average/maximum number of occurrences of a node in the clusters is usually used
to express the sparsity (or the overlap) of the clustered representation.

In general, the locality and the sparsity levels of a clustered representation are
tightly related and often go in an opposite way. For instance, one can take the whole
graph to be one cluster C. In this case, the sparsity level is good (the degree of C
is 0), but the locality level is bad (the radius of C is the radius of the whole graph).
In opposite, one can take a representation in which each node forms a cluster. In this
case, the locality level is good (the radius of each cluster is 0), but the sparsity level is
bad (the degree of a cluster may be A where A is the maximum degree of the graph).

The complexity of many applications (using clustered representations as a com-
munication structure) is also tightly related to the sparsity and locality levels. In fact,
a good locality level implies in general a low time complexity, and a low sparsity level
implies low message/memory complexity. All the clustered representations one can
find always attempt to find a good compromise between the sparsity and the locality
levels.

1.1 Goals and Related Works
In this paper, we focus on an important clustered representation called Basic Partition
[36, Chap. 11]. Our interest in this Basic Partition comes from its good sparsity-

locality compromise. In fact, given an n-node graph, the Basic Partition provides a
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set of disjoint connected clusters such that the radius of a cluster is at most k — 1 and

the number of intercluster edges is O(nH%) where k is a given integer parameter.
Our goal is to design time efficient algorithms for constructing a Basic Partition of a
graph in a distributed model of computation where nodes can only communicate with
their neighbors by exchanging messages of limited size.

The Basic Partition was first used in [3] in order to design efficient network syn-
chronizers. The idea of producing a clustered representation satisfying a good com-
promise between the locality level and the sparsity level was then studied in [5]. The
results of [5] inspired many other applications and generalizations [9, 10, 17]. In par-
ticular, Awerbuch et al. [9] studied two important types of clustered representations:

1. The first one called network decomposition aims at partitioning the network into
disjoint colored clusters with either weak or strong small radius and using a small
number of colors. For weak-network decompositions, a cluster does not necessar-
ily need to be connected and its radius is computed using paths which may shortcut
through neighboring clusters. For strong-network decompositions, a cluster must
be connected and its radius is computed in the network induced by this cluster.

2. The second one called network covers constructs a set of possibly overlapping
clusters with the property that for any node v, there exists a cluster which contains
the ¢#-neighborhood of v, i.e., the neighbors at distance at most ¢ from v where ¢
is an integer parameter. The quality of such covers is measured using the strong
radius of clusters and the cluster overlap, i.e., the maximum number of clusters a
node belongs to.

In addition to design new network decompositions satisfying some desirable prop-
erties, many works studied the problem of distributively constructing these rep-
resentations in an efficient way. For instance, Awerbuch et al. [9] gave a deter-
ministic (resp. randomized) distributed algorithm to construct a (k, ¢, O (kn'/%y)-
neighborhood cover in O (tk - 2¢VIoen 4 2 . p4VIogn . ) 1/ky (resp. O(1k? - log?n -
n'/k)) time for some constant ¢ > 0. A (k, 7, d)-neighborhood is a set of possibly
overlapping clusters such that (i) the strong radius of a cluster is O (kt), (ii) each node
belongs to at most d clusters, and (iii) the #-neighborhood of each node is covered by
at least one cluster. Moreover, a remark in [9] claims that it is possible to translate this
neighborhood cover into a strong-network decomposition of comparable parameters
by using some techniques from [5, 17].

On one hand, the strong radius of the cover constructed in [9] is 2k — 1 which
is worse (by a factor 2) than the one of the Basic Partition. On the other hand, the
distributed model considered there does not take into account the congestion created
at various bottlenecks in the network (see Sect. 3.4 of [9]). In fact, the network model
used in [9] is the Linial’s free model [29, 30] also known as the LOCAL model
(see [36, Chap. 2]). The LOC.AL model assumes that nodes can communicate by ex-
changing messages of unlimited size. This assumption focuses on the locality nature
of distributed problems, i.e., what can be computed distributively provided that every
node knows its whole neighborhood at some distance?

From a practical point of view, since clustered representations are in the basis of
many applications, it is crucial to design fast algorithms to construct such represen-
tations in practical distributed models. From a more theoretical point of view, it is
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also interesting and challenging to design fast algorithms assuming only some weak
distributed assumptions, e.g., see [37].

In [34], Moran and Snir gave a distributed algorithm that computes a Basic Par-
tition in O(n) time in a distributed model where the size of a message is at most
O (logn) bits, i.e., CONGEST model (see [36, Chap. 2]). The algorithm of [34] im-
proves the previous constructions of [3, 41], and allows us to obtain more efficient
algorithms for designing network synchronizers y, y; and y». The algorithm of [34]
is semi-sequential: Each cluster is constructed around some node in a distributed
and layered fashion. Nevertheless, the clusters are constructed sequentially. In other
words, the clusters are constructed one after the other: at each iteration, a new node
is selected and the next cluster is constructed.

Moran and Snir end their paper [34] saying:

Are there truly parallel algorithms which construct a Basic

[34] Question:  Partition in polylogarithmic or sublinear time complexity in
the CONGEST model?

1.2 Contribution

In the following, we answer the [34] question. In fact, we give new sparse partition al-
gorithms with O (n'~1/¥) time complexity, using messages of size at most O (logn).

More precisely, we give a fully distributed deterministic algorithm DIST_PART
with no precomputation step. The idea is to let the clusters grow spontaneously in
parallel in different regions of the graph, breaking ties using node identities. We give
a detailed implementation of algorithm DIST_PART using small messages and we
analyze its efficiency. The time complexity of algorithm DIST_PART is only linear.
However, the technique of algorithm DIST_PART is used as a black box in order
to design a new synchronous deterministic algorithm (SYNC_PART) with sublinear
time complexity. The main idea to break the linear time barrier is to privilege the
construction of clusters in the dense region of the graph which allows us to finish the
distributed construction in constant time once the graph becomes sparse. This idea
is then adapted in order to run in an asynchronous setting and we obtain algorithm
FAST_PART. Our new asynchronous algorithm is even faster than the synchronous
one for many particular graphs.

We also give a randomized distributed algorithm (ELECT_PART) which is based
on a local election technique (LE%) in balls of radius k. This k-local election tech-
nique is a generalization of the algorithms given in [33] and can be of an independent
interest. For general graphs, our randomized construction has the same sublinear time
complexity as the deterministic one, but it provides improved bounds for many par-
ticular graphs. In fact, the analysis of algorithm ELECT_PART enables us to express
analytically the degree of parallelism of our construction and to compute the expected
number of clusters constructed in parallel.

The basic partition can be applied for designing network covers, network syn-
chronizers and also graph spanners. Hence, we obtain new fast algorithms for all
of these applications. For instance, we obtain new O (n'~!/*) time deterministic al-
gorithm for constructing optimal spanners with size O(n!*1/%) and stretch 2k — 1

@ Springer



Theory Comput Syst

which improves on previous constructions. Fast construction of sparse spanners is a
real challenge and has been intensively studied over many years and are of special
interest for many useful graph structures such as shortest paths, distance oracles and
routing [2, 11, 12, 15, 21-23, 40, 42]. We should note that the best known distrib-
uted algorithms for constructing graph spanners with optimal stretch-size tradeoffs
are either randomized [12] or use unbounded size messages [20].

One should finally note that at each round of our distributed constructions the
number of messages exchanged by nodes can be order of the number of edges which
is rather large. In this paper, we focus only on providing time efficient constructions.
Improving the message complexity of our algorithms remains an open research field
as it will be pointed later.

Outline

In Sects. 2 and 3, we give some definitions and we review the BASIC_PART algo-
rithm for constructing the Basic Partition in a semi-sequential manner. In Sect. 4,
we give a detailed implementation and analysis of the fully distributed algorithm
DI1ST_PART. In Sects. 5 and 6, we describe algorithms SYNC_PART, FAST_PART
and ELECT_PART, and we analyze their time complexity. In Sect. 7, we apply our
algorithms to construct sparse graph spanners.

The application of the basic partition to network covers and network synchronizers
¥, y1 and y» is given in Appendix A. In Appendix B, we also give a constructive
analysis of our algorithms in the case of Circulant graphs and we obtain logarithmic
time complexity.

2 Model and Definitions

We represent a network of n processes by an unweighted undirected connected graph
G = (V, E) where V represents the set of processes (|V| =n) and E the set of links
between them. We consider the distributed model of computation used in [3, 34] and
known as the CON'GEST model. More precisely, we assume that a node can only
communicate with its neighbors by sending and receiving messages of size O (log(n))
bits. Each node processes messages received from its neighbors, performs local com-
putations, and sends messages to its neighbors in negligible time. In a synchronous
network, all nodes have access to a global clock which generates pulses. A message
which has been sent in a given pulse arrives before the next pulse. In a synchronous
network, the time complexity of an algorithm is defined as the worst-case number of
pulses from the start of the algorithm to its termination. In an asynchronous network,
there is no global clock and a message delay is arbitrary but finite. In the latter case,
the time complexity is defined as the worst-case number of time units from the start
of the algorithm to its termination, assuming that a message delay is at most one time
unit (this assumption is introduced only for the purpose of performance evaluation).
A cluster C is a subset of V such that the subgraph induced by C is connected.
A cluster is always considered with a leader node and a BFS spanning tree rooted at
the leader. We also assume that each node v of a graph G has a unique identity /d,,
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2: while V # @ do

3:  Select an arbitrary vertex v € V
4:  Set C :={v}

5:  while |[T'(C)| > n/¥|C| do

6: C:=TI(C)

7. end while

8: SetC:=CUCandV :=V —-C
9: end while

10: return C

(of O(log(n)) bits). The identity Idc of a cluster C is defined as the identity of its
leader.

For every pair of nodes u and v of a graph G, dg (1, v) denotes the distance be-
tween u and v in G (we also write d(u, v) when G is clear from the context). For any
node v of a graph G, N'(v) = {u € V | dg(u, v) < 1} denotes the neighborhood of v.
For any cluster C of a graph G, I'(C) = |J, . N (v) denotes the neighborhood of
C. For any cluster C of a graph G, Rad(C) denotes the radius of the cluster C, i.e.,
the radius of the subgraph induced by C in G. Similarly, for any set C of clusters,
Rad(C) = maxc¢c Rad(C) denotes the radius of C.

In all our algorithms, clusters are constructed in a layered and concurrent fashion.
In other words, a cluster may grow and explore a new layer but it may also lose its
last layer. Some clusters may disappear because they lost all their layers and some
others may be newly formed. A cluster is called finished if it belongs to the final
decomposition that we are constructing. A node belonging to a finished cluster is
also called finished. A node is called active if it does not belong to a finished cluster.

3 A Basic Algorithm for Constructing a Sparse Partition

Let k > 1 be an integer parameter. Typically, k is taken to be small compared with
n (k <logn). Let us consider algorithm BASIC_PART (Fig. 1) as given in Peleg’s
book [36, Chap. 11, p. 130]. Algorithm BASIC_PART was first used in [3] as a data
structure for synchronizer y, then some improvements were given in [34, 41]. The
algorithm operates in many phases. At each phase, a node is selected from the set of
nodes which are not yet covered by a cluster. Then a new cluster is constructed in
many iterations according to the sparsity condition of line 5, i.e., |I"(C)| > n!/¥|C|.
It is important to note that the graph G changes in line 8 of the algorithm and the
notations in the while loop correspond to the new graph G obtained after the deletion
of the corresponding nodes.

Algorithm BASIC_PART constructs a Basic Partition. In fact, we have the follow-
ing:

Theorem 1 [36] The output C of algorithm BASIC_PART is a partition of G which
satisfies the following properties:
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1. Rad(C) <k — 1 (locality level)
2. There are at most n'tV/* intercluster edges (sparsity level)

Proof On one hand, once the construction of a cluster C is finished, the nodes of
C are definitely removed from the graph G. Thus, the clusters constructed by the
algorithm are disjoint. On the other hand, the algorithm terminates once no node
remains uncovered. Thus, the final output C is a partition of G.

Using the sparsity condition, if a cluster C adds i layers, then the size of C satisfies
|C| > n'/k. Hence, a cluster cannot add more than k — 1 layers and the first property
of the partition holds.

Let G¢ be the graph induced by the clusters of the partition C: the nodes of G¢
are the clusters of C and there is an intercluster edge between two clusters if the
clusters are at distance 1 from each others. Now, consider a cluster C € C. Once the
construction of C is finished, there are at most n'/¥ |C| nodes in G at distance 1. Thus,
there will be at most n'/¥|C| neighboring clusters that will be constructed after C.
Thus, there are at most n!/¥|C| intercluster edges that can be added to the graph
G after the construction of C is finished. Thus, the number of intercluster edges
is bounded by ) . n'/¥|C|. Since C is a partition, Y cec |Cl =n and the second
property of the partition holds. (l

There are many distributed implementations of the BASIC_PART algorithm. All
of these implementations are semi-sequential. First, they distributively elect a new
leader in the network which corresponds to the center of a new cluster. Then, the
cluster is constructed in a distributed way by adding the layers in many iterations.
The construction of the cluster ends when there are no new layers to add or when
the sparsity condition is no longer satisfied. Once the construction of the cluster is
finished, a new leader is elected from unprocessed nodes and a new cluster grows up
around this leader.

The main difficulty in these algorithms is to distributively elect the next leader.
In [34], a preprocessing is used to overcome this difficulty. First, a spanning tree T
of the graph G is constructed. Then, the next leader is elected by achieving a DFS
traversal of 7. This technique allows us to improve the complexity bounds of the
decomposition: O(]E|) messages and O(|V]) time.

In the next sections, we introduce a new algorithm with no precomputation step
and no next leader election step.

4 A Deterministic Fully Distributed Basic Partition Algorithm

4.1 Overview of the Algorithm

The main idea of algorithm DIST_PART is to allow clusters to grow in parallel in
different regions. In fact, consider two nodes u and v such that dg (u, v) > 2k where
k is the same parameter as that in algorithm BASIC_PART. Then, it is possible to

grow two clusters respectively around u and v without any interference. Based on
this observation, we initially let each node of the graph be a singleton cluster. Then,
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Cluster Cy

Cluster Co

Cluster Cg

Cluster Cq

Fig. 2 An example of conflicts between clusters at distance 1 or 2

we allow the clusters to grow spontaneously. The main difficulty here is to guarantee
that the clusters do not share any nodes.

We do not avoid cluster collisions but we try to manage the conflicts that can oc-
cur. For instance, consider some region of the graph and suppose that some clusters
have independently grown as shown in Fig. 2. The clusters cannot add a new layer
simultaneously without overlapping. Thus, we make each cluster compete against its
neighbors in order to win a new layer. There are two critical situations. Either, a clus-
ter enters in conflict with an adjacent one or with another cluster at distance two. For
instance, in the example of Fig. 2, cluster C; tries to invade some nodes that belong
to cluster C3 and C3 at distance 1. Thus, the neighboring cluster C1, C; and C3 are in
conflicts. Similarly, cluster C4 tries to invade some nodes in cluster C3. Nevertheless,
these nodes are also required for the new layer of cluster Cy. Thus, the two clusters
C1 and C4 (at distance 2) are also in conflict. To resume, each cluster must compete
against all clusters at distance 1 or 2 in order to add a layer. In addition, a layer not
satisfying the sparsity condition of algorithm BASIC_PART must be rejected.

In order to manage the conflicts and the cluster growth, we use the following rules:

1. Exploration Rule: a cluster is able to add a new layer if its identifier is bigger than
those of not finished neighboring clusters at distance one or two. If a cluster wins
in exploring a new layer then it must apply the Growth Rule, otherwise it must
apply the Battle Rule.

2. Growth Rule: 1f the sparsity condition is satisfied then a cluster adds the last ex-
plored layer and tries to apply the Exploration Rule once again. Otherwise, the
cluster construction is finished and the cluster rejects the last explored layer. The
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Fig.3 Algorithm DIST_PART:

. continue ‘= True
code for a cluster

1

2: while continue do

3 execute the Exploration Rule

4:  if success of the Exploration Rule then

5: add the new layer

6 execute the Growth Rule

7 if Non success of the Growth Rule then
8 reject the last explored layer

9 switch to a finished cluster

10 continue := False
11: end if

12:  else

13: execute the Battle Rule
14:  end if

15: end while

nodes in the rejected layer are re-initialized to singleton clusters with their initial
identifiers.

3. Battle Rule: a cluster loses its whole last layer if at least one neighboring cluster
at distance one has successfully applied the Exploration Rule. The nodes lost by a
cluster are re-initialized to singleton clusters with their initial identifiers.

Based on the three previous rules, we obtain the fully distributed algorithm
Di1ST_PART described in a high level way in Fig. 3.

Remark 1 1t is important to choose a unique identifier for each cluster. For instance,
the identifier of a cluster can be chosen to be the identity of its leader. This is im-
plicitly assumed in the rest of this section. However, we can also choose the couple
(|C|, Idy) as the identifier of a cluster C with a root v, and the lexicographical order
to compare cluster identifiers.

Example Let us consider the concrete example of Fig. 4. We have five clusters 1, 2,
3,4 and 5 with identities Idy > Idy > Ids > Id4 > Ids. Assume that the identifier of
each clusters corresponds to the identity of its leader node. When a new exploration
begins, cluster 1 wins against clusters 5 and 3. Cluster 2 wins against clusters 4 and 5
but loses against cluster 1 which is at distance two. Thus, cluster 2 cannot add a new
layer. Cluster 4 loses against both clusters 2 and 3 but it will not be invaded because
both clusters 2 and 3 cannot grow. Cluster 3 wins against cluster 4 but loses against
cluster 1. Cluster 3 will be invaded by cluster 1 which wins against all clusters at
distance two (cluster 5, 2 and 3). Thus, cluster 3 will lose its last layer. The node con-
necting it with cluster 4 becomes a singleton cluster with its initial identity /dg. The
node connecting cluster 3 with cluster 1 becomes a leaf in cluster 1. Now, suppose
that the sparsity condition for the new enlarged cluster 1 is not satisfied. Then, clus-
ter 1 rejects the last explored layer and its construction is finished. Hence, the nodes
in the rejected layer become singleton clusters. Then, the remaining active clusters
spontaneously continue new explorations. In our example, both cluster 2 and cluster 3
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will succeed their explorations and add a layers. Note that in the other regions of the
graph, there are other clusters which are fighting against each others. Hence, many
clusters can grow in parallel.

4.2 Detailed Description and Implementation

In this section, we give a complete description of how to implement the three rules of
the DIST_PART algorithm using message passing. For the clarity of our algorithm,
we assume that the identifier of a cluster is the identity of its root. The main difficulty
when implementing the three rules of algorithm DIST_PART is to coordinate the
center of a cluster with its leaves, i.e., nodes at the border of the cluster. On one hand,
the center of a cluster cannot see what is happening on the borders of its cluster.
Hence, it must always wait for pieces of information from the leaves before making a
decision. Symmetrically, the leaves cannot see the global state of their cluster. Hence,
they must also wait for information from the center of their cluster.

To apply the three rules, the nodes in a cluster must collaborate. Each node can be
in five states root, leaf, relay, orphan or final. At the beginning, all nodes are orphans
and they form orphan clusters, i.e., cluster with only one node. If a node is in a final
state, then it belongs to a finished cluster and thus it does not make any computation.
Roughly speaking, if a node v is in a root state, then it is the leader and it makes
decisions for its cluster. If v is in a leaf state, then it tries to invade new nodes and it
informs its root. If v is in a relay state, then it forwards information from the leaves
to the root.

As long as new layers are added (resp., removed) to (resp., from) a cluster, the
nodes in the cluster maintain a layered BFS spanning tree. The root of the tree cor-
responds to the root of the cluster, the leaves of the tree correspond to the leaves of
the cluster and the nodes in the interior of the tree correspond to relay nodes. The
decisions of adding or removing a layer are broadcasted by the root node according
to the information forwarded by the leaves all along the constructed BFS tree. Each
time that some new nodes join a cluster, the BFS spanning tree is enlarged by making
each new node choose a parent among the leaves of the already constructed tree.

In next paragraphs, we detail the actions to be performed by each node according
to its state. Notice that the state of a node can change several times. For instance, the
state of a node can be relay at some time, then becomes leaf, after that orphan, and at
last final.

Remark 2 In the pseudo-code of our algorithms, a node uses the function Send to
send a message to a (or some) neighbor(s). The function Receive allows a node to
receive a message from a (or some) neighbor(s). The receive function is blocking,
that is, a node cannot execute the next instruction in the algorithm unless the receive
action is terminated, i.e., all messages were arrived.

Root Nodes The algorithm executed by a root node is given in Fig. 5. First, the root
verifies if the sparsity condition is satisfied and it informs the leaves (Growth rule).
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'%‘
(a) starting configuration. (b) Cluster 1: Ezploration rule success.

7N

6

(d) Cluster 1: Growth rule, Cluster 3:
(c) Cluster 3: Battle rule. Battle rule.

(e) Cluster 1: Growth rule.

(f) Clusters 3,2: Exploration rule.
Cluster 4: Battle rule.

Fig.4 An example of algorithm DIST_PART

More specifically, if the sparsity condition is satisfied, then the root broadcasts a no-
tification message NEW to the leaves in order to begin a new exploration. Otherwise,
it broadcasts a REJECT message saying that the construction is finished.
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Receive count From Children; Compute |I'(C)l;
if I'(C) > n'/*|C| then

1
2
3 Send NEW To Children ;
4 Receive LOST_WIN_STOPPED From Children;
5 if there exists at least one LOST message then
6 | exploration_success := false ;
7 else if all messages are STOPPED then
8 | cluster_stopped := true;
9 else
10 |_ exploration_success := true ;
11 if cluster_stopped then
12 | Send STOP To Children ; State := Final ;
13 else
14 if exploration_success then
15 Send SUCCESS To Children ;
16 h :=h+1; /* the radius of the cluster */
17 else
18 Send FAILURE To Children ;
19 Receive BYE_SAFE From Children ;
20 if there exists at least one BYE message then
21 Send DOWN To Children ;
22 h:=h—-1;
23 if h =1 then State := Orphan ;
24 else
25 |_ Send OK To Children ;
26 else
27 h:=h-—1;
28 State := Final ;
29 Send REJECT To Children ;

Fig. 5 DiST_PART: high level code for the root node of a cluster C

After broadcasting a NEW message, the root waits the response from its leaves.

There are three possible cases:

1.

The root receives only STOPPED messages from its leaves. This means that the
leaves did not find new nodes to explore. In this case, the root broadcasts a STOP
message informing all the nodes that the cluster construction is finished.

. The root does not receive any LOST message, i.e., only WIN (or STOPPED) mes-

sages. This means that the exploration was globally successful. Thus, the root
broadcasts a SUCCESS message to the leaves. Then, the root waits to learn the
size of the new enlarged cluster.

The root receives at least one LOST message. This means that the exploration was
not successful (at least one leaf has lost against a neighboring cluster). Thus, the
root informs the leaves by broadcasting a FAILURE message. Then, the root waits
for the leaves responses. There are two cases:
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— At least one leaf is invaded by another cluster. Thus, the root must receive at
least one BYE message. In this case, the cluster must reject its last layer (Bat-
tle rule). Hence, it broadcasts a DOWN message asking the leaves to become
orphans.

— All leaves have resisted to neighbor’s attacks. Thus, the root must receive only
SAFE messages, i.e., no neighboring cluster has succeeded in invading the cur-
rent cluster. In this case, the root broadcasts an OK message saying that the
cluster is not invaded and asking for a new exploration.

Leaf Nodes The algorithm executed by a leaf is given in Fig. 6.

Remark 3 We remark that a leaf does not always belong to the last layer of a cluster.
For instance, a leaf node may have only final neighbors belonging to finished clusters.
Hence, it cannot add new nodes to its cluster. Nevertheless, other leaves belonging to
the same cluster can continue exploring new nodes. Therefore, the construction of the
cluster can continue even if some leaves cannot locally explore new nodes. In order
to handle this situation, for each node we use a local variable & which corresponds to
its depth in the BFS-spanning tree of its cluster. If 27 =1 then the leaf belongs to the
last layer and it can compete to add new layers, otherwise the leaf cannot explore any
new layer.

Since the exploration of a new layer is done before verifying the sparsity condition,
whenever a node u becomes a leaf in a new cluster, it sends 1 to its parent v in the
new cluster and waits for a message from its parent. The parent node v sends back
the number of its children and so on. Thus, by a convergecast process, the root will be
able to compute the size of the new cluster and to broadcast its decision to the leaves.

If the leaf u receives a REJECT message from its parent, then u leaves its new
cluster (Growth rule) and it becomes an orphan cluster. Otherwise, u receives a NEW
message from its parent. This means that a new layer must be explored. If # cannot
explore new regions, then u sends back a STOPPED message. Otherwise, u begins
a new exploration using an election technique in a ball of radius two: First, u sends
its cluster identifier to its neighbors. Symmetrically, it waits for the identifiers of the
neighboring clusters. Second, u computes the maximum of the neighbor identifiers
(including the identifier of its own cluster) and sends it again to the neighbors. Sym-
metrically, it waits for the maximum identifiers sent by neighboring leaves. If all the
identifiers received by u are equal to the identifier of u’s cluster, then u has locally
succeed its exploration and it sends back a WIN message. Otherwise, u sends back a
LOST message.

Remark 4 Since the clusters have unique identifiers, then two neighboring leaves can
easily decide whether they belong to the same cluster, e.g., when exchanging their
identifiers in a new exploration.

Once the exploration is finished, the leaf node u waits for the decision of its root.
There are three cases:
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1 Send 1 To parent ; Receive msg From parent; /* msg is either NEW or REJECT */
2 if msg = NEW then
3 if there are new modes to explore then
4 Send Idc To neighbors in other active clusters;
5 Receive Ugr Idor From neighbors in other active clusters ;
6 maxi := the maximum of Ug/Idgr ;
7 if max; < Idc then
8 | Send Idc To neighbors in other active clusters;
9 else
10 |_ Send max; To neighbors in other active clusters;
11 Receive Ids From neighbors in other active clusters ;
12 maxs := the maximum of received Ids;
13 if maxs > Idc then
14 | Send LOST To parent ;
15 else
16 |_ Send WIN To parent ;
17 else
18 |_ Send STOPPED To parent ;
19 Receive msg From parent; /* msg is either SUCCESS or STOP or FAILURE */
20 if msg = SUCCESS then
21 Send JOIN To neighbors in other active clusters ;
22 Receive messages From neighbors in other active clusters ;
23 Mark the new Children in the BFS tree of C'; h := h + 1; State := Relay;
24 else if msg = STOP then
25 | State := Final ;
26 else
27 Send STAY To neighbors in other clusters ;
28 Receive messages From neighbors in other active clusters ;
29 if there exists at least one JOIN message then
30 Send BYE To parent ;
31 Receive msg From parent; /* the message must be a DOWN message*/
32 choose a new parent in the new winner cluster; h :=1 ;
33 else
34 Send SAFE To parent; Receive msg From parent ;
35 if msg = DOWN then
36 if h =1 then State := Orphan ;
37 Lifh;élthen h:=h—-1;
38 else

39 if h =1 then State = Orphan ;
40 if h # 1 then h := h — 1; State = Final ;

Fig. 6 DiST_PART: high level code for a leaf node in a cluster C

1. If u receives a STOP message from the root, then none of the leaves can explore
new nodes. Thus, u becomes a final node, i.e., the construction of the cluster is
finished.

2. If u receives an SUCCESS message from the root, then all leaves have succeeded
their local explorations, i.e., they won against all neighbors at distance 1 or 2.
Thus, u sends a JOIN message to neighboring leaves asking them to join its clus-
ter. Then, u switches to a relay state.
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3. If u receives a FAILURE message from the root, then at least one leaf has not
succeeded the exploration. Thus, u sends a STAY message to neighboring leaves
informing them that they will not be invaded by u’s cluster. Then, # waits to know
if the neighboring clusters succeeded their explorations. There are two cases:

— If u receives at least a JOIN message from a neighboring leaf (in a different
cluster), then it sends back a BYE message to its root, waits for an acknowledg-
ment (DOWN message) and it joins the new cluster.

— Otherwise, if none of the neighboring cluster has succeeded in invading the leaf
(STAY message), the leaf sends back to its root a SAFE message. At this stage of
the algorithm, the leaves (except those who have received a JOIN message) do
not know whether their cluster is being invaded or not (only the root globally
knows what is happening at its frontiers). Thus, the leaves wait for either an
OK or a DOWN message from the root. If a leaf receives an OK message,
then it remains in the same cluster and it begins a new exploration once again.
Otherwise, it receives a DOWN message and it becomes an orphan node.

Orphan Nodes An orphan node acts like a root and like a leaf node. In fact, it
makes decisions for its singleton cluster and it fights against neighboring nodes. If
an orphan node succeeds an exploration, it becomes a root node in a new cluster
of radius 1. If it is invaded by a cluster, it becomes a leaf. Otherwise, it re-tries to
invade its neighbors (new exploration). If it has only neighbors belonging to finished
clusters, then it switches to a final state. The type of messages that must be sent by
an orphan node to neighbors can be deduced from the previous discussion.

Relay Nodes The main role of a relay node is to forward information from the root
to the leaves. If a relay node receives a message from its parent, it simply forwards it
to its children. If the message is a REJECT or a STOP message, then the node knows
that the cluster construction is finished and it switches to a final state. If the message
is a SUCCESS message, then the node knows that there is a new layer that will join
the cluster. Thus, the depth of the node is incremented by one. If the message is a
DOWN message then the relay node knows that its cluster was invaded and lost the
last layer. In this case, if a relay node belongs to the layer before the last one (h = 2)
then the relay node becomes a leaf.

On the other hand, if a relay node receives a message from its children, it can
deduce which step the leaves are executing (exploration of a new layer: WIN, LOST
or STOPPED messages, resistance against neighbors attacks: OK or BYE messages,
and computation of the sparsity condition: integer message). In all cases, the relay
node can easily compute what kind of message it must forward to its root.

Remark 5 Each node can easily know which of its neighbors belongs to a finished
cluster. It is sufficient to make each node (which becomes final) send a message to
its neighbors to inform them. However, we can avoid these extra communication
messages as following. When a node v is explored by a cluster C, it uses the Ids
sent by neighbors in order to compute a set F¢ of neighbors belonging to the layer
before the last one. Then, if v receives a REJECT message from the root of C, i.e., the
sparsity condition for the last layer of C is not satisfied, then v marks its neighbors in
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Fc as finished. Now, consider any edge (u, v). Suppose that # and v do not belong
to the same cluster at the end of the algorithm. W.l.0.g., suppose that u becomes in
a final state before v. Thus, the cluster containing # must have explored v. Thus, v
must have received a REJECT message from its parent. Thus, v can decide that u
switched to a final state. The case where nodes u and v ends up in the same cluster is
trivial since both the two nodes stop communicating.

Remark 6 Although our algorithm is completely asynchronous, we remark that there
is a kind of synchronization in our implementation which is close to the one used in
synchronizer y (see Appendix A). On one hand, the root nodes control the execution
of the algorithm and give the starting signal to all the actions of the leaves using the
relay nodes. Hence, the actions of nodes inside one cluster are synchronized. On the
other hand, the decisions made by the roots in neighboring clusters are synchronized
since a root must wait for some information concerning those neighboring clusters.
The leaves in different clusters synchronize also their actions to execute the decisions
of their roots.

4.3 Analysis of the Algorithm
Theorem 2 Algorithm DIST_PART terminates.

Proof From the algorithm description, the cluster having the biggest identifier in the
graph always succeeds the Exploration rule. Thus, it always succeeds adding new
layers until the sparsity condition is violated. Thus, after at most k£ — 1 layers, the
nodes in the biggest cluster are in final states. Now, the remaining cluster with the
biggest identifier always succeeds its new explorations and so on until all the nodes
are in final states. 0

Theorem 3 Algorithm DIST_PART emulates the BASIC_PART algorithm.

Proof From the algorithm description, once the construction of a cluster is finished,
the cluster cannot be invaded by any other active cluster. Hence, the constructed clus-
ters are disjoint.

In addition, a new layer is added if and only if it verifies the sparsity condition
(Growth rule). Symmetrically, if a cluster is invaded, then it loses its whole last layer.
Hence, the layers of finished clusters satisfy the sparsity condition.

Thus, the constructed partition satisfies the sparsity and locality properties of al-
gorithm BASIC_PART. O

Theorem 4 In the worst case, the time complexity of algorithm DIST_PART is:
Time(DIST_PART) = O (n)

Proof 1n the following proof, we consider the clusters in an increasing order of the

time of their construction. Let C be a cluster in the final partition C. Let r be the

radius of C. We remark that the construction of a cluster always ends with a sequence
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of successive successful explorations, and in all these explorations except for the last
one the growth condition holds. Consider the first time ¢ when the cluster C starts
to successively completes all its explorations. Let Time(C) be the number of time
units from ¢ to the end of C’s construction. In other words, 7ime(C) is the duration
of the successive successful explorations. Let j be the radius of C at time ¢. For any
i €{j,...,r}, weconsider the time when C contains i layers, and we denote by 7,4y,
the maximum radius of the neighboring clusters of C.

In order to decide if a layer is added or not, the cluster C must be traversed at most
a constant number of times. In addition, before a node joins a new cluster, it informs
its previous root and waits for the acknowledgment of this root. Thus, Time(C) <
Y 0<i<r O +rpay;). Using Theorem 1, we have r < k — 1 and rypqy; < k — 1. Thus,
Time(C) = O(kr).

In the worst case, two clusters are never constructed in parallel. Thus,

Time(DIST_PART) = Z Time(C)
ceC

Hence, using the fact that ) -7 <n, we get
Time(DIST_PART) = O(k - n)

The previous analysis is not sufficient to prove the theorem if the parameter k is
not a constant. Nevertheless, it gives us a precious remark. In fact, we remark that it
can be interesting to take the couple (Rad(C), Id,) to be the identifier of a cluster C
rooted at a node v and the lexicographical order to compare cluster identifiers (which
do not change the overall implementation). In this case, we have r,,4x; < r. Thus, for
the relevant range of k < log(n), we have:

k
ICl=n* = r< log(IC]) = r=<log(IC])
log(n)
Thus,
Time(DIST_PART) = > > O +rmaz) < Y 0G?)
CeCO<i<r ceC
<Y 0dog(CH?)
ceC
<> o(cp
ceC
Since C is a partition, the theorem holds. U

Remark 7 Since at each time unit nodes could exchange order of |E| messages in
a worst case scenario, the message complexity of our algorithm can be rather large.
However, this does not take into account the fact that finished clusters stop com-
municating with their neighbors. In this paper, we are mainly interested in the time
complexity and we will not consider improving the message complexity measure.
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Complete graph with n nodes

Fig. 7 An example of bad node distribution

Remark 8 One shall remark that our theoretical analysis is still sequential. In fact,
in our analysis we consider that clusters are never constructed in parallel. This can
actually happen for instance if the graph contains a path with nodes having a decreas-
ing sequence of identities. In Fig. 7, such a bad scenario is illustrated. In fact, at each
round of the algorithm execution there will be only one cluster constructed. At the
beginning, all nodes but node number 2# fail to explore a new layer. Then, node num-
ber 2n switches to a final state, and only node number 2n — 1 wins the exploration
and so on. Thus, it takes O (n) time to terminate the construction. Also in the example
of Fig. 7, there will be order of O (n?) messages exchanged at each new exploration
round. In fact, the nodes of the clique will not be able to switch to final states before
the last round. Hence, the message complexity is large. Nevertheless, by considering
a random permutation of node identities, one can see that the path in Fig. 7 is likely
to be broken in many pieces rather quickly allowing more than only one cluster to
grow in parallel. This leads to a better time and message complexity in practice. For
the general case of any graph, we think that the average complexity of our algorithm
can be much better than the worst case bound of Theorem 4. It would be very nice
to prove this claim analytically. This could be a hard task since one have to consider
any connected graph with n nodes and all possible permutations of node identities.

5 Sublinear Deterministic Distributed Partition

In the following, we show how to improve algorithm DIST_PART in order to obtain
sublinear time algorithms for constructing a basic partition. First, we describe and
analyze a new synchronous algorithm called SYNC_PART. Then, we show that the
synchrony of the network is not important to achieve a sublinear time construction,
and we provide a new asynchronous algorithm called FAST_PART.
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In the remainder, we denote by V¢ the set of finished nodes, i.e., nodes in a finished
cluster. Furthermore, we are interested in active nodes in V — V¢, hence the degree
dy of a node v is defined as its degree in the graph Gy _y, induced by V — V.

5.1 A Synchronous Deterministic Algorithm

In this section, we assume that the network is synchronous, i.e., there exists a global
clock. At any time ¢, A, denotes the set of active nodes (nodes not in V at time ),

I . . .
and R; = {v € A, | d, > nk} denotes the set of active nodes having high enough
degrees at time .
We remark that the sparsity condition for a singleton cluster rooted at some node

visd, > n% Hence, a singleton cluster rooted at some node in A; \ R; cannot grow
any layer. Thus, at any time ¢, we only let the nodes in R; compete in order to grow
some clusters. Once R; becomes empty, we just let the remaining active nodes be
finished singleton clusters.

The new algorithm SYNC_PART works in two stages. The first stage is performed
until time 7 = O (k*n'~1/k) is reached. The second stage begins at time 7" and lasts
O(1) time units.

In the next paragraphs, we give the details of algorithm SYNC_PART and discuss
its correctness and its complexity.

First Stage of the Algorithm During this stage, all nodes execute algorithm
D1ST_PART with the following additional exploration rules:

— Ifanode v € A; isno longerin Ry, i.e., v € A; \ Ry, then v sets its identity to —oo.
— Singleton clusters rooted at nodes in A; \ R; do not explore any layer.

Notice that the previous modifications are made only by singleton clusters that
do not verify the sparsity condition. We use the same three rules of algorithm
D1ST_PART to manage the growth of other clusters rooted at any node in R;.

Let us consider a singleton cluster rooted at v € A; \ R;. Then, when applying
the new rules, v sets its identity to —oo. Hence, v has the lowest identity among
all other possible identities. Therefore, node v will not stop the growth of another
cluster rooted at a node of R;. In fact, v can only be a part of other neighboring dense
clusters (if it is asked to join). If the neighborhood of v is also in A; \ R;, then the
cluster behaves as if it has the lowest identity, i.e., it does not explore any layer. In
a practical implementation, a node needs to know whether it is in R, or not. Since
at any moment of algorithm DIST_PART a node is aware of its finished neighbors
(see Remark 5), there are no further communications to be done by a node in order
to know if it is still in R;.

Second Stage of the Algorithm At time 7, all remaining active nodes in A; stop
computing and just decide to be finished singleton clusters.

Proposition 1 (Correctness) Algorithm SYNC_PART emulates algorithm
BASIC_PART.
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Lemma 1 Let C be the cluster with the biggest identity among active nodes at some
moment of the algorithm. We need O (k?) time in the worst case before the construc-
tion of C is finished.

Proof On one hand, the communications performed by the algorithm are done using
a broadcast convergecast process inside the BFS spanning tree of each cluster. Since a
cluster has a radius at most O (k), a broadcast (or a convergecast) costs at most O (k)
time units.

On the other hand, using the Exploration rule, cluster C always wins against its
neighboring clusters and it always succeeds in exploring new layers. In the worst
case, there will be at most kK — 1 new explored layers. Thus, it takes at most O (k - k)
time before the construction of C is finished. 0

Lemma 2 For any time t either |A;; o2y < |A:| — n'/k or R ou)=9.

Proof Consider a given time 7. If R, = & then R, 2y = & (because a finished
node will never be active again). In the remainder of the proof we consider the less
trivial case where R; # &.

Consider anode v in R;, 1.e., v has more than nl/k active neighbors at time 7. Node
v must belong to some cluster C. Let u be the root of C. Suppose that u is active at
time ¢, then u must be in R; (because sparse nodes cannot explore new layers). The
cluster having the biggest identity will end up having radius at least 1 and size at least
n'/%_The vertices of that cluster become inactive and so at least n'/¥ vertices become
inactive. Using Lemma 1, the construction of the cluster having the biggest identity
is terminated within at most O (k%) time. Thus, |Arrou)l <Al — nl/k,

Suppose now that for each node v € R;, the root of the cluster containing v at time
t is inactive. This may happen since it may take some time for a root node to inform
the other nodes in its cluster that the construction of the cluster is finished. This
information takes at most O (k) time to reach a node v. Thus at time ' =t + O (k),
either v becomes inactive or v € Ry or v € Ay \ Ry. Thus, we have two relevant
cases:

— No node v becomes in R,/. This means that R,, = & and the second property of the
lemma holds.

— At least one node v becomes in R,. By considering the cluster having the biggest
identity at time ¢’ and using Lemma 1, we have that |Avrouy| < |Av] — nl/k.
Since |Ay| < |A;] and ¢’ + O(k?) =1t + O (k) + O(k*) =t + O(k?), we can con-
clude that [A, p2)| < |A:] — n'/%_ Thus, the first property of the lemma holds.

In all cases, either the first property or the second property of the lemma holds. [
Lemma 3 Fort=0k*n'"V*) R, = 2.

Proof Using Lemma 2, at the beginning of the algorithm we have |Ap2)| <
|Ay| —n'/* or Rog2y = 9. If Ry 2y = & then the lemma holds. Otherwise, we have
|Apu| <A1l —n'/*. Let t = O(k?). Again by Lemma 2, we have |A,; | o 2| <
|A,| —n'/* or R, o2 = 9. If Ry o2y = @ then the lemma holds. Otherwise, we
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have |A; ou2)| < |A¢l — n'/k_ Hence it is easy to see that each O(k?) time period
p, either the set of active nodes decreases by at least n'/¥ factor or all nodes become
sparse. Thus, by a simple induction, after at most n!~!/¥ periods p either set A be-
comes empty or set R becomes empty. Since at any time ¢, R; C A;, then we can
conclude that R 2,1-1/x) = 2. U

Since the first stage of the algorithm costs 7 = O (k?n!~1/¥) time units and the
second one is performed in O(1) time units, we get the following theorem:

Theorem 5 (Time Complexity) The time complexity of algorithm SYNC_PART is
O(kz nl—l/k)'

Remark 9 We remark that since we are interested in small values of k (typically con-
stant values of k), the time complexity of our algorithm is O (n!~1/%). However, we
can show that for any k verifying k < logn, the value of 7 in the previous algorithm
can be chosen to be equal to O (n'~!/%). To do that, we slightly modify our algorithm
by privileging the growth of clusters having the biggest couple (Radius,Id). The proof
of this claim is technically similar to the proof of Theorem 4. In fact, consider a clus-
ter C rooted at some node v in R;. Consider the cluster C having the biggest couple
(r,Id,) where r is the radius of C and Id,, the identity of v. Similarly to the analysis of
Theorem 4, it takes at most O (r) time to explore a new layer. Moreover cluster C con-
tains at least n"/* nodes that will be removed from set A, once the construction of C
is finished. Let £ > 1 the radius of C in the final partition. Overall, it costs O(EZ) time
to construct cluster C. Moreover at least n*/* nodes become inactive at the end of the
cluster construction. Now, for k < logn, we have that nt/k /Ez =QnY k). Thus, by
considering the clusters in an increasing order of their time construction, it is easy to
see that the way that our algorithm removes nodes from set A; is equivalent to remov-
ing at least 2 (n'/%) nodes each O (1) time units. Thus, after at most O (n!~1/%) time
units, either set A; becomes empty or R, becomes empty. Thus, after O (n'~!/¥) time
units, no clusters with radius at least 1 can be constructed. Hence, 7 can be chosen
to be O(n'~1/k) and the factor k* can be removed in the time complexity.

5.2 An Asynchronous Deterministic Algorithm

Algorithm SYNC_PART uses the property that the system is synchronous to find a
bound on the time 7 before no nodes can grow a non zero radius cluster. The time 7°
informs all remaining active nodes that there are no more active dense clusters in the
graph. This compels us to wait 7 time units even if the input graph is sparse. Further-
more, algorithm SYNC_PART cannot be run in an asynchronous system without using
any synchronizers (see, e.g., Appendix A). In the following, we give a new asynchro-
nous algorithm FAST_PART which does not use any global clock. The general idea
of the algorithm is to allow sparse clusters to become finished without waiting until
pulse 7. Our asynchronous algorithm shows that the key point for speeding up the
construction does not rely on the global synchrony of the system, but rather on more
local parameters.
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Details of the Algorithm Let us call a cluster C dense, if C has a radius at least

1 or if the single node v of C verifies d,, > nt. We also define a sparse cluster to
be a singleton cluster which is not dense (this corresponds to a node in A; \ R; in
algorithm SYNC_PART).

Algorithm FAST_PART uses the three rules of algorithm DIST_PART with the
following modifications:

— A dense cluster can explore a new layer if it has an identity bigger than those of its
active dense neighbors at distance one or two.

— A sparse cluster is not allowed to explore a new layer.

— A sparse cluster declares itself finished singleton cluster if:
e all its neighbors are sparse,
e or if none of its dense neighbors has succeeded in exploring a new layer.

Using these new rules, a sparse node is allowed to declare itself finished if it is not
explored by any neighboring cluster. This occurs if all neighbors are sparse or if the
dense neighbors have not succeeded their explorations. This simple idea enables us
to improve the time complexity of the previous synchronous algorithm.

It is obvious that the new modifications can be implemented using messages of
size at most O (log(n)) using the same techniques than in algorithm DI1ST_PART. For
instance, we can use a couple (/d,Dense) for the cluster identifiers, where Dense is a
boolean variable indicating whether a cluster is dense or sparse.

Proposition 2 (Correctness) Algorithm FAST_PART emulates algorithm
BASIC_PART.

Let A be the number of clusters of radius at least 1 at the end of algorithm
FAST_PART. Then, the following theorem holds:

Theorem 6 (Time Complexity) The worst case time complexity of algorithm
FAST_PART satisfies:

Time(FAST_PART) = O (k*A) = 0(k2nl—%)

Proof The new rules guarantee that a dense cluster is never stopped by a sparse one.
In the worst case, no two dense clusters are constructed in parallel. Thus, let us con-
sider the finished dense clusters in a decreasing order of their time construction.

The construction of a cluster costs at most O (k?). Thus, after at most O (k2A)
time, it only remains active sparse clusters in the graph. In two rounds, all remaining
sparse clusters detect that their neighbors are sparse. Thus, using the new rules, they
become finished clusters and the algorithm terminates. Thus, the first part of the the-
orem holds. In addition, since the cluster are disjoint, it is obvious that for any graph

and for any execution of the algorithm, A is bounded by n!~% which completes the
proof. U

Remark 10 Note that we can apply Remark 9 for the asynchronous algorithm
FAST_PART in order to remove the k2 factor and obtain a O (n 1= %) time complexity.
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Remark 11 The bound O(k*A) becomes of special interest in the case of graphs

where A can be shown to be small compared to M , €.g2., see Appendix B for the
case study of Circulant graphs.

Remark 12 A nice property of algorithm FAST_PART is to privilege the clustering of
dense regions of the graph. For instance, if we consider a graph with only some few
dense regions, e.g., some cliques connected by some paths. Our algorithm will auto-
matically capture the topology of the underlying graph and the clustering will have a
high priority at those dense regions. In the example of Fig. 7, algorithm FAST_PART
constructs a basic partition in constant time whereas algorithm DIST_PART needs
O(n) time.

6 Sublinear Randomized Distributed Partition

Although, the previous deterministic algorithms allow us to construct clusters in par-
allel, their analysis 1s still sequential. In this section, we give a new randomized algo-
rithm enabling us to compute a lower bound of the number of clusters constructed in
parallel.

6.1 Randomized Local Elections

In [33], a randomized algorithm called L;-election (LE, for short) is introduced in
order to implement distributed algorithms described with Closed Star (CS for short)
relabeling systems. Relabeling systems can be considered as a formal tool to describe
and to prove distributed algorithms independently of the underlying model of com-
munication. The reader can refer to [14, 26, 31, 32] for a review on the mathematical
foundations of relabeling system. Roughly speaking, a distributed computation step
in the CS relabeling system formalism consists in relabeling the nodes attached to a
star according to a precise relabeling rule. This encodes the fact that local compu-
tations done by a node in a distributed environment can be viewed as a function of
the states (labels) of its neighbors. The execution of a distributed algorithm is then
described as a sequence of relabeling steps. Each relabeling step changes the labels
of a star in the graph according to some rule. The relabeling could be executed in par-
allel in different regions of the graph at the condition that the corresponding stars do
not intersect. In this context, algorithm LE; [33] is a message passing algorithm used
to implement any formal algorithm described using the relabeling system formalism.
Algorithm LE> works in fact in rounds where at each round some nodes are elected
centers of some stars. In other words, at each round, algorithm LE, computes some
disjoint stars to be relabeled in parallel.

Algorithm LE; is based on the following simple idea. At each round, a node
chooses a random number. If the number chosen by a node is bigger than the number
chosen by its neighbors at distant 2, then the node is elected center of a star. Thus, the
stars centered at the elected nodes can be relabeled in parallel since they are disjoint.
Now, suppose that we want to construct the basic partition for k = 2. By Theorem 1,
the radius of a cluster is at most 1. Thus, we remark that we can use algorithm LE>
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1: while There exist nodes not in a finished cluster do

2:  (0.) each node selects randomly an identity from a big set of integers.

3:  Stage 1: local election in balls of radius k

4:  (l.a) Each node v not in a finished cluster runs algorithm LE}

5 Stage 2: reinitialization

6:  (2.a) Each formed cluster C computes independently the sparsity con-
dition for each layer j <k,

7. 1f S contains a layer j violating the sparsity condition then

8: (2.b) C releases all layers [ > j and becomes a finished cluster,
9: (2.c) nodes in released layers become singleton clusters.
10:  else
11: if all neighbors are finished then
12: (2.d) C becomes finished.
13: end if
14:  endif

15:  (2.e) Break all non finished clusters and form new singleton clusters.
16: end while

Fig. 8 Algorithm ELECT_PART

to first compute some disjoint stars. Since the elected stars are disjoint, the elected
nodes can verify the sparsity of their corresponding stars in parallel without interfer-
ing with each other. Thus, whenever a node is elected center of a star, it computes
the size of its corresponding star and then it decides to be either a radius 1 finished
cluster or a finished singleton cluster. By repeating this process until each node gets
clustered, we obtain the basic partition we want to compute.

In [33], the authors studied the number of nodes locally elected by their LE, al-
gorithm, and they interpreted that as the degree of parallelism authorized by their
algorithm. Thus, by applying the LE; algorithm for constructing the basic partition,
we can study the number of clusters constructed in parallel in one round and for k = 2.
Using that study, we can derive new upper bounds on the time needed to cluster all
the nodes.

In the following we will argue that the local election algorithm of [33] can be
extended to elect nodes which are centers of disjoint balls of radius k > 2. Our LE}
algorithm is then used as a sub-procedure in algorithm ELECT_PART in order to
construct the basic partition. These algorithms are described in next paragraphs.

6.2 Algorithm ELECT_PART

Algorithm ELECT_PART is depicted in Fig. 8 below. It runs in many phases until
each node of the graph becomes part of a finished cluster. A phase of the algorithm is
executed in two stages.

In the first stage, we construct disjoint balls of radius at most k using algorithm
LE} depicted in Fig. 9. Algorithm LE; can be viewed as a variant of algorithm
D1ST_PART. It works in at most k£ rounds. At each round, a node applies the ex-
ploration rule and tries to add a new layer. If the exploration is not successful, then
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Fig. 9 Algorithm LE}: code for

: Round < 0;
a cluster

while Round < k do
execute the Exploration Rule;
Round < Round + 1;
if Non Success of the Exploration Rule then
execute the Battle Rule;
end if
end while

A A T o T

the node executes the battle rule as in algorithm DIST_PART. Note however that
whenever the exploration is successful then the new explored layer is added even if
it does not satisfy the sparsity condition. At the end of algorithm LEj, some nodes
will succeed growing a cluster up to some distance ¢ < k. Nevertheless, some layers
of those clusters may not verify the sparsity condition.

The second stage allows us to compute finished clusters and to re-initialize the
computations for a new phase. In fact, each cluster in the input of the second phase
computes independently whether there is a layer that does not satisfy the sparsity con-
dition (Step 2.a). This can be done distributively using convergecast and broadcast
between the root and the leaves. If there exists a layer j violating the sparsity con-
dition then the cluster rejects all layers / > j and declares itself finished (Steps 2.b
and 2.c). Otherwise, if all its neighbors are finished then the cluster declares itself
finished (Step 2.d). This is because the cluster will not be able to grow any more.
Finally, the remaining clusters are broken into singleton clusters in order to run a new
phase (Step 2.e).

Remark 13 Algorithm LE; grows balls of radius k whereas a radius k — 1 suffices.
This allows us to mark edges connecting a cluster with the nodes in the last rejected
layer and we avoiding the preferred edge election step needed for some applications.
This step is discussed in Sect. 7.

6.3 Analysis of the Algorithm

In this section, we compute a bound of the expected number of phases needed before
algorithm ELECT_PART terminates. The main idea of our analysis is to bound the
number of nodes becoming part of a finished cluster in a phase, by using the number
of clusters constructed in parallel in each phase.

In the sequel, we say that a node is locally k-elected if it succeeds the first stage
of algorithm ELECT_PART without losing against any other cluster, i.e., line 6 of
algorithm LE} is never executed by a locally k-elected node. We also use a parameter
K such that: Vv € V, N (v) < K, where Nox (v) ={u €V | d(u,v) <2k}, ie., K is
an upper bound of the 2k-neighborhood of any node.

It is not difficult to show that the probability that a node v is locally k-elected in a
given phase is (1/N2x(v)). On the other hand, if we denote by X the random vari-
able which counts the number of locally k-elected nodes, then X can be written as
the sum of n random variables X, (for each v € V') such that X,, = 1 with probability
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g = Q(1/N(v)) and 0 with probability 1 — ¢g. Hence, by the linearity of the expec-
tation, we obtain E(X) =) ", ev-v, 94 Thus, the following lemma is straightforward:

Lemma 4 The expected number of nodes locally k-elected in a phase is lower

bounded by Q( |V;<Vf| ).

Theorem 7 Let T be the time complexity of algorithm ELECT_PART. The expected
value of T satisfies:

E(T) = O (k2 M)

log(Z&5)

Proof Let i > 0 be a phase of the algorithm and (G;);>0 the sequence of graphs
such that Gp = G and for all i > 1, G; is the graph obtained by removing the nodes
(and the corresponding incident edges) belonging to a finished cluster from G;_1.
Obviously, G; is the input graph of phase i.

Let X; be the random variable which denotes the size of the graph G; (the number
of its nodes) for all i > 0, and let ¥; be the number of nodes locally k-elected in the
ith phase. It is clear from Lemma 4 that we have the following inequality:

EY; | Gi) = X(Gi)/K

It is also easy to see that X; 1 < X; — Y; forall i > 0. Thus,

1
EXit11G) =X; —E; |G;) <X, - (1 - ?>
For i > 0, we define anew r.v. Z; by Z; = X; /(1 — %)". Then, E(Z;+1 | Gi) < Z;.
Thus, the r.v. Z; is a super-martingale (see [43]), and then

E(Ziy1) =E®E(Zi+11Gy)) <E(Z)

A direct application of a theorem from [43, Chap. 9], yields E(Z;) < Zo =n. Thus

E(X;) = (1 — %) E(Z;) Sn(l — %) .

The algorithm terminates when Vy =V, i.e.,, X; = 1. This implies that i is upper
bounded by the ratio log(n)/ log(%). Since both the first and the second stage of

the algorithm take at most O (k%) time to be finished, the assertion in the theorem is
proved. U

Remark 14 The bound given by Theorem 7 does not take into account the size of the
finished clusters at each phase but only the number of clusters constructed in parallel.
Furthermore, the number of clusters constructed in parallel is just lower bounded
using the variable K which corresponds to the initial graph G and not to the subgraph
in the input of each phase. It would be very interesting to take all this features into
account in order to get a better bound on the number of phases needed to terminate
algorithm ELECT_PART.
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6.4 Improvements

In algorithm ELECT_PART, sparse nodes also participate in the computations and
compete against other nodes in order to grow a ball. This slows down the construction
because an elected sparse node will always form a finished singleton cluster. Thus,
we can improve algorithm ELECT_PART by allowing only dense nodes to compete
in order to grow a ball of radius k.

Similarly to algorithm FAST_PART, we let a dense node win against a sparse one
using a couple (Id, Dense). In other words, we prohibit that a sparse node stops the
growth of a dense cluster. We also let a sparse node declare itself finished if it is not
invaded by any neighboring cluster, i.e., if dense neighbors lose their explorations or
if all neighbors are sparse.

By considering the number of dense nodes at each phase and using the same ar-
guments than in Theorem 7, we can find a bound on the expected number of phases
needed to terminate the construction. Unfortunately, the theoretical analysis leads to
the same bound than in Theorem 7. It is also easy (using the same reasoning than
in Theorem 6) to prove that the complexity of the modified algorithm is bounded by
O(k*A).

This new modified version of algorithm ELECT_PART is particularly interesting
because it has a sublinear time complexity for general graphs, and at the same time,
it allows us to express the high degree of parallelism of our method. For instance,
consider a graph G such that K = O (n€) with € < 1. This defines a large class of
graphs for which we can achieve an improved time complexity, namely O (log(n)n€).

In Appendix B, we show that the expected running time of the modified algorithm
is O(log(n)) in the case of Circulant graphs.

7 Application to Graph Spanners

In this section, we show how to efficiently construct graph spanner in the CON GEST
distributed model using our previous algorithms. A subgraph H is an («, B)-spanner
of a graph G if H is a spanning subgraph of G and dy (u,v) <« -dg(u,v) + B for
all nodes u, v of G, where dy (u, v) denotes the distance from u to v in the graph X.
The couple («, B) is called the stretch of H, and the size of H is the number of its
edges.

One immediate application of algorithm BASIC_PART is the construction of a
(4k — 3, 0)-spanner with O(n'*1/¥) edges for any n-node graph G. The spanner is
obtained by considering the set of edges spanning each cluster and by selecting an
inter-cluster edge for each pair of two neighboring clusters. The bounds on the stretch
and the size of the spanner are a straightforward consequence of Theorem 1. In order
to construct such a spanner distributively, we must first construct the basic partition,
and second select an edge between every two neighboring clusters. However, we
can both avoid this additional step of selecting preferred edges and at the same time
improve the bound on the spanner size.

In fact, let us consider any cluster C under construction in algorithm DIST_PART.
Before the construction of C is finished (just after the sparsity condition is no longer
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satisfied) and for every neighboring vertex u of C (u is on the last rejected layer
of C), we select an edge from u to some v in the last layer of C and we add it to the
spanner S. Moreover, we add the BFS spanning tree of each cluster C to the spanner
S. It is well known that this idea allows us to construct a (2k — 1, 0)-spanner with
O (n'/*) edges. This idea is in fact attributed to [27] in [36, Exercise 3, p. 188] and is
used in [22] as a first step to construct (1 + €, B)-spanners. The same idea is also used
in [34] to improve the complexity of synchronizers y; and y». The time complexity
of the algorithms used in [34, 36] is O (n) and it has not been improved since.

We remark that the last rejected layer is always explored in all the distributed
algorithms described in previous sections. Hence, the edges connecting a cluster with
nodes in the last rejected layer are implicitly computed by our algorithms without any
extra communications. Hence, by the previous discussion, the following results are
straightforward:

Theorem 8 There is a deterministic distributed algorithm that given a graph with
n nodes and a fixed integer k > 1, constructs a (2k — 1, 0)-spanner with O (n'tVk)
edges in O (n'~1/%) time using messages of length O (logn).

Corollary 1 There is a deterministic algorithm that given a graph with n nodes con-
structs a (3, 0)-spanner with O (n/?) edges in O (J/n) time using messages of length
O (logn).

One can find many papers concerning the construction of graph spanners. In [38,
39, 44], the reader can find excellent and recent reviews on graph spanners.

To our knowledge Theorem 8 provides the best time complexity for constructing
(2k — 1, 0)-spanners with O (n'T1/%) edges in a deterministic manner and using small
messages. The fastest deterministic algorithm was given very recently in [20]. It con-
structs (2k — 1, 0)-spanners with O (kn't1/ky edges in O (k) time using messages of
polynomial size. Fast randomized algorithms using small messages exist. The best
one is due to Baswana et al. [11, 12]. The authors there gave a (Las-Vegas) random-
ized algorithm that computes a (2k — 1, 0)-spanner with expected size O (kn't1/k)
in O (k) time using O (log(n)) size messages. As mentioned in [9], a randomized so-
lution might not be acceptable in some cases, especially for distributed computing
applications. In the case of graph spanners, deterministic algorithms that guarantee a
high quality spanner are more than of a theoretical interest. Indeed, one cannot just
run a randomized distributed algorithm several times to guarantee a good spanner,
since it is impossible to check efficiently the global quality of the spanner in the
distributed model.

8 Open Questions

In this paper, we focus on the time complexity of constructing sparse partitions in the
practical CON'GEST distributed model. One important motivation of our work is to
understand and to study the effects of the congestion created by small messages into
the overall time complexity of a distributed algorithm.

We left open the following questions:
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1. Can we improve the time complexity of our algorithms from n!=1/* to n!/k in

the CONGEST model? In particular, we remark that, in the case of small k
(2,3,4,5), the locality level of the basic partition and the time complexity bound
obtained using our technique are better than the bounds one can obtain by both
assuming a more powerful distributed model, i.e., unlimited message size, and us-
ing techniques from [9]. This observation is intriguing and one can be interested
in a lower bound on the time complexity of distributively computing the basic
partition. Although, the case k = 2 seems hard to improve, we are optimistic that
deterministic algorithms with better bounds exist for other values of k.

2. We have studied the sparse partition problem from a locality point of view. In other
words, we only consider the problem of improving the time complexity. Can we
improve the message complexity of our algorithms while maintaining the same
time complexity?

Appendix A: Application to Neighborhood Covers and Network Synchronizers

Neighborhood covers can be thought as a generalization of the basic partition. In
fact, for any positive integer p, a p-neighborhood cover of a graph G can be defined
as a collection of clusters C = UC such that for every v € V, there exists a cluster
C € C such that N, (v) € C where N,(v) = {u € V| d(u,v) < p} denotes the p-
neighborhood of node v in the graph G. Hence, the basic partition described before
is a 0-neighborhood cover of G having a low average degree, namely O (n'/). In Pe-
leg’s book [36, Chap. 12], one can find a survey on different types of covers obtained
on the basis on the basic partition algorithm. In particular, given an initial cover S, it is
shown in [36] how to extend algorithm BASIC_PART to construct a coarsening cover
T of S, that is a cover that subsumed S. By taking S = Uvev ./\/p (v), it can be shown
that a p-neighborhood cover with radius O (k - p) and average degree O (n 1/ky can be
constructed on the basis of algorithm BASIC_PART (the proof is by Theorem 12.2.1
of [36]). This type of neighborhood covers is also used in [34] as an auxiliary com-
munication structure to design network synchronizers. More specifically, the authors
in [34] described a distributed 1-neighborhood cover algorithm that is used to design
a new efficient synchronizer. Based on the extended construction of [36], it is not dif-
ficult to extend our basic partition distributed algorithms to construct p-neighborhood
covers distributively. Since we are mainly interested in the application of covers in
the design of network synchronizers, we will briefly outline the modifications to be
done to obtain the p-neighborhood cover used in [34]. Extending our technique for
any p 1s left as an exercise.

A.1 Distributed Construction of 1-Neighborhood Covers

In this section, we extend algorithm DIST_PART in order to cover the 1-neighborhood
of each node. We use the same distributed techniques to manage cluster growth. How-
ever, we make a cluster explore two layers at the same time instead of only one. At
each new exploration, each cluster fights to maintain two layers /; and /; | with i the
radius of the cluster. The first layer /; allows the cluster to compute the sparsity con-
dition (the same one than in algorithm DIST_PART). The second layer /; 1 (which is
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the last explored layer) guarantees that the neighborhoods of all nodes in layer /; are
in the current cluster. There are mainly five important modifications to do:

1. At the beginning of the algorithm, all nodes are orphans. An orphan node first
explores two consecutive layers before starting computing the sparsity condition.

2. If the sparsity condition is satisfied for layer /;, then a cluster begins a new explo-
ration, i.e., the leaves in layer /; 1 try to invade new nodes. If the new exploration
succeeds, then layer /;;1 becomes layer /;,—; 1 and the new explored layer be-
comes the new /;/, | layer.

3. If the sparsity condition for layer /; is not satisfied, then the construction of the
cluster is finished. The finished cluster contains not only all layers /; .; but also
the two layers /; and [; ;1. Nevertheless, only nodes in layers /;; are in a final
state. The 1-neighborhoods of all nodes in layer /; are covered by the finished
cluster but they do not stop computing yet. In fact, the 1-neighborhoods of nodes
in layer /;4+1 may not be covered by a cluster. Hence, nodes in layer /; become
orphan clusters with identity —oo in order to allow other clusters to grow and
cover the neighborhoods of nodes in layer /; 1. On the other side, nodes in layer
l;+1 become orphan clusters with their initial identifiers and continue competing
in order to grow new clusters.

4. If a new exploration fails, i.e., there is a cluster at distance 1 or 2 (from layer /;+1)
with a bigger identifier, then:

— either the winner lost against another neighboring cluster and the current cluster
is not invaded. Hence, the cluster simply retries a new exploration.

— or the current cluster is invaded and the cluster loses its last layer /; 4. Hence,
invaded nodes in layer /; 1 become part of the last layer /; ;, 1 of the winner
cluster. Nodes in layer /; 1 which have not been invaded become orphan nodes
and begin a new exploration using their own identifiers. Layer /; becomes the
last layer /;/41—; and layer /;_; becomes layer /;—; 1. Then the cluster begins
a new exploration once again.

5. When the construction of a cluster is finished, nodes at distance at least 2 from the
border of the cluster, i.e., layers /j<; 1, switch to final states. In fact, layer /;_;
of a finished cluster acts as a barrier that protects the finished cluster from future
invasions. Layers /;<; 1 are usually called the Kernel of the cluster.

It is easy to see that the time and message complexity of the extended algorithm
increases by only a constant factor due to the computation of the extra layer /; .
Notice also that it is not difficult to adapt the techniques of algorithms FAST_PART
and ELECT_PART in order to obtain sublinear time complexity.

An Example of Cluster Growth In Fig. 10, we give an example of how the cover is
constructed. In our example, there are four active clusters: 1, 2, 3 and 4 with identities
ldy > Id> > Id3 > Id4. We suppose that there is a finished cluster in the neighborhood
of cluster 1.

The nodes in layer /; of the finished cluster (first part of Fig. 10) still participate in
the computation with identity —oo, all the nodes in the Kernel of the finished cluster
are in a final state. There is also a node in layer /; ;1 of the finished cluster which
belongs to layer /; 41 of cluster 1.
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Suppose that the layers /; of the active clusters satisfy the sparsity condition, then
these clusters will try to grow. Cluster 2 cannot grow because cluster 1 is at distance
two of it and has a bigger identity. Cluster 1 will invade both clusters 3 and 4. Clus-
ter 4 is orphan and it simply joins the last layer of cluster 1. Cluster 3 will lose its last
layer /; 1. The invaded nodes of cluster 3 join cluster 1 and the other nodes which
have not been invaded become orphan clusters (second part of Fig. 10). Note also
that the node with identity —oo in the finished cluster is invaded by cluster 1. This
guarantees that the neighborhood of the children of the (—oo)-node in the finished
cluster is covered by cluster 1.

Once the new exploration is finished, cluster 1 verifies the sparsity condition. If it
is satisfied, a new exploration will begin and clusters 2 and 3 will be invaded. Note
that nodes in the Kernel of the finished cluster will not be invaded by cluster 1. If
the sparsity condition is not satisfied which is the case in the third part of Fig. 10,
the construction of cluster 1 is finished. The nodes in layer /;; become orphans with
identity —oo. The nodes in layer /;;11 become orphan nodes except those which are
already in layer /; of another finished cluster (those whose neighborhoods are cov-
ered). Note that the two finished clusters we have constructed overlap (they have a
common edge).

A.2 Application to Network Synchronizers

The basic partition and the 1-neighborhood covers constructed in previous sections
are of special interest for designing network synchronizers y, y; and y» [34]. In the
following, we review the basic properties of these synchronizers.

Background Network synchronizers allow us to transform a synchronous algorithm
into an asynchronous one. In general, one prefers to design a distributed algorithm
in a synchronous model rather than an asynchronous model which is typically harder
to grasp and to analyze [36, Chap. 6]. From a practical point of view, network syn-
chronizers provide a uniform methodology for transforming synchronous distributed
algorithms into asynchronous ones.

Generally speaking, the basic idea of network synchronizers is to simulate a global
clock by using local pulse generators. If the local clock pulse of some node v is equal
to p, then node v knows that the messages that it has sent at pulse p — 1 have reached
their destinations. Many simulation techniques were developed in order to guarantee
this property:

1. The first basic technique is known as synchronizer «. The general idea of synchro-
nizer « is to send an acknowledgment corresponding to each received message of
the original synchronous algorithm. Once, a node receives an acknowledgment of
all the original messages corresponding to one pulse, the node informs its neigh-
bors and then it generates the next pulse. This technique leads to an overhead of
O (| E|) messages in order to simulate a pulse. Assuming that a message delay is
at most O (1) (this is only for performance analysis), it also leads to the theoretical
O(1) time overhead per pulse.

2. The second basic technique called synchronizer 8 assumes a precomputed rooted
BFS spanning tree 7 of G. Only the root of 7" have a pulse generator which
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(c) After construction of cluster 1 is finished

Fig. 10 An example of a cluster expansion for cover needed for y;

controls all other nodes. In fact, once a node u receives the acknowledgments of
the messages it has sent, the node u is ready for the next pulse and it informs
its parent in the tree 7. The parents forward this information until it reaches the
root of 7. Once the root learns that all the nodes are ready for the next pulse, it
broadcasts a message saying “it is time for the next pulse”! Thus, synchronizer
implies an overhead of O(]V|) messages and O (D) time per pulse, where D is
the diameter of G.

3. The third technique is an intermediate technique which provides a good time-
message trade-offs. This technique implies three synchronizers y, y; and y» [34].
All of these three synchronizers use sparse covers. More precisely, synchronizer
y uses the basic partition as an auxiliary communication structure. Synchronizer
y1 uses a cover based on the basic partition where each edge belongs to at least
one cluster. This property is easily obtained by our partition algorithms by simply
marking the last rejected layer as part of the cluster. Finally, synchronizer y, uses
the 1-neighborhood cover described in the previous section.

A detailed description of synchronizers y, y; and y» can be found in [34]. In
the following, we just outline the basic ideas used in synchronizer y (the two other
synchronizers are based on the same general ideas). First, we assume the following:
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1. A partition C of G is constructed.
2. A rooted BFS spanning tree T¢ for each cluster C € C is constructed.
3. A set 7 of intercluster edges is selected.

To simulate a pulse, we combine the techniques of synchronizers o and B.
Roughly speaking, the root of each tree T¢ first waits to learn that the nodes in C
are ready for the next pulse (which costs O(|C|) messages and O (Rad(C)) time for
each cluster). Then, the cluster tries to synchronize with its neighbors using the in-
tercluster edges. More precisely, the root of C broadcasts a notification message all
along the tree T¢ saying that all the nodes in its cluster are ready. When the leaves
of T¢ receive the notification message, they forward it to neighboring clusters using
the selected intercluster edges (which costs O (|Z|) message and O (1) time). Sym-
metrically, the leaves receive a notification from their neighboring clusters. When
receiving such a notification, they send it back to their root. Once the root receives
the notification messages of its neighbors, it sends a message to the nodes in its clus-
ter saying “it is time for the next pulse”. Thus, the global overhead is O(n + |Z|)
messages and O (Rad(C)) time per pulse.

Thus, if we take the basic partition as a communication structure, then the global
overhead is O (n'*t1/%) messages and O (k) time per pulse which gives a good com-
promise compared to synchronizer « and B.

Contribution The previous overhead is essentially optimal according to Lem-
ma 25.1.7 in Peleg’s book [36]. Synchronizers y, y; and y» have the same perfor-
mances up to a constant factor. Hence, one remaining challenge is to improve the
pre-processing step of constructing the required covers. Using our algorithms, the
time complexity of this pre-processing step is reduced from O(n) in previous imple-
mentations to O (n!=1/%).

Appendix B: Case Study: Circulant Graphs

In this section, we study the efficiency of algorithms FAST_PART and algorithm
ELECT_PART in the case of Circulant Graphs. In fact, Circulant Graphs are dense
enough to be interesting for the algorithm we are studying. They have enough large
diameter in order to let the analysis non trivial and constructive. In addition, the analy-
sis given here is interesting from a theoretical point of view. In particular, the proof
of Theorem 12 below illustrate the improvements discussed in Sect. 6.4. The reader
should also note that this class of graphs was studied in many past works and for
different purposes. For instance, it is used in [16] as a basis for the construction of
graphs having the small-world property.

Definition 1 A circulant graph Cir, (L) is a graph of n nodes {1, 2, ..., n} in which

a vertex i is adjacent to nodes (i — j) and (i + j) for each i and j in the list £ (see
Fig. 11 for an example).

Definition 2 For every parameter € such that 0 < € < 1, we define the graph Cir{, to
be the circulant graph Cir, (1,2, ..., L%J).
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Fig. 11 An Example of
Ciry (L) graphs with n=8 and
Le{{1},{1,2},{1,2,3}}

In the sequel, we suppose that € > % In fact, if € < % then the graph is already

sparse and all our algorithms terminate in O (1) rounds.

Theorem 9 For k < log(n) and for every graph Ciry,, the time complexity of algo-
rithm FAST_PART is bounded by O (n'~¢).

Proof For k < log(n), any constructed cluster has radius at most 1. It can also be
shown that A <2 n% = O(n'=¢). Thus, the theorem follows as a consequence of
Theorem 6. U

Theorem 10 Let T be the time complexity of algorithm ELECT_PART. Then, for
every graph Cirs,, the expected value of T satisfies:

E(T) = O (k> log(n) n°)

Proof For any graph Cir{,, it is easy to show that K = 2k n® (we recall that K is an

upper bound of the 2k-neighborhood of any node). Thus, log(1 — %) <- % =— ﬁ

and the result follows immediately from Theorem 7. 0

The two Theorems 9 and 10 are immediate consequences of the analysis we have
already made for algorithms SYNC_PART and ELECT_PART. In particular, we obtain

a time complexity which is better than O(nl_%). Nevertheless, using a more careful
analysis, we obtain the following bounds:

Theorem 11 For every graph Ciry,, the expected time complexity T of algorithm
ELECT_PART satisfies:

E(T) = O (klog(n) + knt)

Theorem 12 Using the improved version of algorithm ELECT_PART described in
Sect. 6.4, the expected time complexity T of algorithm ELECT_PART satisfies:

E(T) = O (k*log(n))
Proof We prove the previous two theorems in two parts. The first part is common to
the two theorems. The technical arguments are similar to those in the analysis made

in Theorem 7 but the reasoning is different.
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First Part of the Proof Leti > 0 be a phase of algorithm ELECT_PART and (G;);>0
be the sequence of graphs such that Gy = G and for all i > 1, G; is the graph obtained
by removing the nodes belonging to a finished cluster from G;_.

Let V; be the set of nodes having a degree higher than L%J in phase i. Let X; be the
random variable which denotes the number of nodes in V;, and let ¥; be the number
of nodes from V; which are locally k-elected in the ith step. The following inequality
holds:

Xi
EY; | G;) > e

One can show that if the node v belongs to V;, then every active neighbor w of v
is also in V;. Hence, we can state the following:

€

E(Xi11 | Gi) < Xi — E(Y; | G»%
n€
2K
1
<X;(1——).
2.2k

By induction and using the same arguments as in Theorem 7, the expected time
such that X; = 1 is bounded by:

0 (kZ M) )
log(757)

Let us consider the time after which all nodes in the graph have a degree less
than L%J (i.e., the time such that V; = 0). One can show that the remaining nodes
are grouped in many connected fragments that can be divided in two types: dense
components with more than n* nodes and sparse components with no more than
n* nodes. All theses components are disjoint and do not share any node. Thus, the

algorithm runs independently on each component.

Let us consider a dense component Cy; (i.e., n% < |Cy4| < L%J). In one phase,
there will be exactly one elected node in C,; and the finished cluster constructed
around this node will contain the whole component C;. Thus, in O (k) time, all nodes
in C4 become finished.

Second Part of the Proof of Theorem 11 Let us consider a sparse component Cg
(i.e., |Cs| <n ; ). The nodes of such a component have a degree less than n T. Ateach
phase of algorithm ELECT_PART, there will be exactly one elected node in Cs; which
forms a finished singleton cluster. Thus, we need at most O (n %) phases of O (k) time
units each before all nodes in Cy become finished.

To conclude, if V; becomes empty then we need at most O (kn %) time units before
the algorithm terminates and Theorem 11 holds.
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Second Part of the Proof of Theorem 12 Let us consider a sparse component Cy,

1e., |G| < n%). The nodes of such a component have a degree less then nt, Thus,
using from the improvements of algorithm ELECT_PART in Sect. 6.4, these nodes
are allowed to be finished. Hence, in O (1) time, they all become finished singleton
clusters.

To conclude, if V; becomes empty then we need at most O (k) time units before
the algorithm terminates and Theorem 12 holds. 0

References

1. Afek, Y., Ricklin, M.: Sparser: a paradigm for running distributed algorithms. J. Algorithms 14, 316—
328 (1993)

2. Althofer, 1., Das, G., Dobkin, D., Joseph, D., Soares, J.: On sparse spanners of weighted graphs.
Discrete Comput. Geom. 9, 81-100 (1993)

3. Awerbuch, B.: Complexity of network synchronization. J. ACM 32, 804-823 (1985)

4. Awerbuch, B., Goldberg, A.V., Luby, M., Poltkin, S.A.: Network decomposition and locality in dis-
tributed computation. In: 30th IEEE Symposium on Foundation of Computer Science (FOCS89),
pp. 364-369 (1989)

5. Awerbuch, B., Peleg, D.: Sparse partitions. In 31th Symposium on Foundations of Computer Science
(FOCS90), pp. 503-513. IEEE Comput. Soc., Los Alamitos (1990)

6. Awerbuch, B., Peleg, D.: Network synchronization with polylogarithmic overhead. In: 31st IEEE
Symposium on Foundations of Computer Science (FOCS90), vol. 2, pp. 503-513 (1990)

7. Awerbuch, B., Peleg, D.: Routing with polynomial communication-space trade-off. SIAM J. Discrete
Math. 5, 151-162 (1992)

8. Awerbuch, B., Peleg, D.: Online tracking of mobile users. J. ACM 42, 1021-1058 (1995)

9. Awerbuch, B., Berger, B., Cowen, L.J., Peleg, D.: Fast distributed network decompositions and covers.
J. Parallel Distrib. Comput. 39, 105-114 (1996)

10. Awerbuch, B., Berger, B., Cowen, L.J., Peleg, D.: Near-linear time construction of sparse neighbor-
hood covers. SIAM J. Comput. 28(1), 263-277 (1998)

11. Baswana, S., Sen, S.: A simple linear time algorithm for computing a (2k — 1)-spanner of O (n 1+1/ky
size in weighted graphs. In: 30th International Colloquium on Automata, Languages and Program-
ming (ICALPO3). Lecture Notes in Computer Science, vol. 2719, pp. 384-396. Springer, Berlin
(2003)

12. Baswana, S., Kavitha, T., Mehlhorn, K., Pettie, S.: New constructions of («, §)-spanners and purely
additive spanners. In: 16th Symposium on Discrete Algorithms (SODAOS), pp. 672—681. ACM, New
York (2005)

13. Belkouch, F.,, Bui, M., Chen, L., Datta, A.K.: Self-stabilizing deterministic network decomposition.
J. Parralel Distrib. Comput. 62, 696—714 (2002)

14. Chalopin, J., Métivier, Y.: A bridge between the asynchronous message passing model and local com-
putations in graphs. In: Mathematical Foundations of Computer Science (MFCSO05). Lecture Notes in
Computer Science, vol. 3618, pp. 212-223. Springer, Berlin (2005)

15. Cohen, E.: Fast algorithms for constructing ¢-spanners and paths with stretch 7. SIAM J. Comput.
28(1), 210-236 (1998)

16. Comellas, F., Ozén, J., Peters, J.G.: Deterministic small-world communication networks. Inf. Process.
Lett. 76(1-2), 83-90 (2000)

17. Cowen, L.J.: On local representations of graphs and networks. Ph.D. Thesis, MIT (1993)

18. Derbel, B., Mosbah, M.: A fully distributed linear time algorithm for cluster network decomposi-
tion. In: 16th IASTED International Conference on Parallel and Distributed Computing and Systems
(PDCS04), pp. 548-553 (2004)

19. Derbel, B., Mosbah, M., Zemmari, A.: Fast distributed graph partition and application. In: 20th IEEE
International Parallel & Distributed Processing Symposium (IPDPS06). IEEE Comput. Soc., Los
Alamitos (2006)

20. Derbel, B., Gavoille, C., Peleg, D., Viennot, L.: On the locality of distributed sparse spanner construc-
tion. In: 27th Symposium on Principle of Distributed Computing (PODC), pp. 273-282 (2008)

@ Springer



Theory Comput Syst

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.
44.

Elkin, M.: Computing almost shortest paths. In: 20th ACM Symposium on Principles of Distributed
Computing (PODCO1), pp. 53-62. ACM, New York (2001)

Elkin, M., Peleg, D.: (1 + €, §)-spanner constructions for general graphs. SIAM J. Comput. 33(3),
608-631 (2004)

Elkin, M., Zhang, J.: Efficient algorithms for constructing (1 + €, 8)-spanners in the distributed and
streaming models. In: 23rd ACM Symposium on Principles of Distributed Computing (PODC04),
pp. 160-168. ACM, New York (2004)

Gaber, 1., Mansour, Y.: Centralized broadcast in multihop radio networks. J. Algorithms 46, 1-20
(2003)

Garay, J.A., Kutten, S., Peleg, D.: A sublinear time distributed algorithm for minimum-weight span-
ning trees. SIAM J. Comput. 27, 302-316 (1998)

Godard, E., Métivier, Y., Muscholl, A.: Characterizations of classes of graphs recognizable by local
computations. Theory Comput. Syst. 37(2), 249-293 (2004)

Halperin, S., Zwick, U.: Unpublished result (1996)

Kutten, S., Peleg, D.: Fast distributed construction of small k-dominating sets and applications. J. Al-
gorithms 28(1), 40-66 (1998)

Linial, N.: Distributive graph algorithms—global solutions from local data. In: 28th IEEE Symposium
on Foundations of Computer Science (FOCS87), pp. 331-335. IEEE Comput. Soc., Los Alamitos
(1987)

Linial, N.: Locality in distributed graphs algorithms. SIAM J. Comput. 21(1), 193-201 (1992)
Litovsky, I., Métivier, Y., Sopena, E.: Different local controls for graph relabelling systems. Math.
Syst. Theory 28, 41-65 (1995)

Litovsky, 1., Métivier, Y., Sopena, E.: Graph relabelling systems and distributed algorithms. In: Hand-
book of Graph Grammars and Computing by Graph Transformation, vol. 3, pp. 1-56. World Scientific,
Singapore (1999)

Meétivier, Y., Saheb, N., Zemmari, A.: Randomized local elections. Inf. Process. Lett. 82, 313—-120
(2002)

Moran, S., Snir, S.: Simple and efficient network decomposition and synchronization. Theor. Comput.
Sci. 243(1-2), 217-241 (2000)

Panconesi, A., Srinivasan, A.: Improved distributed algorithms for coloring and network decomposi-
tion. In: 24th ACM Symposium on Theory of Computing (STOC92), pp. 581-592 (1992)

Peleg, D.: Distributed Computing: A Locality-Sensitive Approach. SIAM Monographs on Discrete
Mathematics and Applications (2000)

Peleg, D., Rubinovich, V.: A near-tight lower bound on the time complexity of distributed minimum-
weight spanning tree construction. SIAM J. Comput. 30(5), 1427-1442 (2000)

Pettie, S.: Low distortion spanners. In: 34th International Colloquium on Automata, Languages and
Programming (ICALP), pp. 78-89 (2007)

Pettie, S.: Distributed algorithms for ultrasparse spanners and linear size skeletons. In: 27th Sympo-
sium on Principle of Distributed Computing (PODC), pp. 253-262 (2008)

Roditty, L., Thorup, M., Zwick, U.: Deterministic constructions of approximate distance oracles and
spanners. In: 32nd International Colloquium on Automata, Languages and Programming (ICALP),
Lecture Notes in Computer Science (2005)

Shabtay, L., Segall, A.: Low complexity network synchronization. In: 8th International Workshop on
Distributed Algorithms, pp. 223-237 (1994)

Thorup, M., Zwick, U.: Spanners and emulators with sublinear distance errors. In: 17th Annual ACM-
SIAM Symposium on Discrete Algorithms (SODA), pp. 802-809 (2006)

Williams, D.: Probability with Martingals. Cambridge University Press, Cambridge (1993)
Woodruff, D.P.: Lower bounds for additive spanners, emulators, and more. In: 47th Annual IEEE
Symposium on Foundations of Computer Science (FOCS), pp. 389-398 (2006)

@ Springer



38



Available online at www.sciencedirect.com

SCIENCE@DIRECT" Informatlon
and
S elle Computation
ELSEVIER Information and Computation 204 (2006) 697712
www.elsevier.com/locate/ic
dcast in the rend del™
Broadcast 1n the rendezvous mode
Philippe Duchon, Nicolas Hanusse, Nasser Saheb, Akka Zemmari*
LaBRI— CNRS — Université Bordeaux I, 351 Cours de la Liberation, 33405 Talence, France
Received 9 July 2004; revised 21 April 2005
Available online 10 March 2006
Abstract

In many large, distributed or mobile networks, broadcast algorithms are used to update information
stored at the nodes. In this paper, we propose a new model of communication based on rendezvous and
analyze a multi-hop distributed algorithm to broadcast a message in a synchronous setting. In the rendez-
vous model, two neighbors u and v can communicate if and only if u calls v and v calls u simultaneously.
Thus, nodes u and v obtain a rendezvous at a meeting point. If m is the number of meeting points, the
network can be modeled by a graph of n vertices and m edges. At each round, every vertex chooses a
random neighbor and there is a rendezvous if an edge has been chosen by its two extremities. Rendez-
vous enable an exchange of information between the two entities. We get sharp lower and upper bounds
on the time complexity in terms of number of rounds to broadcast: we show that, for any graph, the
expected number of rounds is between Inn and O@n?). For these two bounds, we prove that there exist
some graphs for which the expected number of rounds is either O(In(n)) or Q(n?). For specific topolo-
gies, additional bounds are given.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Algorithms and data structures; Distributed algorithms; Graph; Broadcast; Rendezvous model

* A preliminary version of this paper has appeared in the 2Ist Symposium on Theoretical Aspects of Computer Science
(STACS), Montpellier, France, March 2004.
* Corresponding author .
E-mail addressess: duchon@labri.fr (P. Duchon), hanusse@labrifr (N. Hanusse), saheb@labrifr (N. Saheb),
zemmari@labrifr (A. Zemmari) .

0890-5401/$ - see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/}.ic.2006.01.002



698 P. Duchon et al. | Information and Computation 204 (2006) 697-712
1. Introduction

Among the numerous algorithms to broadcast in a synchronized setting, we are witnessing a new
tendency of distributed and randomized algorithms, also called gossip-based algorithms: at each
instant, any number of broadcasts can take place simultaneously and we do not give any priority to
any particular one. In each round, a node chooses a random neighbor and tries to exchange some
information. Due to the simplicity of gossip-based algorithm, such an approach provides reliability
and scalability. Contrary to deterministic schemes for which messages tend to route in a particular
subgraph (for instance a tree), a gossip-based algorithm can be fault-tolerant (or efficient for a
dynamic network) since in a strongly connected network, many paths can be used to transmit a
message to almost every node.

The majority of results deal with the uniform random phone call for which a node chooses a neigh-
bor uniformly at random. However, such a model does not take into account that a given node could
be “called” by many nodes simultaneously implying a potential congestion. A more embarrassing
situation is the one of the radio networks in which a node should be called simultaneously by a
unique neighbor otherwise the received messages are in collision. In the rendezvous model, every
node chooses a neighbor and if two neighbors choose themselves mutually, they can exchange some
information. The rendezvous model is useful if a physical meeting is needed to communicate as in
the case of robots network.

Although the rendezvous model can be used in different settings, we describe the problem of
broadcasting a message in a network of robots. A robot is an autonomous entity with a bounded
amount of memory having the capacity to perform some tasks and to communicate with other
entities by radio when they are geographically close. Examples of use of such robots are nu-
merous: exploration [1,7], navigation (see Survey of [17]), capture of an intruder [3], search for
information, help to handicapped people or rescue, cleaning of buildings, ... The literature
contains many efficient algorithms for one robot and multiple robots are seen as a way to speed
up the algorithms. However, in a network of robots [4], the coordination of multiple robots
implies complex algorithms. Rendezvous between robots can be used in the following setting:
consider a set of robots distributed on a geometric environment. Even if two robots sharing a
region of navigation (called neighbors) might communicate, they should also be close enough.
It may happen that their own tasks do not give them the opportunity to meet (because their
routes are deterministic and never cross) or it may take a long time if they navigate at random. A
solution consists in deciding on a meeting point for each pair of neighbor robots. If two neighbors
are close to a given meeting point at the same time, they have a rendezvous and can
communicate.

Although there exist many algorithms to broadcast messages, we only deal with algorithms
working under a very weak assumption: each node or robot only knows its neighbors or its
own meeting points. This implies that the underlying topology is unknown. Depending on the
context, we might also be interested in anonymous networks in which the labeling of the nodes
(or history of the visited nodes) is not used. By anonymous, we mean that unique identities
are not available to distinguish nodes (processors) or edges (links). In a robot network, the
network can have two (or more) meeting points with the same label if the environment con-
tains two pairs of regions that do not overlap. The anonymous setting can be encountered in
dynamic, mobile or heterogeneous networks.
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1.1. Related works

How to broadcast efficiently a message with a very poor knowledge on the topology of an anon-
ymous network ? Depending on the context, this problem is related to the way a “rumor” or an
“epidemic” spreads in a graph. In the literature, a node is contaminated if it knows the rumor.
The broadcast algorithm highly depends on the communication model. For instance, in the k-ports
model, a node can send a message to at most £ neighbors. Thus, our rendezvous model is a I-port
model.

The performance of a broadcast algorithm is measured by the time required to contaminate all
the nodes, the amount of memory stored at each node or the total number of messages. In this ar-
ticle, we analyze the time complexity in a synchronous setting of a rendezvous algorithm (although
several broadcast algorithms including ours can work in an asynchronous setting, the theoretical
time complexity is usually analyzed in a synchronous model).

Many broadcast algorithms exist (see the survey by Hedetniemi et al. [9]) but few of them are
related to our model. The closest model is the one of Feige et al. [8]. The authors prove general lower
and upper bounds (log, 7 and O(nIn n)) on the time to broadcast a message with high probability'

in any unknown graph. A contaminated node chooses a neighbor uniformly at random but no
rendezvous are needed. In our model, the time complexity increases since a rendezvous has to be
obtained to communicate. For a family of small-world graphs and other models (2-ports model
but a node can only transmit a given message a bounded number of times), Comellas et al. [6]
showed that a broadcast can always be done. A recent work of Karp et al. [11] deals with the random
phone call model. In each round, each node u chooses another node v uniformly at random (more
or less as in [8]) but the transmission of a rumor is done either from the caller to the called node
(push transmission algorithm) or from the called node to the caller (pull transmission algorithm). The
underlying topology is the complete graph and they prove that any rumor broadcasted in O(In n)
rounds needs to send w(n) messages on expectation.

However, the results of random call phone [8,11] do not imply the presented results in the rendez-
vous model:

e The classes of graphs for which the broadcast runs fast or slow are different in the rendez-
vous model and in the random phone call model. For instance, the lower bound is Q(In(n)) in
both models. Now, consider the complete graph, its broadcast time O(nIn(n)) is close to the
lower bound in the random phone call model whereas it becomes 6(zIn(n)) in the rendezvous
model.

e We deal with the expected broadcast time. Depending on the topology, this time can be either
equal or different to the broadcast time with high probability.

In the radio network setting (n-ports model), some algorithms and bounds exist whether the to-
pology is known or unknown (see the survey of Chlebus [5]). However, the model of communication
is different from ours: simultaneously, a node can send a message to all of its neighbors and a node
can receive a message if and only if a unique neighbor send a message. Two kinds of algorithms are

! High probability means with probability 1 — O(n) for some positive constant c.
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proposed in the radio model: with or without collision detection. In our model, there is no problem
of collision.

Rendezvous in a broadcast protocol are used in applications like Dynamic Host Configuration
Protocol but to the best of our knowledge, the analysis of a randomized rendezvous algorithm to
broadcast in a network is new. The random rendezvous model was introduced in [15] in which the
authors compute the expected number of rendezvous per round in a randomized algorithm. Their
algorithm is a solution to implement synchronous message passing in an anonymous network that
passes messages asynchronously [18]. Many concurrent programming languages including CSP and
Ada use this method to define a communication between pairs of asynchronous processes. Angluin
[2] proved that there is no deterministic algorithm for this problem (see the paper of Lynch [12]
containing many problems having no deterministic solutions in distributed computing) . In [16], the
rendezvous are used to elect randomly a leader in an anonymous graph.

1.2. The model

Let G = (V,E) be a connected and undirected graph of n vertices and m edges. For convenience
and with respect to the problem of spreading an epidemic, a vertex is contaminated if it has received
the message sent by an initial vertex vy.

The model can be implemented in a fully distributed way. The complexity analysis, however
based on the concept of rounds, is commonly used in similar studies [8,15,16]. In our article, a round
is the following sequence:

e for each v € V, choose uniformly at random an incident edge;
e if an edge (v;,v;) has been chosen by v; and v}, there is a rendezvous;
o if there is a rendezvous and if only v; is contaminated, then v; becomes contaminated.

Tc is the broadcast time or contamination time, that is the number of rounds until all vertices of
graph G are contaminated. 7 is an integer-valued random variable; in this paper, we concentrate
the study on its expectation E (75).

Some remarks can be made on our model. As explained in Section 1, the rendezvous process (the
first two steps of the round) keeps repeating forever and could be seen as a way of maintaining
connectivity. Several broadcasts can take place simultaneously and we do not give any priority to
any one of them, even if we study a broadcast starting from a given vertex vy.

We concentrate our effort on E(7) and we do not require that the algorithm finds out when
the rumor sent by vg has reached all the nodes. However, some hints can be given: we can stop the
broadcast algorithm (do not run the third step of the round) using a local control mechanism in
each node of the network: if identities of the nodes are available (non anonymous networks), each
node keeps into its memory a list of contaminated neighbors for each rumor and when this list
contains all the neighbors, the process may stop trying to contaminate them (with the same rumor).
If the network is anonymous and the number of nodes » is known, then it is possible to prove that
in O(n?In(n)) rounds with high probability, all the neighbors of a contaminated node know the
rumor.

In our algorithm, nodes of large degree and a large diameter increase the contamination time.
Taking two adjacent nodes v; and v; of degrees d; and d; respectively, the expected number of rounds
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to contaminate v; from v; is d;d;. For instance, take two stars of n/2 leaves. Join each center by an
edge. In the rendezvous model, the expected broadcast time is © (n?) whereas in [8]’s model, it will be
®(nlIn(n)) on expectation and with high probability. Starting from this example, E (7) can easily
be upper bounded by O(x?) but we find a tighter upper bound.

1.3. Our results

The main result of the paper is to prove in Section 2 that for any graph G,log, n < E(T5) < O(n?).
More precisely, for any graph G of maximal degree A, E (Tg) = O(An). This main result is far from
obvious.

In Section 3, we show that there are some graphs for which the expected broadcast time asymp-
totically matches either the lower bound or the upper bound up to a constant factor. For instance,
for the complete balanced binary tree, E (7g) = O(log, n) whereas E (7g) = Q(n?) for the double
star graph (two identical stars joined by one edge). For graphs of bounded degree A and diameter
D, we also prove in Section 3 that E(75) = O(DA? In A). This upper bound is tight since for A-ary
complete trees of diameter D, E(7Tg) = Q(DA?In A). The complete graph was proved [15] to have
the least expected number of rendezvous per round; nevertheless, its expected broadcast time is
O(nlnn).

2. Arbitrary graphs
The first section presents some terminology and basic lemmas that are useful for the main results.
2.1. Generalities on the broadcast process

The rendezvous process induces a broadcast process, that is, for each nonnegative integer ¢, we
get a (random) set of vertices, V;, which is the set of vertices that have been reached by the broad-
cast after 7 rounds. The sequence (V;),_y 18 @ homogeneous, increasing Markov process with state
space {U : WCU C V}. Any state U contains the initial vertex vg and the subgraph induced by U is
connected. State V' is its sole absorbing state; thus, for each graph G, this process reaches state V'
(that is, the broadcast is complete) in finite expected time.

The transition probabilities for this Markov chain (V%) depend on the rendezvous model.
Specifically, if U and U’ are two nonempty subsets of ¥/, the transition probability py y is 0
if UZU’, and, if U C U’, pyr is the probability that, in a given round, U’ — U is the set of
vertices not in U that have a rendezvous with a vertex in U. Thus, the loop probability py
is the probability that each vertex in U either has no rendezvous, or has one with another
vertex in U.

In the sequel, what we call the broadcast sequence is the sequence of distinct states visited by the
broadcast process between the initial state {vo} and the final absorbing state V. A possible broadcast
sequence is any sequence of states that has a positive probability of being the broadcast sequence;
this is any sequence X = (X1,. .., X)) such that X; = Vo = {vo}, X, = V, and px, x,,, > 0 for all k.

By d,, we denote the degree of vertex u. For a bounded degree graph, A is the maximal degree of
the graph. By D we denote the diameter of the graph.



702 P. Duchon et al. | Information and Computation 204 (2006) 697-712

If Xx = V; is the set of the £ contaminated vertices at time ¢ then Yy is the set of remaining vertices.
We define the cut Cj as the set of edges that have one endpoint in X; and the other in Y;.

For any edge a = (u,v) € E, P(a) = (d,d,) ™" (respectively, P (a)) is the probability that edge a
will obtain (respectively, not obtain) a rendezvous at a given round. The product (d,d,)~ ! is also
called the weight of the edge a.

We also define two values for any set of edges C C E : P(E¢) (respectively, P (Ec)) where Ec is
the event of obtaining a rendezvous in a round for at least one edge (respectively, no edge) in C;
and 7(C) = ) _ . P (a). Since 7(C) is the expected number of rendezvous in C, it is much easier to
deal with in computations. Obviously, P (£¢) < 7(C) holds for any C. Lemma 2 provides a lower
bound for P (E¢) of the form Q (7 (C)) provided 7(C) is not too large.

With these notations, for any set of vertices U, py.yv = 1—P(E¢,), where Cy is the set of edges
that have exactly one endpoint in U (the cut defined by the partition (U, V — U)).

Lemma 1. Let C be any given subset of E. For any a € E, we have P (a | £c) > P (a).

Proof. Partition C into C; U Cy, where C; = {¢’ | €’ € C, €’ incident to a} and C, = C \ C|.
Then we have:

P(a| &) =P(a| & AEc,)

_ P(arEq[Ecy)
PG e

Since P (Ec, | £c,) < 1, we have:
P(a| & NEG) > Planée | Ecy).

Once there is a rendezvous on the edge a, there will be no rendezvous on the edges of Cj. So we
have:

Pan&e | Ec,) =Pla| &),
yielding
P(a| & AEcy) >Pa] Ecy).

The edge a being adjacent to none of the edges in C», the fact that there is no rendezvous on this
edges does not affect the probability of a rendezvous on the edge a. Therefore:

P(a| & nEc) = Pla).
Thus, foranya € E\ C
P@|&)>P@. O

Lemma 2. Forany C C E,P(Ec) > Amin(l,7(C)) withr =1 — e where e = exp(l).



P. Duchon et al. | Information and Computation 204 (2006) 697-712 703

Proof. Assume that at time ¢, we have V; = X, that is £ nodes are contaminated.
There is no new contaminated vertex (and hence |V;41| = k), if and only if there is no rendezvous
in C during one round. Let {ej,ea, - - -, ¢;} denote the set of edges of C. Then

PEc)=PEinen---AE)
=P(eDP(ez|e)---Pejlernes A Ae))
=(1—P(e)A—Per|e)---(1—P(e; | e AG A -+ ACI)).

From Lemma 1, we have P(e; |ef Aex A --- Aei_1) = P(e;). Hence

/
PEo) <[[a-P)

i=1

and

/
P(E) 2 1[0 -Pe).

i=1
Now, since 1 — x < e, this becomes

/
PE)>1—[[e?@ =1-¢7"O.
i=1

The functionx — 1 — e ¥ isincreasing and concave, so thatl — e™ > min(A, Ax) = A min(l,x) (with
A =1— e 1) holds for all x > 0. This proves the lemma. [

Corollary 3.

1 e 1 e 1
P (o) < () <75 (4 7). v

Lemma 4. For any graph G, any integer k and any p € (0,1), if P(Tg > k) < p then E(Tg)
< k/(1—p).

Proof. Cut the broadcast process into “segments” of k£ rounds, and consider the “broadcast-or-re-
set” process such that, at the beginning of each segment when the broadcast has not yet occurred,
the set of contaminated vertices is reset to the initial vertex. Let X be the index of the segment
in which the broadcast-or-reset process terminates. The hypothesis implies that X is geometrically
distributed with parameter at least 1 — p, so that E(X) < 1/(1 — p).

The broadcast-or-reset process cannot terminate before the broadcast process, so that 75 < kX.
Taking expectations yields

E(Tp) < 11— (2)
- D

Since the number of contaminated vertices can be at most doubled at each round, we have the
following trivial lower bound. [J
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Theorem S. For any graph G, Tg > log, n with probability 1.
2.2. The general upper bound

We will prove the following:

Theorem 6. For any connected graph G with n vertices and maximum degree A, the broadcast time Tg
satisfies
e
e—1

The proof of this theorem is a bit involved; we will sketch it before stating and proving a few lemmas.

The probability distribution for the full broadcast time 7 is not known, but, when conditioned by
the sequence of states visited by the broadcast process, it becomes a sum of independent geometric
random variables, for which the parameters are known exactly (Lemma 7). Thus, the conditional
expectation of the broadcast time becomes the weight of some trajectory, which is defined as a sum
of weights for the visited states. Each individual weight is upper bounded by an expression that only
depends on individual rendezvous probabilities (Lemma 2 and Corollary 3), and then a uniform
upper bound is obtained for the conditional expectations (Lemma 9); this uniform upper bound
then straightforwardly translates into an upper bound for the (unconditional) expected broadcast
time.

The next lemma is stated in a more general setting than our broadcasting process.

E(Tg) <

(n —1D(6A +1). 3)

Lemma 7. Let (M), be a homogeneous Markov chain with finite state space S and transition

probabilities (py y)x,yes-
Let (Tx), N denote the increasing sequence of stopping times defined by

Th =0
Te1 = inf{t > Tj : M, # My},

and let (M), N be the “trajectory”chain defined by

M — Mg, if Tj < oo,
=\ M, if T = oo.

Then, for any sequence X, . ..,xy such that xy\ # x¢ and py, x,., > 0 for 0 <k <N —1, condi-
tioned on M; = x for 0 <k <N, T = (Tjy1 — Ti)o<k<n—1 is distributed as a vector of independent
geometric random variables with respective parameters 1 — py, », .

Proof. The proof is straightforward. Let t = (¢, ...,¢y—1) be any vector of positive integers. The
event {7 =t A M; = x;,0 < k < N} has probability

N-1

P (Mo = x0) [ | P s “)
i=0
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Summing over all possible vectors t , we get for the probability that the trajectory matches x, . . ., xy:

pxl 1
P(Mj = x:,0 <k <N) =P (M = x0) 1‘[ i— (5)
- pxnxt
Dividing (4) by (5) yields
P(T =t M, =x,0<k<N)= ﬂ P = pos), (6)

which is indeed the distribution of a vector of independent geometric variables with the claimed
parameters. [

Corollary 8.

Let V denote the trajectory of the loopless broadcast process (denoted M’ in the statement of
Lemma 7). Let X = (Xy,...,Xy) be any possible broadcast sequence, and C = (Cy,...,Cy—1) the
corresponding sequence of cuts. Then

m—1

E(Tg|V = X) =
k=1 P(ECk)

Proof. Lemma 7 ensures that, conditioned on V = X, T is distributed as the sum of indepen-
dent geometric random variables Gy, . . ., Gp,—1, where Gy has parameter 1 — py, v, = P(&c,), which
implies expectation 1/P (E¢, ). Linearity of expectation yields the claim. [

Lemma 9. Define the weight of any possible broadcast sequence X as

m—1
1
X) = . 7
w(X) ;n(ck) (7)
Then
w(X) < 6(n — DA. (3)

Proof. We begin by noting that, since we are looking for a uniform upper bound on the weight, we
can assume that m = n, which is equivalent to |X;| = k for all k£ (recall that in the slowest process,
we have at most one new vertex contaminated per round). If such is not the case in a sequence X,
then we can obtain another possible sequence X’ with a higher weight by inserting an additional set
X' between any two consecutive sets X; and X4 such that | X1 — Xi| > 2, with py, x and py’, x, "
meeting the condition that they are both positive; such an X’ always exists, because each edge of
every graph has positive probability of being the only rendezvous edge in a given round. This will
just add a positive term to the weight of the sequence; thus, the sequence with the maximum weight
satisfies m = n.

To prove that ZZ;} 1/7(Cx) < 6(n — 1)A, we prove that the integer interval [1,n — 1] can be par-
titioned into a sequence of smaller intervals, such that, in each interval, the average value of 1/7(Cy)
is at most 6A.
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Assume that integers 1 to £ — 1 have been thus partitioned, and let us consider Cy. If n(Cy) >
1/(4A) (that is, 1/7(Cy) < 4A < 6A), we put k£ into an interval by itself and move on to k£ 4+ 1. We
now assume 7(Cy) < 1/(4A), and set 1/7(C) = oA with o > 4.

Let v be the next vertex to be reached by the broadcast after Xi, that is, {v} = Xj+1 — X;. This
vertex must have at least one neighbor u in Xj.

Letd > 1denote the number of neighbors of v that are in X;. Each edge incident to v has weight at
least 1/(d,A), and d of them are in Cy, so that we have d/(d,A) < n(Cx) = 1/(xA), or equivalently,

d < dy/a. ©)

Thus, v € X;4+1 has d, — d neighbors in Y1 = V' — Xj41. Since at most one of them is added to X
at each step of the sequence, this means that, for 0 < j < d, — d, Y414 contains at leastd, —d — j
neighbors of v. In other words, Ci414; contains at least d, — d — j edges that are incident to v, each
of which has weight at least 1/(d,A). Consequently,
< .
T(Crt1yj)  dy—d—
holds for 0 < j < d, —d.
The right-hand side of (10) increases with j, and for j = |d, /4] (Eq. (9) and o > 4),

(10)

dUA < dUA
dy —d — |dy/4] ~ dy —2|d,/4]
dUA

Summing (10) over 0 < j < |d,/4], we obtain

dy/4) | 4
— <2A 1+—”). 11
]; 7(Cr + 1+ j) ( 4 b

Since d, > «, we also have 1/7(Cy) < dyA. Adding this to inequality (11), we now get

1 1 dy
+ — < Alat+2+ 7
AR T ) (“ 2 )

0<j<|dy/4]
3d,
<af2+22).
( - 2>

Thereare2 + |d, /4] > 1+ % terms in the left-hand side of this inequality, so that the average value
of 1/7(C;), when i ranges over [k, k + 1+ |d,/4]], is at most

3d,
A2+ >

1+ %

< 6A. (12)

This concludes the recursion, and the proof. [J
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Proof (Theorem 6).
Let X be any possible broadcast sequence as in Lemma 9. Applying Corollary 3 to C = Cy and
summing over k, we get

1 e 1
< —1 . 13
2 b S ( *?mck)) 1)

k
By Lemma 9, the right-hand side of (13) is at most
—D(6A +1
C =1+ 6Am—1) == DOAFD (14)
e—1 e—1

By Lemma 7, the left-hand side of (13) is the conditional expectation of 7i;. The upper bound remains
valid upon taking a convex linear combination, so that we get, as claimed,
e(n—1)(6A+1

E(Ts) <
e—1

(15)

Note. It should be clear that the constants are not best possible, even with our method of proof.
They are, however, quite sufficient for our purpose, which is to obtain a uniform bound on the
expected broadcast time.

The complete characterization of the distribution of 7 seems difficult and is left open. [J

3. Specific graphs

Theorems 5 and 6 provide lower and upper bounds on the expected contamination time for any
graph. In this section, we prove that there exists some graphs for which the bounds can be attained.

The well-known coupon-collector problem (that is the number of trials required to obtain n
different coupons if each round one is chosen randomly and independently. See [14] for instance)
implies the next lemma:

Lemma 10. For a star S of n leaves, E(Ts) = nlnn + O(n).
3.1. The I-star graphs

An [-star graph S; is a graph built with a chain of / 4 2 vertices. Then, to each vertex different
from the extremities, A — 2 leaves are added. Let S; be a /-star graphs with n = I[(A — 1) + 2 verti-
ces. According to Theorem 6, E (T5,) = O(An) = O(#). On the other hand, the expected number
of rounds to get a rendezvous between the centers of two adjacent stars is A% and, therefore, the
expected number of rounds for contaminating all the centers is Q(/A%) = Q(nA). As a corollary to
this result we have

Proposition 11. There exists an infinite family F of graphs with n vertices and maximal degree A such
that, for any G € F,E(Tg) = Q(An).

It follows that the general upper bound O(n?) given by Theorem 6 is tight for the any /-star graph
with / > 2 constant.
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3.2. Matching the lower bound

To prove that the Q(In(n)) bound is tight, we prove an upper bound that only involves the
maximum degree A and the diameter D.

Theorem 12. Let G be any graph with maximum degree A > 3 and diameter D. Then the expected
broadcast time in G, starting from any vertex, is at most 4A?(In2+ D+ DInA).

Our proof of this theorem will make use of the following lemma.

Lemma 13. Fix a constant p > 0, and let Zj denote the sum of k independent geometric random vari-
ables with parameter p.
Then, for any t > k/p, we have

t k\?
P(Zk>t)<exp<—5p (l_t_) )
p

Proof. We will use Hoeffding’s inequality, as recalled in [13], Theorem 2.3: if (X;)1<;<; are indepen-
dent random variables such that 0 < X; < 1 holds with probability 1 for each i, and X = Zﬁlei
has expected value u, then, for every positive e,

eu

PX <(I—-eu) <exp -5 ) (16)
Let (X;);>1 be a sequence of independent Bernoulli trials, each one with probability of success p.
Since the index of the first success in such a sequence is geometric with parameter p, the index of
the k-th success in this sequence is distributed as Z;. Thus,

t
P@k>0=P<Z}%<k>. (17)
i=1

Here we have u = tp, so that the right-hand side of (17) is of the form P (X < (1 — e)u) with
e=1— %, provided ¢t > k/p. Applying (16) yields the claimed upper bound. [

Proof (Theorem 12). We prove that the probability for the broadcast time to exceed half of the
claimed bound is at most 1/2 and then use Lemma 4.

Let u be the initial vertex for the broadcast. For each other vertex v, pick a path y,,, from u to v with
length at most D. Since all degrees are at most A, each edge in y,,, has a rendezvous probability at least
1/A%. Hence, the broadcast time from u to v along the path y,, (that is, the time until the first edge has
a rendezvous, then the second edge, and so on) is distributed as the sum of independent geometric
random variables with parameters equal to the rendezvous probabilities, and is thus stochastically
dominated by the sum of D independent geometric random variables with parameter 1/AZ2.

Let 7,,, denote the time until broadcast reaches v when the initial vertex is #; Lemma 13 and the
above discussion imply that, for any ¢,

_t_(1_Da?
P(T, > < e (25) (18)
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Let n denote the number of vertices in G. Moore’s bound ensures that n — 1 < AL,
Itis routine to check that,if > 2A2(In2 + D + D1n A), then #(1 — DAz/t)2 > 2A%2(In2+DIn A)
> 2A?%In(2n — 2). Thus, for each of the n — 1 vertices v # u, we get

1

P(Typ>0)<e MO=2 =~ (19)
2n—2
so that, summing over v, we get
1
P(T, >0 < 3. 0 (20)

2
Corollary 14. There exists an infinite family of graphs F such that, forany G € F,E(Tg) = O(In(|V])).

Proof. For any integers A > 3 and any A, the complete A-ary tree with diameter 24 has
A(A =11 > (A —1" leaves (which implies that In|V| > hln(A — 1)), and Theorem 12 states
that its expected broadcast time is no larger than

4A2(ln2+2h+2hlnA)<8A2(1+ >ln|V|+4A21n2.

In(A —1)
For any fixed A > 3, thisis O(In |V]). O

3.3. The complete graph

It seems also interesting to point out that the complete graph K, has the minimal (see [15])
expected rendezvous number in a round:

()

(n—17%

E(Nk,) =

which is asymptotically % We prove in this section that its expected broadcast time is however
O(nln n), which is significantly shorter than that of the /-star graph with / constant which is Q(n?).

Lemma 15. E(Tx,) < 22 nnn + O®).

Proof. We bound the expected contamination time from above, by allowing at most one new con-
taminated vertex per round. In this new and pessimistic contamination process, we sum up the
expected time to increase the number of contaminated vertices by one:

S
E(Tx,) < ; Ty
Since 7(Cy) = ](‘y(l”__li‘z) < 1, we can apply Lemma 2 with P(E¢,) > An(Cy). It turns out that
n—1
ET,) <37 =17 oo =27 = D o= H

k=1
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Since H, ~ Inn + 0.57721... 4+ o(1) we obtain E(Tx,) < 22 M mn=DIn(n =1 +0m). O
Moreover, we have:
Lemma 16. With probability | —n=Y2, Ty > inlnn.

Proof. Let v; denote the number of contaminated vertices at round ¢. Then, we have

—k
E(vt+1|vt=k>=k(1+(:_—l)2)

and then

2
_ n—u\ n Uy _n
E(UH_l | v7) = vy <1+ —(n_ 1)2) = U <1+ (n— 1)2) (n— 1)2 < Uy (1+ (n — 1)2) >

yielding

t
n
e < (1+ 5 25)

For any @ < 1 positive real value, we have (1 -|—

)2)’ an whenever ¢ In (1 + 1)2> < In(an). It

follows thatif ¢t < ty(n,) = (Inn + In a)@ then E (v;) < an. By the Markov 1nequality, we have

P> =P =nm < 2 <

By definition, v; = n if and only if Tk, < . Hence
P(Tx, >t >1—«

and then using again the Markov inequality, we have
E(Tx,) > tP(Ix, > t) > (1—a)t.

With o = \/LZ and ¢ = ty(n, ®), we obtain:

T
E(Tx) > llnn(nnl) (1—%)
n

yielding

1 —1? 1
P(TKn >§lnn(n ) >>1——,

n Vn

i.e., with probability 1 — n~/2, we have

Tk, > Enlnn. O

Lemmas 16 and 15 imply:
Proposition 17. E (T, ) = ©(nlnn).
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3.4. A-regular balanced rooted trees with bounded diameter

Lemma 18. Let G be a A-regular balanced complete rooted tree of depth 2. The expected time for the
root to contaminate its children is (A% In A).

Proof. This lemma is a variation of the coupon collector problem (See Lemma 10). Let v be the
root of tree. The probability of rendezvous in one round for vertex v is %. Let T} be the number of
rounds required for v to obtain a rendezvous with a new vertex knowing that £ is the number of its
children already contaminated. This event occurs with probablhty k and implies E(7}) = —2k
Hence, we have

A-1 A=l A2 A
E(f=) ET)=) =AY - =ANH =0(Ana). O
k=0 k=0 k=1

Theorem 19. Let G be a A-regular balanced complete rooted tree of depth D/2 with D even. E(Tg) =
Q(DA%In A).

Proof. Suppose the broadcast starts from the root vg. Let us construct a path vy, v1,v2,...,vp,2 such
that v; is the last contaminated child of v;_;. 7;; denotes the number of rounds to contaminate v,

by its parent v;_; once v;_ is contaminated. Since 75 > ZD/ 2 T, and from Lemma 18, for every
1 <i<D/2,E(T,) = O(A2In A), we have E(Tg) > Y2 E(T,,) = Q(DA2InA). O

Theorem 19 proves that there exists a graph for which the upper bound of Theorem 12 is tight.
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Abstract

The compactness of a routing table is a complexity measure of the memory space needed to store
the routing table on a network whose nodes have been labelled by a consecutive range of integers. Itis
defined as the smallest integesuch that, in every node every set of labels of destinations having
the same output in the table @fcan be represented as the uniort @fitervals of consecutive labels.

While many works studied the compactness of deterministic routing tables, few of them tackled the
adaptive case when the output of the table, for each entry, must contain a fixed ruofyeuting
directions. We prove that evenynode network supports shortest path routing tables of compactness
at mostr/a for an adaptiveness parameterwhereas we show a lower boundrgfe O,
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1. Introduction
1.1. Generalities

Given a parallel or distributed system, the interconnection network ensures the commu-
nication between the processors, the terminal nodes. Each intermediate node has a router, a
dedicated co-processor which forwards the messages between processors through the links
of the underlying topology. The routers run a distributed algorithm which specifies the
way to go from a node of the network to another. This algorithm is described by a routing
function.

Once arouter receives a message, it looks at its header and checks the destination of the
message, and finds the output port that will be used to forward the message towards to next
intermediate node up to its destination. The output port is a number local to each router
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and associated to each link between routers. A standard way to implement such algorithms
is to use aouting table To find the output port, the router consults a table which is kept

in its local memory. For each destination, this table returns the output port number through
which the message can be forwarded.

A simple method to organize this table is to associate to each destination the output
port number which can serve it. This method is simple, but it is very memory expensive. It
requires Qn logd) bits to maintain the routing table in each node of degteeheren is
the number of nodes of the underlying graph representing the network.

For a large or growing network, this method is not feasible. It is interesting to look for
another method in order to reduce the size of the data structure stored by the routers, and
used for the routing task. In the field of compact routing, several methods and strategies
were introduced to reduce the router memory size, as separator-based routing schemes [13,
14], hierarchical routing schemes [2,25], prefix routing [3], Boolean routing [9], and inter-
val routing [27,30]. We focus our work on the latter technique that offers a more compact
data structure for routing tables.

1.2. The interval routing schemes

The interval routing was introduced by Santoro and Khatib in [27], and extended in [30]
by van Leeuwen and Tan. It has been intensively studied in recent years, and an overview
can be found in [16]. This method consists of finding a global labelling of the nodes
with integers taken fronjl, 2, ...,n}, and, given a routing table, to group in the small-
est set of intervals the destination labels using the same output port in each node. An
interval means a set of consecutive integers, the labels L dn®ing considered as con-
secutive. If there exists a routing table such that each set of destination labels using a
same output port can be grouped with at mbsntervals, we deal with &-interval
routing scheme for this network-IRS for short. Ak-IRS can be implemented with
O(kd logn) bits per node by storing the interval boundaries of the destinations. Actually,
this naive coding can be slightly compressed int@ddog (n/k)) bits [16]. In a sense,
interval routing is a compact implementation of routing tables. One can hope to store
only O(k) integers per node for bounded degree networks UsitR)S, whereas standard
routing tables require @) integers. The parametéris calledcompactnessf a routing
table.

Many works try to determine routing tables with minimum compactness under several
assumptions on the quality of the routing measured in term of length of the routes: shortest
path routing [12,17,18,20], stretched routing [4,11,24], routing with bounded dilation [6,
15,22,24,28], etc. (cf. [16]). Nevertheless, these works have studied only the deterministic
case: for each source-destination pair, the routing table encodes only one routing path. So,
the routing path is completely determined by giving the intervals. On the coradaptive
routing allows to diversify the routing paths. A destination can belongs to more than one
set of intervals. For interval routing schemes, this extension has been partially suggested
in [29].
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1.3. Adaptive routing tables

More precisely, let us define amradaptive routing tableas a routing table in which
every destination can be founded in each router for exactiijfferent output ports, for
some integerr > 1. Similarly, ana-adaptivek-interval labelling schemeor k-ILS,, for
short, is arx-adaptive routing table for which the set of destination labels using the same
output port can be grouped into at masintervals. An ILS, is termedvalid if for every
source-destination pair, v, with! u # v, there exists in (and all the other intermediate
nodeskt least oneutput port among the possible ones that induces a routet@ valid
ILS, is called anx-adaptive interval routing scheme, IR®r short. Therefore, &-IRS,
is simply anx-adaptive routing table of compactnéss

The definition captures adaptiveness of a routing, since at each step the router can se-
lect the next edge of the route amdng This potentiality provides many routing paths,
but not necessarily entirely disjoint paths that would require some strong assumptions on
the edge-connectivity of the network. In this model some routes may loop. The router has
the guarantee that at least one route connects to the destination. The other paths are called
deflecting pathsThey can be used depending on the load of the network, or on every other
parameters, in order to improved the traffic. The aasel corresponds to the determinis-
tic one (no deflecting paths).

Of course, in practice, for a complete implementation of a routing protocalestion
function must choose one output port among the valid set. The adaptiveness of a rout-
ing table of compactnegsimplies to store in the router a total of(Ri log(n/k)) + |S|
bits of routing information, wheré¢S| represents the number of bits needed to code the
selection functionS encoding the policy of the router. For instance, a kind of routing
policy may consist to choose at random a permutation of the possible paths returned by
the router if severdlmessages come in the router at a same time (this occurs, for in-
stance, when the messages cannot be stored locally due to physical constraints of the
router). In this caséS| is just the size of a pseudo-random generator. A selection func-
tion may also provide some priority ordering between the routing paths. In this case it
requires to store extra bits, and| might be large. In particula must differentiate
routing paths from deflecting paths. In all the cases, our approach consists in splitting
the memory requirements of the router in two parts: one required by the routing tables
(the term Qkdlog(n/k))), and the other part required by the selection function (the
term|S]).

In this paper, we are not interested in the coding of the selecting funétidmut
rather in the parametdr, the compactness. This latter parameter depends on the graph
topology only, whereas the coding of the selection function may depend on the strat-
egy to optimize the traffic: the links can be chosen at random, or selected according to

1 In the framework of compact routing a common assumption is that the destination of a message is never
its source. The case= v can be solved by the local processor (assumed having a relatively high computational
level) without any communication with its router. This allows to establish more flexible and deeper results in
particular for space memory lower bounds.

2 As we will see the degree of the node has to be at least

3 No more thanv.
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some load history tables of the links, or predicted from some other arbitrary policies
(deadlock-free, ...). We observe that a space complexity measure that would combine
both terms suffers of the gener@(nlogd) bit/node lower bound (and af? (n) inter-

vals for the compactness) that applies to shortest path deterministic routing tables [18,
19]. Indeed, as we will see more precisely in Section 4.3, an adaptive routing table and
a selection function encode together at least a deterministic routing table. However, such
a combination does not allow to measure precisely the contribution of each part (for in-
stance, the2 (n)-lower bound on the compactness [18] does not apply for shortest path
a-adaptive routing tables, cf. Section 4). So, our approach allows to measure the balance
between the information needed for the adaptive routing table and the selection func-
tion.

1.4. Related works

Previous works on compact and adaptive routing schemes can be founded in [1,2,9,21]
for general schemes, and in [10,11,23,26] for interval routing schemes and its general-
izations. However, most of theses works try to give a compact representatadhtbé
shortest paths. Although these schemes extend the deterministic case, they suffer by the
fact that many general lower bounds for deterministic routing established in [12,18-21] ap-
ply as well for the adaptive case. Indeed, these lower bounds are based on the uniqueness
of the shortest paths between specific subset of nodes in some worst-case graphs. Thus, on
these graphs all-shortest-path routing would consist to route along one shortest path as in
deterministic routing. In essence, all-shortest-path compact routing schemes are not more
compact than deterministic shortest path routing schemes. For instance, the asymptotic
n/4-lower bound on the compactness for deterministic shortest path IRS applies also for
all-shortest-path IRS [18].

1.5. Our results

As we will see in the following, the situation is better thanks to the definition we propose
for a-adaptive routing tables (IR, specially wheneves# > 1 and becomes larger. All
previously cited lower bounds does not apply in that case, and moreover we shayithat
intervals per arc suffice for shortest path JRBat is already better than the deterministic
case whenever > 4.

This paper is organized as follows. Section 2 defines more precisely the magel of
adaptive routing tables. In Section 3 we show that every routing tables can be transformed
on anx-adaptive routing table with the same set of routes and the same compactness. In
particular we show that/« intervals per arc suffice, even if shortest paths are required.
In Section 4 we specifically study more deeply shortest path routing tables, and we show
an existentiak /«®®-lower bound for the compactness, that is asymptotically optimal for
constante. We conclude in Section 5 by some possible extensions and perspectives of this
work.
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2. Preliminaries

In this paper, the network is modeled by a connected g@aph(V, E), whose set of
nodesV represents the routers, and whose set of Artise communication links between
the routers. We assume that the links are bi-directional, i.€u, if) € E then(v, u) € E;

G is a symmetric digraphFor everyu € V, we denote by deg) the number of neighbors
of u corresponding to the common value of in- and out-degree Bfnally, §(G) denotes
the minimum degree afr, that is§(G) = min{dequ) | u € V}.

2.1. Definitions

Formally, aninterval labelling schemen ann-nodeG is a pair(£,Z) of functions
where£:V — {1,...,n} is a one-to-one labelling of the nodes, ahdE — 2£V) is a
labelling of the arcs such that, for every &t v) € E, L(w) € Z(u, v) if and only if the
route fromu to w uses the ar¢u, v).

Moreover, given an integer > 1, the pair(£,Z) is an«-adaptive interval labelling
schemelLS,, for short, if for allu, w € V, w # u, the set

{(w,v) € E| L(w) € Z(u,v)}

is of cardinalitya. A valid ILS,, is called an IR («x-adaptive interval routing scheme or
a-adaptive routing table), if it fulfills the connectivity condition: for allw € V, w # u,
there exists a sequenpéu, w) = (v1, ..., v;) of nodes such that; =« andv, = w, and
foreveryi e {1,...,t — 1}, L(w) € Z(v;, v;+1). The sequence(u, w) is called arouting
pathor routefrom u to w, and may not form a simple path @.

A shortest patHRS, is an IRS, for which, for any pairu, w, there exists a routing
pathp (u#, w) that is a shortest path ii. This definition easily extends to weighted graphs
considering paths of minimum cost. We insist on the fact that betwesrdw there is at
least one routing path(u, w) that is a shortest path, although many routing paths might
be represented by the labelling. As said before in Section 1.4, the main interest of this
condition is to avoid the /4-lower bound of [18] on the compactness.

Remark. A consequence of the previous definition is that only the graphs of minimum
degree at least support an ILS, and thus an IRg A variant of the previous definition to
overcome this problem would consist to impose that

{u,v) € E | L(w) € Z(u,v)}| = min{e, degu)}.
Although all the results we propose in this paper hold for both definitions, for simplicity,
only the former definition is considered in the sequel.

4 However, many of the results presented in this paper are still valid for nonsymmetric and strongly connected
digraphs.
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2.2. Compactness

The compactnes®f an ILS, (£,7) is the smallest integek such that every set
Z(u,v) can be represented as the union of at ntoisttervals of consecutive integers of
{1,2,...,n} (1 andn being considered as consecutive). Such,lla8d IR are denoted
respectively by-ILS, andk-IRS,.

Remark. Fora = 1, all the definitions match with the standard ILS/IRS introduced by [27,
30]. For simplicity, we denote in the sequel IRS for IRShe labellings we consider in this
paper are supposed to beict, i.e., we impose thaf () ¢ Z(u, v), for every(u, v) € E.

3. A general labelling scheme

We show in this section that every graghsupports a 1-IRgfor everya < §(G), the
routing paths being not necessary shortest paths. This result can be seen as a generalization
of the labelling scheme of [27] (showing that every graph has a 1-IRS), and will be a tool
for the remaining of the paper. We denote[liyr] the set{1, 2, ..., n}.

Theorem 3.1. Let (£, Z4) be anyk-IRS, on anr-node graphG = (V, E) with 6(G) >
o+ 1, and letY C E such that every € V has at most one neighberso that(x, y) € Y.
Then,(L, Z4) can be transformed in polynomial time int&ddRS,+1 0on G, (£, Zp), such
that all the routes represented 0§, Z4) are preserved ifL, Zg), and such that for every
(x,y)€Y,Zp(x,y)=[1,n]\ {L(x)}.

Proof. For everyz € [1, n], let us denote sucg) (respectively pre@)) the successor (re-
spectively predecessor) ofin [1, n] modulonr. Formally, suc¢z) = (z modn) + 1, and
predz) = (z +n — 2 modn) + 1. Let us define the following procedure of inpds Z,)
andY, and of outpu( L, Zp) satisfying the statement of Theorem 3.1.

For every node: do (possibly in parallel):

(1) Forevery(x,y) € E, setZp(x,y) < Za(x,y).
(2) SetR < [1,n]\ {L(x)}.
(3) Let(x, y) be the unique arc of (if y does not exist go to 4), s&k (x, y) < R, and
updater < Z4(x, y).
(4) While R # ¢ do:
(8) Findy andz suchthai(x, y) € E,z € R\ Zp(x, y), and either pre@) € Zp(x, y)
or sucgz) € Zg(x, y).
(b) Findy’ such that(x, y') € E, andz € Zp(x, y’). Let [a, b] an interval such that
z€[a, b1 S Za(x,y).
(c) UpdateR < R\ ([a, b]\ Zp(x,)).
(d) UpdateZp(x, y) < Zp(x,y)Ula,b].

Intuitively, the procedure consists on finding a labed R such that its predecessor (or
successor) is a boundary of some intervalg gfx, y). Then we appenfl:, b], an interval
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containingz, to Zp (x, y) solving the problem fot, (at least). The procedure iterates on the
updated version oR.

Let us consider any node Let us show that for every, at the beginning of th&h run
of Instruction 4 (at the tes® # ), the setr fulfills the following propertyP;: R contains
at mostn — i labels, and if; € R thenz appears inx setsZp, and otherwise = L(x) or
z appears it + 1 setsZp. In other words, at each loo® denotes the set of labels that
remains to treat.

By induction oni: the first time in Instruction 4, if no anc, y) € Y exists,R is the set of
all the labels (except fof(x)), andZp is initialized toZ4 . Hence, if there is no arna, y) €
Y, Py is true. Otherwise, after Instruction 3, all labels remainin@iappear exactly i
setsZp (the others appear already én+ 1 sets by settind g (x, y) = [1,n] \ {L(x)}).
Hence in any caseR; is true.

Now, assume the property holds up to ftitle loop. To show that;;1 is true, let us
first show that Instruction 4(a) is doable, that is the gairz) can be founded: first, if
i =1, then it suffices to choose amysuch that(x, y) ¢ Y andZ4(x, y) # R (it must exist
otherwise every labe¥ L£(x) would appear in at least(G) > o + 1 setsZ,). Then, we
can choose any¢ Z4(x, y) (thusz € R) so that pretk) € Za(x, y) or suc€z) € Z4(x, y).

Fori > 1, a pair(y, z) exists otherwise; and predz) (or sucgz)) would appear in the
same number of sef;. By PropertyP;, z € R implies predz) or sucgz) € R (otherwise
they would not appear in the same number of §g{% This implies thatR = [1,n] \
{L(x)}, which is not possible sinceR| <n —i <n — 1 (i > 1). So, Instruction 4(a) is
doable. Instruction 4(b) is doable singce R and by Property’; z appears inx > 1 sets
Zp. Instructions 4(c) and 4(d) are doable as well. We remark, that in Instruction 4(c),
|R| decreases by at least one elemémfp] contains at least. We check that all labels
removed fromR appears in exactly + 1 setsZg. Therefore P;;1 holds.

So, at the end of the last lodp R is empty and by Propertg,, all the labels appear in
a + 1 setsZp. Taking a union in Instruction 4(d), we guarantee thatx, y) C Zp(x, y),
and thus it preserves the routes. It follows théatZp) is a valid ILS,+1. Moreover, in In-
struction 4(d), because pred andz are consecutive modulg and becausee Z4 (x, y)
and predz) € Z4(x,y), we have that the minimum number of intervals to represent
I (x,y) never increase and thus is at most the on& ofx, y). So, (£,Zp) has com-
pactness at mo&t and by Instruction 3, all the arcs &fhave the intervall, n] \ {£(x)}.
This completes the proof.O

Remark. We do not precise the time complexity of the previous algorithm because it may
depend on the data structure used to code the input IRS (the one achieving the lowest time
complexity is not necessary the most compact one). Anyway, using naive interval coding
representation of IRS, this time is less tha ), but can easily be reduced ta|@ |k«)

with more efficient data structures.

Using a spanning treg of G, a DFS-based 1-IR®N T (cf. [27]), and applying induc-
tively on« in Theorem 3.1 we have:
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Corollary 3.2. Every graphG such thats(G) > «, supports dl-IRS,.

Whereas fote = 1 every graph has &-IRS with k < n/2, for « > 1 we show that
k < n/a. More precisely:

Theorem 3.3. Let (£, Z) be anyk-IRS; on ann-node graphG, and leta < §(G). Then,
G supports a’-IRS, such that all the routes afZ, 7) are preserved, and such thét<
min{k, (n — 1)/a}.

Proof. The statement is obvious far= 1. Assumeg > 2. We build a set¥ composed
of the arcs assigned with the largest number of intervals, for each node. After the first
application of Theorem 3.1, we obtainkalRS, for G, with the same set of routes, and
where the arc with the largest number of intervals (for each node) is now reduced to one.
We can re-apply Theorem 3.1 with a new ¥estill composed of the arcs assigned with
the largest number of intervals, which is hence at most the second largest @heZin
Finally, after a total otr — 1 applications of Theorem 3.1 (this is feasible sinc€ §(G)),
we obtain a’-IRS, with the same set of routes where the maximum number of intervals
assigned on an ar¢;, is bounded byt and also by therth largest number of intervals
assigned on an arc iiC, 7).

Let x be any node o6. Letd = dedgx), and letk, ..., k; be the number of intervals
of the setsZ(x, y) (thek-IRS; defined onG) for all neighborsy of x. Moreover assume
ki> - >ks. We haved 1k < Y91k <n—1 (¢ < d and the label ofc is not
assigned). Thuk, < (n — 1)/a. As said beforek’ < min{k, k,} completing the proof.

Remark. Theorem 3.1 can be slightly improved to
k' < min{k, (n —1-68(G))/a + 1}

if all the incident arcs of each node are labelled with non-empty labels (in this case we have
Y i1ki<n—1-(8(G)— w)). This assumption occurs, for instance, for shortest paths
routing tables.

4. Shortest path labelling

In this section we are interested in IR®r which there exists at least one shortest path
(represented by the labelling schemes) for all pairs of nodes. Thanks to Theorem 3.1, many
graphs can be identified to support shortest gatRS,. For instance, grid, hypercube,
complete graph, cycle, trees, outerplanar graphs, interval graphs, etc., have shortest path 1-
IRS, and thus also shortest path 1-}JREamilies of graphs having shortest pattiIRS
include torusk-trees with constar, planar graphs with a constant number of faces, etc.
(see [16] for a complete state of the art).

For every graptt, we define

IRSy(G) = min{k | G has a shortest pathIRS, }.
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Note that the computation of IRE) (for « = 1) already involves several difficult op-
timizations. The decision problems “is IRS) = 1?” and “is IR§G) = 2?" are NP-
complete [5,7]. Hereafter, the value IR®/) is termedcompactnessof G.

4.1. Comparison between compactnemsd compactnegs

By Theorem 3.1, we have IR$1(G) < IRS,(G) < --- < IRS(G). It is not a difficult
exercise to check that there are graphs that support shortest path, lwiikS$eas they do
not support shortest path 1-IR®or instance, consider the Petersen graph [17], or the
wheel-graph [8]). The next result shows that the difference between the compactness of 1-
anda-adaptive routing of a graph can be exponentially large.

Theorem 4.1. For every integes > 0, there exists a graplé on 2°+3 nodes such that
IRS1(G) > 2° andIRSx(G) < 25 + 4.

Proof. We use the construction given in [17] that shows that €S > n/8 for some
n-node graphs witlr a power of two. Here we recall their construction.
Forap x g Boolean matrix\ = (M; ;), let Gy = (Vu, Epr) be the graph such that:

(1) Vy={v1,...,vp}Ufas,...,aq} U{b1,...,by};
(2) {x,y}e Ey ifandonly if (x =a; andy =b;), (x =b; andy =v; andM; ; = 1), or
(x =aj andy =v; andMi,j =0).

We haven = |Vi| = p + 2¢q. Roughly speaking 3, is a two-level graph. The first level
consists of edges of type;, b}, and the second one consistsvpd (a stable) which are
connected ta; or b; depending on whethe; ; =0 or 1. See Fig. 1 for an example.

For every Boolean matrid/, we denote byM the matrixM with every bit comple-
mented. Moreover, il = (XY), whereX andY are two matrices of same dimensions,
we sety (M) = (Y X), which is the matrix obtained from/ by exchanging the columns
of X with those ofY. We consider a specific matri¥s, § > 0, defined by induction. The

L OO
R ORFrO
OrFrLrOo

Fig. 1. A graphG .
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construction of\fs is summarized by Eq. (4.1).

0 0 00
0 1 0 M; Ms

Mo = , M) = , Msiq = — ).
1 0 0 1

(4.1)

It is shown in [17] that IREG ;) > 2% (roughly speaking, whatever the labelling of
thev;s, the seff(a;, b;) must contain only a particular subset of e which is made to
be hard to represent with intervals). In this cgse 252 andg = 2°+1. Thusn = 2°+3,
proving the first part of Theorem 4.1.

Let us show that IREG ;) < 25 + 4 for everys > 0. For this purpose, it suf-
fices to define a shortest path IR8n Gy, (£,Z), such that for all the arcés, v) ¢
{(aj, b)), (bj,aj)}, |Z(u,v)| <25+ 4, thus composed of at mosi 2 4 intervals. Indeed,
by Theorem 3.1, such a labelling can be transformed into an IRA® the same set of
routes such that the edg@s;, b;} consist of one interval. Therefore it would prove that
IRS2(G ;) < 25 + 4.

In this proof, we do not optimize the node-labelling, leaving a small space to improve the
bound on IRS(G u;). Let us choose an arbitrary labelliy Since we do not care about
the number of intervals on the eddes, b,}, let us defineB,;, be the graplts y;;, where the
all the edgesa;, b;} have been removed. First, remark tisaf; is a 2+1-regular bipartite
graph. Clearly,B,, is isomorphic to every grapB,,,, whereM’ is obtained by comple-
menting some columns a¥ (this morphism exchanges the roles playing by saeiye
andb;s), or by permuting some columns (this morphism permutes some ¢ageés}).
So, for the sake of simplicity, let us s8f to be the common graph isomorphic By,

B, (my), €tc. LetV1(Bs) to be the set of the first partition of nodes gy, thea;s andb;s,
andVs(B;s) as the nodes; s of Bs.

Let us define by induction o8, (£,Z) on Bs. Bs41 consists of two copies aBs, B
and B», with some extra edges connectilig( B1) to Vo(B2), and some edges connecting
V1(B2) to Vo(B1). Let ¢ be the morphism betweei(B1) andV (B>), and letg; be the
morphism betweef; (B1) andV;(B>) fori =1, 2. Foré = 0, we check that one can firid
such thafZ (u, v)| < 4 for all arcs(u, v) of Bg. Letk = max|Z(u, v)|, over all arcqu, v)
of Bs. Since we do not care abodt we considefZ (u, v) as a subset of nodes rather than
a subset of labels.

We first look at any node € V>(B1). By induction, assume thaf (v, a)| < k for all
(v,a) € E(B1). We remark that if(v,a) € E(B1), then (v, ¢1(a)) € E(Bs+1) \ E(B1).
SettingZ (v, ¢1(a)) = ¥ (Z(v,a)) for all (v,a) € E(B1), we are able to route from e
V2(B1) to all the nodes oV (Bs+1) \ {¢2(v)}. We addp»(v) to any arc incident ob leading
to ¢2(v) by a shortest path. One can check that the routes are still the shortest, and since
the edgesv, a) and(v, ¢1(a)) are distinct)Z(v,a)| <k + 1 forall (v,a) € E(Bs+1).

Then, let us look at any node € V1(B1). With a similar argument, we can set
Z(a, p2(v)) = Yy (Z(a,v)) for all (v,a) € E(B1). We are able to route from € V1(B1)
to V(Bs+1) \ {¢1(v), ¢1(a)}, wherea is the unique node o¥1(B1) such that{a, a} is an
edge ofE(G y;,). We addg1(a) andei(a) to any arc incident of allowing shortest route
froma. So,|Z(a,v)| <k+ 2 forall (a,v) € E(Bs+1).
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The routing from anyw € V»(B2) and any fromVy(B>) is defined similarly since the
graph Bs11 is the same ifB1 and B2 are exchanged. In total, for every ae, v)
E(Bs+1), we haveZ(u, v)| <k + 2, that is at most @+ 4 for Bs.

We complete the proof by Theorem 3.1 applied on the eflge®;}. O

4.2. An upper bound for compactngss

In this section we show that compactngsf a generak-node graph is not bounded
for « > 1. Note that forw = 1, a tight lower bound exists. It has been shown in [18] that
for every graplG, IRS(G) < n/4+ o(n), whereas there exists a worst-case gré@plwith
IRS(Go) > n/4 — o(n). We first present a general upper bound:

Theorem 4.2. For everyn—node graphG and everyx < §(G),

IRS,(G) < (n —1-58(G)) + 1L

Proof. It suffices to consider any shortest pathRS; for G (for instance, choosing <
n/4+ o(n)), and to apply Theorem 3.3 remarking that all the arcs have non-empty labels.

4.3. Alower bound for compactngss

We will show that there exists some worst-case graphs with compagtaedsast
n/a®D . Therefore this shows an asymptotic optimal lower bound for the compactness
of shortest path IRSwith constantx. It is quite complicated to build “by hand” small
counter-exampl& with, for instance, IRg(G) > 1. Indeed, we need to argue for such
G, that whatever is the node-labelling, whatever are the shortest paths, and mainly, what-
ever are the deflecting paths, one cannot code the routing table with one interval. The first
counter-example with IR®G) > 1 that we are able to build (we will not draw it here) has
roughly 1@ nodes. That is why we present in this paper an existential lower bound only,
holding also for unbounded We will mainly use the fact that any shortest pathdaptive
routing table combined with a suitable selection functfdmplements a standard routing
table ¢ = 1). So, up to an additive term ¢f| one can lower bound the compactness of
thea-adaptive routing table thanks to tki&(n logd) bit/node lower bound of [19].

For this purpose, let us present the graphs introduced by [19], and defined induc-
tively on p for all integersp > 1 and$ > 2. Let T}{ s be a completé-ary tree of height

h whose all its leaves are labelléedFor 2 = 0, we setT0 s as a tree composed of a sin-
gle node labelled. For everym > 2, we defineT), s ,, as the tree composed of trees
T1 1.5 Ty_140---» TyL14» @ll connected by their root to a single node of degred his
node is I’ébelledy + 1 and forms the root of, s,». Note that form = 4§, aT, s s tree is
isomorphic to a complet&ary tree of heighp, and thus has? leaves.

H), 5 has two distinguished subsets of nodés:= {1, ..., p} andB, ={1,...,48}” the
set of all the words of length on the alphabdtl, . . ., §}. H1 s isisomorphictaK1 s, where
A1 = {1} is reduced to the unique node of degéei@ K1 s, and whereB; ={1,...,68} is
the set of nodes of degree 1. THg 1 5 graph is composed of a copy &f, s, a copy of
Tp.s,s, and of the set of nodeB, 1, connected as follows:
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(1) Every node: € B, is connected to the nodas € B,1, for everyi e {1, ..., 5},

(2) Every leaf ofT), 5 5 labelledi is connected to exactly nodesui € B,;1 such that
no two leaves are connected to the same nodg,qh (leaving some freedom in the
connections).

The setA ;1 is composed of the set, of H,, s, and of the root of, 5 s. See Fig. 2.

For every integem such that 2<m < §, let us define thed), s ,, graph composed of
a Hp s graph, al, 5 tree, and a set ohd” nodes,B;' ={1,...,8}” x {1,...,m}. The
connections betweeR,, Bg, and the leaves df), 5 ,, are similar to the connections in
a Hp115 graph excepted that may be smaller thad (everyu € B, is connected to
ui € B foreveryi e {1,...,m}). The H, s » graph is an induced subgraph &f,1s.
Let us denote by\’}} the set of modes composed 4}, and of the root of thd’, 5 ,, tree.

p+1,3
zp B 14 Bp+1
p { H,s §?
APH 6p+1
2P
p+1 Tpss d
M connections
Hs,

111
112
121
122

211
212
221
222

Fig. 2. The recursive construction of ti#g, 1 5 graph, andd ».
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Fig. 3. A graphG € Hj 32, and its modificationHq: the dashed sets induced a cliqueHp and are missing
from G .

Lemma 4.3. For all integersp > 1, ands, m > 2, H,, 5, has at mosR(m + 2)6” nodes,
anddegx) = 2if x € B}, dedx) = m if x is the root of, 5 ,,, anddegx) > & otherwise.

Given a permutatiom of B}, let us denote by;, the graph composed of two copies
of H, s, m WhoseB)! sets are connected by the perfect matching defined {see Fig. 3,
for an example). Let, s, denote the family composed of all ti@, graphs, for all
permutationsr of B;'. For eachG € H), 5,m, we denote byd (G) (respectivelyB(G)) the
set of nodes composed of both sdt$ (respectivelyB))) of each copy off), 5 ,» forming
G. The nodes ofA (G) are drawn in black on Fig. 3.

In [19], it is shown the following important lemma:

Lemma 4.4 (Gavoille and Perennes [19Por all integersp, §,m > 2, m < §, and such
that §7 — 400, there exists a graplro € H . s,» such that every shortest path routing
table onGg has a size oM bits® for a node ofA(Gg) such that

méP méP
M>————-I0 8Py -0l — ).
21D 9’ (p)

This result is based on the uniqueness of the shortest paths between the no@&ég)of
and the nodes oB(Gyo). In order to prove our result, one transfoffyp into a new graph
Hgp such thats(Hp) > §, and such that Lemma 4.4 holds fBp as well. It consists on
connecting all the nodes df by a clique in each copy aff,, 5 ,» (S0 making the degree
of the nodes oBB(Go) larger thars in Hp). Then, for the root of botlf), s ,, trees, we add
a clique ofs + 1 nodes and select from thein- m nodes that we connect to the root (so
making the degree of nodes at ledstand exactlys for all the nodes ofA(Go) in Hp).
See Fig. 3. InHp, the shortest paths betwedniGo) and B(Go) are not modified, and has
2(8 + 1) more nodes thatrg.

We are now ready to prove a lower bound on compacgness-node graphs.

5 We assume that all logarithms are in base two.
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Theorem 4.5. There exist a constant< 31 such that for every: large enough, and for
every integerr < (n/18)1/(29) there exists a graplilo with at most: nodes such that

1 n

Proof. From Theorem 4.1, for eveny, there exists a grap& with 2/*3 < n nodes and
such that IR®(G) > 2' > n/16 forr = |logn] — 3. Thus the result is true for = 1.
Assumex > 2. Letus fixe = 31, and le$ = «“. We consider the grapHy, the modified
graphGo € H,5,m, for some parameteys, §, m > 2 such thain < § andé” — +oo. Let
N denote the number of nodes Hp. We will fix later the values op, §, m as a function
of n in order to prove thaV < n. Letx € A(Go) be a node oy for which the size of any
shortest path routing table is of size at less(bound given by Lemma 4.4). Note that by
construction ofHp, degx) =§.
Consider orHp any shortest path-IRS,, (£, Z). Thisx-adaptive IRS is an implemen-
tation inx of a particular shortest patiradaptive routing table. This implementation can
be done inx with at most[s log (Q,’()} bits. Indeed, for thé output ports ofx it suffices to

store at most intervals of labels. There is at mo@'{) ways to choosé sub-intervals of

[1, N]. So, a total off§ log (9,’()1 bits for x, remarking that a sequence pfintegers taken
from {1, ..., ¢} can be coded oflog(¢?)] bits since there arg? such sequences.

Now, it is easy to transform any shortest pattadaptive routing tables into a shortest
path 1l-adaptive routing table, i.e., a standard routing table, ad@dingga ] extra bits per
node: for each destination label we specify the output port leading to a shortest path, and
there are exactly possible output ports. Thugly has a shortest path routing tablexiof
size at most

[8 log (é\li)—‘ + [Nloga]

using an implementation of the deterministic versiori©fZ). From Lemma 4.4, it turns
out for x that:

slog <;>+Nloga+2>M. (4.2)

We have to prove thallp has at mosk nodes and that > n/ozom. Let us fix now
p, 8, m, and let us prove that:

N <n <4(m+3+0(1)s5". (4.3)

Let p be the largest integer such that> 1667 + 2(8 + 1). Clearly, §? — +oco as
n— +oo.Letm=|(n—2(8§+1)/(467)] — 2. Let us show thap, §, andm are all greater
than 2.

First,s > 2 becausé = o, anda, ¢ > 2. Forp, o < (n/18)Y) implies 18a¢)2 < n,
i.e.,n > 1852. But 182 > 1682+ 2(5 + 1) for § > 2, hence the equation> 1657 + 2(8 +
1) has a solution fop > 2. Form, sincen > 1657 + 2(§ + 1), then(n — 2(§ + 1)) /(487) >
4,and thug (n — 2(§ + 1)/(48P)] — 2 > 2, provingm > 2.
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Let X =4(m+2)8” +2(8+1),and lety =n —2(5+ 1). Note thatn +2 = | Y/(487)].
We have:
X = 48° Y 26+1
= E + ( + )
=Y — (Y mod 47) +2(5 + 1)
=n— (Y mod 47).
Therefore,
X<n<X+458°. (4.4)

From Lemma 4.3, the number of nodegagis at most 22(m + 2)§7, and thus the number
of nodes ofHp is N < 4(m + 2)6P +2(6 + 1), i.e., N < X. By Eq. (4.4) we have proved
that Hp has at most nodes, and more precisely that:

N <n <4(m+2)87 + 48P +2(5 + 1)
< 4(m + 3+ 0(1))8p

remarking that 2 + 1) = 0(8”), and proving therefore Eq. (4.3).
In Eq. (4.2), we bound

2k
N < n < ﬁ < ten/t
2k 2k 2k '

wherer = en/(2k). Eq. (4.2) becomes (usirfg= ¢, N < n, andM — +o0)

§log(r*"/") + nloga > M (4.5)
I

== aceng +nloga > M (4.6)

n<“ etlogt —|—Ioga> >M @.7)

= npf =M, (4.8)

where 8 = («elogt)/t + loge. From Lemma 4.4 we have a lower bound &h and
plugging in Eq. (4.8) the upper bound earof Eq. (4.3), we obtain that:

més? mé?
4 3+ 0(1))8? log(mé?) — O —
(m+3+0()8"8 > 5 log(ms”) ( 5 )
mlog(ms?)
==
P 8+ Dm+3+ 0y
neglecting the second order terni3” / p). We remark thap, m > 2, thus
mlog(mé?) < 2log(267) - plogs
8(p+1(m+3+01)~ 8p+1(5B+ol) 4p+1(5+od)
2logs logs

> > .
4-3(5+0(1)) 30+0(1)
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Replacings andé, we obtain:

a‘elogt cloga
[ > 4.9
08¢ 2 30 o) (4.9)
a‘logr _ 1 c
>z —1)1 4.10
@109l - 1oga. (4.11)

wherey = (¢/(30+ 0(1)) — 1)/e. Because = 31, we havey > 0 (for n large enough),
and since log > 1, it follows that:

yt
4.11 ex X 4.12
41D = o> 0g1 (4.12)
— cloga > log(yt) — loglogr. (4.13)
Note thatk > en/(2t). We consider two cases. A< 23°, thenk > en/236. Since 36/¢ >
279Qx¢ for ¢ = 31 andw > 2, it follows in this case that:
n
> .
279Qx¢

If + > 235 then we check that (g8 — 0.001226 .. asn — +00):

k

2
log(yt) — loglogr > 3 logz

thus by Eq. (4.13} loga > %Iogt. Bounding log < (3cloga)/2, EqQ. (4.11) becomes:

a“3cloga >l
_— o
> v 109
3 .
— < —a
2y
k> ey . c/(30—|—0(1))—1'i ,
3cac 3c af
> 90cac -n (asn — +00)
1 n
> —_— . —
2790 «f

that completes the proof.O

5. Conclusion

We showed thatx-adaptive routing tables om-node graphs, that are routing tables
mapping each destination on exactlydirections, have compactness at magi (i.e.,
requiren/a intervals of destination labels per link), computable in polynomial time. We
proved also that, if at least one shortest path must be represented, theneaale graphs
for which everya-adaptive routing table has compactness larger thia?™D.
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In the other side, it is known that @l the shortest paths must be represented, then such
routing tables require compactnesg! for some worst-case graphs. Therefore, it would
be interesting to study the compactnessBeshortest pathw-adaptive routing tables, a
natural extension of shortest pathadaptive routing tables, that map each destination on
«a directions and whose at leggtmust be on a shortest path. The present paper concerns

B=1

We stress also that our/a®®-lower bound is not a serious obstacle for the study of
graphs having small compactness, everofes 2. Indeed, due to some large constants in
this existential lower bound, the smallest example of graphs we can prove by Theorem 4.5
to have a compactness greater than 1 must have more fhao@es. It suggests that the
class of graphs supporting shortest path 2-adaptive routing tables is rather large, and it
would be interesting to develop this study to various class of concrete networks.
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